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Peter Knowles, Martin Schütz, and Hans-Joachim Werner

published in

Modern Methods and Algorithms of Quantum Chemistry,
Proceedings, Second Edition, J. Grotendorst (Ed.),
John von Neumann Institute for Computing, Jülich,
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Reliable ab initio electronic structure calculations require high-lev el treatmen t
of electron correlation e�ects. For molecules in electronic ground states, single-
reference correlation methods, which are based on the Hartree-F ock self-consistent
�eld (SCF) wavefunctions as zeroth order approximation, are usually su�cien t.
M�ller-Plesset perturbation theory up to fourth order (MP2-MP4) and coupled-
cluster methods with all single and double excitations followed by a perturbativ e
treatmen t of triple excitations [CCSD(T)] are the most popular single-reference
methods. All of these approaches can also be formulated in a local framework
which gives a demand on computational resources that scales only linearly with
system size; they can also be carried out using integral-direct techniques, that
avoid the storage of large numbers of two electron integrals by recomputing them
on demand. For computing electronically excited states or global potential energy
functions, multicon�guration self-consistent �eld (MCSCF) wavefunctions are re-
quired for a qualitativ ely correct representation of the wavefunction. The major
part of dynamical electron correlation e�ects can then be accounted for by sub-
sequent multireference correlation treatmen ts, in which a large number of single
and double excitations relativ e to the MCSCF reference con�gurations are taken
into account. In multireference con�guration interaction (MR CI) calculations the
expansion coe�cien ts are determined variationally . Alternativ ely, the coe�cien ts
can be obtained by �rst-order perturbation theory, and the energy be evaluated to
second (MRPT2) or third (MRPT3) order. These lecture notes give a short review
of all these methods.

1 In tro duction

1.1 Electron correlation and the con�gur ation interaction method

Hartree-Fock Self-Consistent Field (SCF) Theory enjoys considerable successin
the �rst-principles determination of molecular electronic wavefunctions and prop-
erties. However, there are important situations where the underlying assumption
of molecular orbital theory, that the electronic wavefunction can be approximated
by an antisymmetrized product of orbitals, breaks down. There are still further
situations whereSCF doesprovide a reasonablequalitativ e description, but fails to
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predict energeticsto desiredaccuracy. We explore here the de�ciencies of Hartree-
Fock, and survey the various techniques available for going beyond SCF.

Hartree-Fock is a mean �eld theory, in which each electron has its own wave-
function (orbital), which in turn obeysan e�ectiv e 1-electronSchr•odinger equation.
The e�ectiv e hamiltonian (Fock operator) contains the average�eld (Coulomb and
exchange)of all other electronsin the system. The total electronic wavefunction for
the molecule, ignoring complications intro duced by the Pauli principle, is a simple
product of the orbitals. Following the Born interpretation of wavefunctions, this
implies that if P(r 1; r2) is the probabilit y density for �nding electrons labelled 1
and 2 in regionsof spacearound r 1 and r2 respectively,

P(r1; r2) = P(r1)P(r2) (1)

i.e., the probabilit y density for a given electron is independent of the positions of
all others.

In reality, however, the motions of electrons are more intimately correlated.
Becauseof the direct Coulomb repulsion of electrons,the instantaneousposition of
electron 2 forms the centre of a region in spacewhich electron 1 will avoid. This
avoidance is more than that causedby the mean �eld, and is local; if electron 2
changesposition, the Coulomb hole for electron 1 moveswith it. In contrast, in the
mean-�eld theory, electron 1 has no knowledgeof the instantaneousposition of 2,
only its averagevalue, and thus motions are uncorrelated, and there is no depletion
in P(r1; r2) near r1 = r2.

The e�ects of neglecting electron correlation in Hartree-Fock are spectacularly
illustrated when one attempts to compute complete potential curves for diatomic
moleculesusing SCF. Figure 1 shows potential curves for H2 from both a very
accurate calculation and from Hartree-Fock. It is seen that the spin-restricted
Hartree-Fock (RHF) approximation breaks down as dissociation is reached, pre-
dicting energieswhich are much too high, and a potential curve characteristic of
the interaction of ions rather than neutral atoms. The RHF wavefunction for the
X1� +

g ground state of H2 takesthe form

	 X = Â � �
g (1)� �

g (2) (2)

where Â is the antisymmetrizing operator, � and � are the usual one-electronspin
functions, and the bonding orbital � g = Z � g (� A + � B ), with � A an s-like orbital
centred on atom A, and Z � g a normalization constant. As the atoms become
in�nitely separated,� A � 1sA , Z � g � 1p

2
and thus

	 X �
1
2

Â
�

1s�
A 1s�

B + 1s�
B 1s�

A + 1s�
A 1s�

A + 1s�
B 1s�

B

�
(3)

The �rst two terms are direct products of neutral 2S hydrogen atom wavefunctions
on the two atoms A and B, as desired. However, the last two terms describe a
spuriousH+ : : : H� pair. The overall energyof this unphysical wavefunction exceeds
the energy of two hydrogen atoms by half the di�erence of the ionization energy
and electron a�nit y of H (i.e., 6.4 eV), and at long rangethe potential energycurve
has an unphysical ionic R � 1 behaviour.
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Figure 1. Potential Energy Curv es for H2
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The failure of RHF for this example can be easily understood in terms of elec-
tron correlation. At long internuclear separations, if one electron is located near
atom A, the other will on physical grounds be found closeto atom B. This correla-
tion is re
ected in the exact wavefunction, which is asymptotically the product of
hydrogenic orbitals on the two nuclei. In contrast, within the Hartree-Fock frame-
work, each electron is madeto experienceonly the averagee�ect of the other. Since
in RHF, the two electronsare constrained to be in the samespatial orbital, this � g

orbital will be symmetrical between the atoms, and thus each electron has equal
probabilit y of beingon A or B, irrespectiveof the position of the other electron. The
possibility of both electrons being on the sameatom is not excluded, as re
ected
in the ionic terms in the RHF wavefunction (3).

In the caseof H2, and in fact for a number of other dissociating molecules,
Hartree-Fock theory can give correct behaviour provided the restriction to iden-
tical spatial orbitals for � and � spin is relaxed. The Unrestricted HF (UHF)
wavefunction for H2 is identical to RHF at short bond lengths, but when the two
atoms are separated, it becomesvariationally advantageousfor the � and � spin
orbitals to localize on di�eren t hydrogen atoms. In this way, a correct asymptotic
energy is obtained, as seenin Figure 1. However, the wavefunction can never be
identical to the exact wavefunction. Asymptotically , the UHF wavefunction is ei-
ther Â 1s�

A 1s�
B or Â1s�

B 1s�
A , whereasthe true wavefunction is the sum of thesetwo

degeneratedeterminants. Although the energy is una�ected, the UHF wavefunc-
tion is not an eigenfunction of the spin-squaredoperator Ŝ2, being an unphysical
mixture of singlet and triplet states. This spin contamination is displeasing,and
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Figure 2. Potential Energy Curv es for F2
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can have seriousundesirable e�ects. In the caseof the H2 UHF potential curve,
at the point where UHF and RHF diverge, the curve is discontinuous in its sec-
ond derivative. For more advancedcorrelation methods which build on UHF, spin
contamination has a disastrous e�ect 1;2. In the caseof F2 (Figure 2), UHF does
not repair the inabilit y of RHF to give an energyat equilibrium geometry which is
lower than at dissociation, and as a consequencethe UHF potential curve is purely
repulsive. For all thesereasons,the useof UHF is becoming increasingly rare.

1.2 Long-rangecorrelation | Molecular Dissociation

In order to understand a theory which goesbeyond the inabilit y of RHF to describe
dissociation, we examine �rst of all an excited 1� +

g state of H2 for which the RHF
wavefunction takesthe form

	 E = Â � �
u (1)� �

u (2) (4)

and where we now have two electrons in the antib onding orbital � u =
Z � u (� A � � B ). Asymptotically , this becomes

	 E � 1
2 Â

�
1s�

A 1s�
B + 1s�

B 1s�
A � 1s�

A 1s�
A � 1s�

B 1s�
B

�
(5)

This wavefunction also contains an unphysical mixture of covalent and ionic terms.
However, we observe that it is possibleto construct purely ionic or purely covalent
wavefunctionsby taking a linear combination of 	 X and 	 E . In 	 X � 	 E = � 2

g � � 2
u ,

the ionic terms cancelexactly, and the correct asymptotic wavefunction is obtained.

4



This is an example of con�gur ation interaction (CI), whereby the wavefunction is
consideredas being a mixture of several Slater determinants. For H2 at general
internuclear separations,the form of the CI wavefunction is

	 = cX 	 X + cE 	 E (6)

and the coe�cien ts specifying this linear combination must be allowed to vary,
since it is known that near equilibrium, the RHF wavefunction is already a good
approximation. Thus the best wavefunction near equilibrium will have cX ' 1 and
cE small, in contrast to their asymptotic valuesof 1p

2
and � 1p

2
.

In general, in the standard CI method, the variational principle is used to
determine the CI coe�cien ts. For any approximate wavefunction, the Rayleigh
quotient

E =
h	 jĤ j	 i

h	 j	 i
(7)

is an upper bound to the exact ground-state energy E, i.e., E � E . Variational
methods proceed by assuming that the best wavefunction will be the one which
givesthe lowest, i.e. minimum, E. In the speci�c caseof a linear expansion,as in
CI, i.e.,

	 =
X

I

cI � I (8)

minimising E is equivalent to �nding the lowest eigensolution of the hamiltonian
matrix H , whoseelements are the integrals

H I J = h� I jĤ j� J i ; (9)

i.e. one needsto solve

Hc = Ec (10)

with the minimum Rayleigh quotient E appearing as the eigenvalue. The linear
ansatz allows also the calculation of approximations to excited states, through
the Hylleraas-Undheim-MacDonald theorem, which states that the n-th eigenvalue
is an upper bound to the exact energy of the (n � 1)-th excited state. Finding
the lowest few eigensolutions of a symmetric matrix is a well-studied problem;
for the diagonally-dominant hamiltonian matrices invariably arising in molecular
CI, algorithms exist3 which will converge in around ten iterations, each of which
requiresthe evaluation of the action of the hamiltonian matrix on sometrial vector,
i.e.,

vI =
X

J

H I J cJ : (11)

This feature allows the solution of CI problemsof very large dimensions;becauseH
is often extremely sparse,forming H �c is much easierthan forming the matrix itself,
and the limiting factor is the availabilit y of memory to store c and v. Calculations
with more than 109 con�gurations have beencarried out in this way.
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1.3 Short-rangecorrelation | the Interelectronic Cusp

Although consideration of electron correlation is clearly vital for the proper de-
scription of moleculesclosedto dissociation, it also has important implications in
situations where Hartree-Fock is a reasonableapproximation. Since the hamilto-
nian operator contains r � 1

ij , the inversedistance betweentwo electrons, the nature
of the electronic wavefunction in regions closeto r ij = 0 will have a strong e�ect
on the energy.

We will consider initially the helium atom, for which the hamiltonian is

Ĥ = � 1
2 r 2

1 � 1
2 r 2

2 �
2
r1

�
2
r2

+
1

r12
: (12)

The electronic wavefunction will satisfy Schr•odinger's equation

Ĥ 	( r 1; r 2) = E 	( r 1; r 2) (13)

at all points in six-dimensional space. We note that close to r 12 = 0 there is
a paradox; the left hand side of (13) apparently becomesin�nite, becauseof the
1=r12 Coulomb singularity, whereasE is constant, and so the right hand sideis well
behaved. The local energyĤ 	 =	 cannot have singularities sinceit is constant, and
the inescapableconclusionis that there must be an additional singularity in the left
hand side of (13) which exactly cancels1=r12 closeto r12 = 0. Since the electrons
are not necessarilycloseto a nucleus, the only candidate for this cancelling term
is the kinetic energy. It is convenient to transform to centre-of-massand relative
coordinates,

R = 1
2 (r 2 + r 1) ; r = r 2 � r 1 ; (14)

in which the hamiltonian becomes

Ĥ = � 1
4 r 2

R �
2
r1

�
2
r2

� r 2
r +

1
r

: (15)

If we expand the two-electron wavefunction in a Taylor seriesin r about r = 0,
on the (correct for the singlet state) assumption that angular terms in r can be
ignored at low order,

	 = a0 + a1r + a2r 2 + : : : (16)

then the Schr•odinger equation expandsas

0 = r � 1 (a0 � 2a1) + r 0 �
a1 � 6a2 � 4R� 1 � E

�
+ r 1 (: : : (17)

The r � 1 singularity is removed if a1 = 1
2 a0, or

@	
@r

�
�
�
�
r =0

=
	
2

�
�
�
�
r =0

: (18)

This is the well-known cuspcondition4;5;6;7, which shows that in whatever direction
onemovesfrom r = 0, the wavefunction increaseslinearly. The exact wavefunction
must have the shape depicted in Figure 3, showing the existenceof a CoulombHole
around the point of coalescence.In Figure 3, the wavefunctionsare plotted against
z = z2 � z1, with the two electronshaving identical x; y coordinates.
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Figure 3. The interelectronic cusp
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The Hartree-Fock wavefunction is

	 RHF = Â1s� 1s� = 1s(r1)1s(r2) 1p
2
(� (1)� (2) � � (1)� (2)) (19)

which has no special behaviour near coalescence;in fact it is easy to show that
@	 RHF =@r = 0 at r = 0. Thus the RHF wavefunction must have the shape shown
in Figure 3; clearly, it overestimates the probabilit y of �nding the two electrons
close together, and this in turn implies an overestimate of the electron repulsion
energy. This is consistent with the variational principle, which requires the RHF
energy to be higher than the exact energy. We de�ne the correlation energy to be

E = E RHF � E exact (20)

where E exact is the lowest exact eigenvalue of Schr•odinger's equation. For He,
E ' 0:042hartree = 1:1eV.

The above analysis for the helium ground state, consistingof two electronswith
opposing spin, needsto be modi�ed when spins are instead aligned. A triplet spin
wavefunction, e.g., � (1)� (2) is symmetric with respect to electron label exchange,
and so, by the Pauli principle, the spatial wavefunction must be antisymmetric.
This has the consequencesthat, in a picture like Figure 3, the triplet wavefunc-
tion must passthrough the origin, and has dipole rather than monopole r angular
variation. There is a corresponding cusp condition specifying @2	 =@r 2 in terms of
@	 =@r at the coalescencepoint 5, but the important thing is that in the energeti-
cally important region, the electronsare already kept apart by the Pauli principle,
even in Hartree-Fock, and the e�ects of electroncorrelation neglectare fairly minor.
Electron correlation e�ects are most important for electronswith opposing spins.

A further observation for polyelectronicsystemsis that the biggestcontributions
will comefrom pairs of electronswhich occupy the sameregionsof physical space.If
orbitals arewell localized,there will bea largecontribution to the correlation energy
from each doubly occupied orbital, with smaller additions from pairs consisting of
two di�eren t orbitals. This leads to a rough rule of thumb, that each doubly
occupied orbital contributes approximately 1eV to the total electron correlation
energy.

In atomic and molecular systems,an alternativ e and equivalent way of visual-
ising two-electron correlations relative to the nuclear positions is possible. If one
electron is far from the nucleusof an atom, then the secondelectron will prefer to
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be closer to the nucleus than its Hartree-Fock average;this is termed radial corre-
lation. If a �rst electron is, say, to the right of a nucleus,then another electron will
tend to visit regionsof spaceto the left of that nucleusmore than predicted by HF;
this is termed angular correlation.

Theseshort-range correlation e�ects arising from the Coulomb hole can be rep-
resented using CI wavefunctions just as with the long-rangecorrelations discussed
above. The simplest such wavefunction representing the angular correlation in the
helium atom would have the form

	 = Â
�
1s� (1)1s� (2) + �

�
2p�

x (1)2p�
x (2) + 2p�

y (1)2p�
y (2) + 2p�

z (1)2p�
z (2)

� �
(21)

It is straightforward to show that such an ansatz intro duces explicit r 12 depen-
dence into the wavefunction. This demonstrates that CI does support correlated
wavefunctions. However, unfortunately, the r 12 dependenceintro duced is entirely
in terms of r 2

12; there are no linear terms. A CI wavefunction can never satisfy the
cusp condition (18), since its gradient will always be zero at coalescence;however,
given su�cien t terms, the linear combination of functions of r 2

12 will give a rea-
sonablerepresentation of the shape of the Coulomb hole. Becausethe expansion
functions are not ideally suited to the problem, the convergenceof the CI expansion
is unfortunately slow, and this is discussedfurther below.

Historically, even some of the earliest molecular electronic structure
calculations8;9 used2-electronbasisfunctions of a type better adapted to the prob-
lem than orbital products (i.e., CI). Inclusion of linear terms in r 12 is an e�cien t way
to obtain an accuratewavefunction with a small number of functions, and probably
it will remain the approach of choice when very high accuracy is needed,particu-
larly for atoms. However, despite successfulresearch activit y in this area10;11 this
approach hasnot yet emergedasthe best method generallyapplicable to molecules;
CI expansionsremain computationally preferable. The reasonfor this preference
is that, although very large numbers of basis functions might be required, the
hamiltonian integrals which have to be computed for CI are much simpler than
for explicitly correlated wavefunctions. The explicit r 12 terms intro duce 3- and
4-electron integrals12;13 which are potentially very numerous. In contrast, CI needs
only the two-electron integrals required in an SCF calculation. Although the 3-
and 4-electron integrals can be reasonably approximated11, explicitly correlated
wavefunctions still remain a specialist rather than general-purposetool.

1.4 Second Quantization

The adoption of the CI (or other related) approach to electron correlation implies
that we deal with wavefunctions which are represented as vectors in a linear space
of Slater determinants; this spaceis in turn a subspaceof N -fold products of or-
bitals. For the moment, we will assumethat we generate all of the N -electron
basis functions that we can after appropriate symmetry adaptation (electron an-
tisymmetry, point group, etc.). Therefore the N -electron basis set is determined
entirely by a choice of 1-electron basis. Before consideringwhat this choice should
be for optimum accuracy, we considerthe analysisand manipulation of N -electron
functions of this orbital-pro duct type. We note initially that the orbital basiswill
contain at least the SCF occupied orbitals, denoted f � i g, but in order that further
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con�gurations be generated,it must be augmented by virtual or external orbitals,
f � ag. Both the occupied and virtual orbitals can be consideredas linear combina-
tions of an underlying chosen�xed basis f � � g, which will usually be atom-centred
functions, exactly as in basis-setSCF calculations. The functions � p and � � de-
pend only on the spatial coordinate r ; where spin-orbitals are required, they will
be denotedby  p(x) and can be constructed as a product of a spatial orbital � p(r )
and a spin function � or � .

Consider a complete (in�nite) one particle basis set f � p(r ); p = 1; 2; : : : g; any
function of the position r can be represented as a linear combination of the spatial
orbitals

f (r ) =
X

p

xp� p(r ) : (22)

For a system of N electrons, a complete spatial basis can then be generated by
taking all possibleproducts � p1 (r 1)� p2 (r 2) : : : � pN (r N ), i.e., any N particle spatial
function may be expandedas

F (r 1; r 2; : : : r N ) =
X

p1 p2 ::: pN

X p1 p2 ::: pN � p1 (r 1)� p2 (r 2) : : : � pN (r N ) : (23)

This fact is not much usefor practical calculations, sincewe cannot usean in�nite
set of functions, but if weconsidernow the caseof a �nite oneparticle basisf � p; p =
1; 2; : : : ; mg, then we see the concept of the corresponding complete N particle
space,composedof all possibleproducts of orbitals. A variational calculation in
such a basiswill yield the lowestpossibleenergyeigenvalue for the givenoneparticle
basisset,and such a calculation is termed Full or Completecon�guration interaction
(FCI). It is, however, easilyappreciatedthat the number of possibleorbital products
mN (m one electron � and � spin orbitals, N electrons) can becomeexceedingly
large.

We intro duce the useful concept of second quantization by de�ning the orbital
excitation operator as (assumingorthogonal orbitals)

Êpq =
NX

i =1

j� p(i )ih� q(i )j : (24)

The Dirac bracket notation means that whenever the brackets become closed,
hf (i )jg(i )i , integration over the coordinates of electron i is performed on the func-
tions within the bracket,

R
d� i f � (i )g(i ). If Êpq is made to act on any N electron

function which is a product of orbitals, or a linear combination of such products,
the e�ect is for each occurrenceof � q to generatea function which is identical, but
with � q replacedby � p. Thus if � q doesnot appear, Êpq annihilates the function.

Êpq is a spatial orbital excitation operator; it acts on spacecoordinates and does
not a�ect spin. In fact, it can be decomposedinto a sum of operators which excite �
and � spin orbitals separately, Êpq = ê�

pq + ê�
pq = �̂ � y

p �̂ �
q + �̂ � y

p �̂ �
q , where �̂ �

q destroys
� spin orbital  q and �̂ � y

p creates� spin orbital  p. The idea of secondquantization
is that the orbitals themselvesnow becomequantum mechanical operators. Thus a
Slater determinant can be viewed asarising from successive applications of creation
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operators on the empty (vacuum) state,

: : : � y
r � y

q� y
p 	 vacuum = Â ( p q r : : : ) : (25)

The analysisthat follows continuesto usepure spatial orbitals � p; however, exactly
analogousresults are obtained by using explicit spin-orbitals  p and spin-orbital
excitation operators êpq. Further details of the propertiesof the secondquantization
can be found in the literature 14.

As well as the single orbital excitation operators Êpq, it is possible to de�ne
multiple excitation operators:

Êpq;r s =
NX

i 6= j

j� p(i )ih� q(i )j j� r (j )ih� s(j )j � Êr s;pq (26)

Êpq;r s;tu =
NX

i 6= j 6= k

j� p(i )ih� q(i )j j� r (j )ih� s(j )j j� t (k)ih� u (k)j (27)

etc.

Thesecan all be formulated as combinations of the single excitations:

Êpq;r s =
NX

i;j

j� p(i )ih� q(i )j j� r (j )ih� s(j )j �
NX

i

j� p(i )ih� q(i )j� r (i )ih� s(i )j

(28)

= ÊpqÊr s � � qr Êps (29)

Similar consideration of the identical operator Êr s;pq yields the commutation rela-
tion for the single excitations:

[Êpq; Êr s ] = ÊpqÊr s � Êr sÊpq = � qr Êps � � ps Êr q : (30)

Given that any wavefunction 	 we construct is ultimately composedas a lin-
ear combination in the spaceof orbital products, then the following completeness
identit y is true for all i = 1; 2; : : : ; N

 
mX

p

j� p(i )ih� p(i )j

!

j	 i = j	 i : (31)

Now we insert this identit y into the electronic hamiltonian operator

Ĥ = Z +
NX

i

ĥ(i ) +
NX

i>j

r � 1
ij ; (32)

whereZ is the nuclear repulsion energy, r ij are the separationsof the electrons,and
ĥ(i ) is the single particle hamiltonian for each electron, incorporating its kinetic
energy and the �eld of all the nuclei. This has the e�ect of replacing Ĥ by the
e�ectiv e model or second quantized hamiltonian ĤM , with the understanding that
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the only thing wewill ever do with ĤM is to takematrix elements betweenfunctions
in the orbital product space:

ĤM = Z +
NX

i

mX

pq

j� p(i )i h� p(i )jĥ(i )j� q(i )i h� q(i )j

+
NX

i>j

mX

pqr s

j� p(i )ij � r (j )i h� p(i )jh� r (j )jr � 1
ij j� q(i )ij � s(j )i h� q(i )jh� s(j )j

(33)

= Z +
X

pq

hpqÊpq + 1
2

X

pqr s

(pqjr s)Êpq;r s ; (34)

where we intro duce the one and two electron hamiltonian integrals

hpq = h� p jĥj� qi =
Z

dr 1 � �
p(1)ĥ(1)� q(1) (35)

(pqjr s) = h� p(1)jh� r (2)jr � 1
12 j� q(1)ij � s(2)i

=
Z

dr 1

Z
dr 2 � �

p(1)� �
r (2)r � 1

12 � q(1)� s(2) : (36)

For matrix elements betweenthe N electron basis functions we then have

h� I jĤ j� J i = h� I jĤM j� J i

= Z h� I j� J i +
X

pq

hpqh� I jÊpq j� J i + 1
2

X

pqr s

(pqjr s)h� I jÊpq;r s j� J i :

(37)

In this way, we separate integrals hpq; (pqjr s) and coupling coe�cients dI J
pq =

h� I jÊpq j� J i , D I J
pqr s = h� I jÊpq;r s j� J i . The coupling coe�cien ts depend only on

the algebraic structure of the N electron functions, and not on such factors as
molecular geometry, external �elds, etc.

We illustrate the useof the second-quantized formalism by consideringCI wave-
functions for two electrons. Unnormalized spin-adaptedbasisfunctions can be con-
structed as

� pq
� = 1

2

�
Â (� �

p � �
q ) � Â (� �

q � �
p )

�
; (38)

with the upper (+) sign for spin S = 0 (singlet) and the lower (� ) for S = 1
(triplet). The total wavefunction can then be expandedin this basisas

	 =
X

p� q

Cpq(1 � � pq)� pq
�

=
X

pq

Cpq � pq
� ; (39)

The orbital excitation operator Êr s when acting on � pq
� will completely annihilate

the function if s is not equal to at least oneof p;q; otherwise, each occurenceof � s

is replacedby � r . Thus

Êr s� pq
� = (1 � � pq)� sq � pr

� (40)
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and then

Êr s;tu � pq
� = (1 � � pq)� sp � uq � r t

� ; (41)

where � pq has the e�ect of swapping the labelsp;q in whatever follows it. Then the
action of the hamiltonian operator is

Ĥ � pq
� = (1 � � pq)

 
X

r

hr q� pr
� + 1

2

X

r s

(r pjqs)� r s
�

!

; (42)

i.e.,

Ĥ 	 =
X

pq

CpqĤ � pq
�

=
X

r s

� r s
� (K (C)r s + 2(hC )r s) : (43)

Here, we have de�ned a generalizedexchange matrix K (C), which for any given
coe�cien t matrix C is

K (C)r s =
X

pq

Cpq(r pjqs) : (44)

1.5 Orbital basis sets

Calculations with complete (in�nite) orbital basis sets are impossible; therefore,
oneimmediately wants to know how to chooseoptimally a �nite basisset such that
the CI wavefunction is as close to the exact wavefunction as possible for a given
number of orbitals. Insight into this problem can be gained from the two-electron
example developed above. Consider the one-electrondensity matrix generatedby
the wavefunction, de�ned as

dpq = h	 jÊpq j	 i (45)

For the two-electron example, it is straightforward to show using (40) that

dpq = 2
X

s

CspCsq ; (46)

or d = 2C yC.
Supposethat we now consider truncating the basisset by deleting the last (m-

th) orbital to leave m � 1 remaining functions. The overlap between the new and
old wavefunctions is

h	 New j	 Old i = h	 Old j	 Old i � 2
X

pqr

CpqCr m h� pq j� r m i +
X

pq

CpqCmm h� pq j� mm i

= 1 � 2(C yC)mm + C2
mm (47)

Ignoring the last (C2
mm ) term, which can be shown to be of lesser importance,

we deducethat the amount that the overlap di�ers from unit y is dmm . Consider
making linear transformations amongst the underlying orbitals. Of all the possible
transformations, the one which minimises dmm is that which brings d to diagonal
form, with dmm being the smallest eigenvalue. Such orbitals are known as natural
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orbitals (NOs), and are of great utilit y in interpreting correlated many-electron
wavefunctions. The trace of the density matrix is equal to the number of electrons,
leading to an interpretation of the eigenvaluesas occupation numbers.

In the above example, therefore, if natural orbitals are chosen, the e�ects of
deleting the last (m-th) orbital are minimized. In other words, the CI wavefunction
in m � 1 orbitals is asgood asit can be. We have thus shown that of all the possible
choicesof orbitals, natural orbitals o�er the most compact or e�cien t basisset, for
a two-electronsystem. For many-electron systems,the situation is, of course,more
complicated. One can still de�ne natural orbitals asdensity matrix eigenvalues,but
their relationship with the wavefunction is not so transparent. For the special case
of CI wavefunctions that contain up to double excitations from the Hartree-Fock
determinant, then one can also construct pair natural orbitals (PNOs) for each
pair of occupied orbitals that are excited; these PNOs do have similar properties
to the two-electron NOs, and typically show a similar convergenceof eigenvalues
towards zero. The true NOs, however, are an averageof the various PNOs, and
the convergenceof their spectrum and their usefulnessin evaluating the correlating
e�ect of basis functions is usually lessadvantageous.

In contrast to Hartree-Fock, where reasonablygood wavefunctions can be ob-
tained using a double-zeta plus polarization (DZP) basis set allowing for simple
contraction and deformation of atomic orbitals, a much larger basisset is required
for recovering a large fraction of the correlation energy; i.e., the sequenceof NO
occupation numbers is found to be rather slowly convergent. It is then not a triv-
ial problem to decide straightaway what basis functions f � � g should be used for
optimum recovery of electron correlation e�ects. The idea of using natural orbitals
to obtain basis sets is taken to the extreme in the atomic natural orbital (ANO)
basis scheme15. Here, the basis functions are (approximate) atomic natural or-
bitals, obtained from a CI calculation on each of the molecule'sconstituent atoms.
The idea is that the ANOs, which are near{optim um correlating functions for the
atomic problem, will be good functions for describing molecular electron correla-
tion. Within each of the atomic symmetries (s;p;d; : : : ), each contracted basis
function is a linear combination of all the primitiv e gaussianfunctions; thus each
primitiv e function enters in to all contractions (general contraction). Within the
ANO scheme,there alsoarisesthe conceptof sequencesof basissets, in which each
basisset is derived from the previous one by the addition of the next most impor-
tant atomic natural orbital. This allows for the systematic improvement of basis
setsand consequent elimination of possiblespuriouserrors arising from unbalanced
choicesof basisfunctions. For example,for most �rst row atoms, examination of the
ANO occupation numbers identi�es [3s2p1d], [4s3p2d1f ] and [5s4p3d2f 1g] asgood
choicesof contracted basis sets, whilst a set such as [5s3p2d2f 2g] is unbalanced,
and would be ine�cien t in recovering electron correlation e�ects.

For certain applications, selection of a small or medium{sized ANO set will
not necessarilyresult in a good basis set, and can lead to spurious results. An
example is the calculation of atomic or molecular electrical polarizabilities. Here,
it is vital to include di�use basis functions, particularly of d type in the usual case
that the highest atomic shell is of p type. Such basis functions do not appear in
the set which is optimum for the correlation problem, and so such functions must
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be included additionally , or the basisset redesignedsomewhat. This caseoccurs to
a milder degreein all molecules,where the atomic functions are polarized by their
neighbours; even for SCF calculations, polarization functions are required to cover
this e�ect, and the optimum gaussianexponents are not necessarilyrelated to those
best for correlation. Another type of calculation which presents problems for ANO
sets is that where several di�eren t atomic states are involved; the classic caseis
in transition metal chemistry, where dn s2, dn +1 s1 and dn +2 atomic states often all
makesigni�can t contributions to the molecular situation. ANO basesbasedon each
state are drastically di�eren t, particularly for the d orbitals, which are much more
di�use in dn +2 than in dn ; so the use of an ANO set derived from one particular
atomic state can intro ducean unwanted bias towards that state. A partial solution
is to selectfunctions which are eigenfunctionsof the sum of the density matrices for
each state16;17;18, although caution is still needed.For generalapplications, a good
compromiseis found in the \correlation consistent" basissets19, which aresimilar to
ANO sets,except that the most di�use s and p functions are left uncontracted, and
the polarization functions are simple uncontracted gaussiansdesignedto cover both
the polarization and correlation requirements. In fact, the advantagein usingANOs
for the polarization functions is not that great, and the correlation consistent basis
sets are usually more compact than standard ANOs for a given level of accuracy.
Just as with ANOs, a systematic sequenceof basis sets is de�ned, with members
conventionally denoted cc-pVDZ, cc-pVTZ, cc-pVQZ, cc-pV5Z, etc., which for 1st
row atoms comprise3s2p1d, 4s3p2d1f , 5s4p3d2f 1g, 6s5p4d3f 2g1h : : : .

1.6 Dynamical vs. Non-Dynamical Correlation

The correlation energy arising from overestimation of short-range electron repul-
sionsin Hartree-Fock wavefunctions is usually referred to asdynamical correlation.
Dynamical correlation is always reducedwhen a normal chemical bond (i.e., doubly
occupied orbital) is broken. It is the neglect of dynamical correlation which causes
the RHF equilibrium energy of F2 to be higher than twice the RHF energy of a

uorine atom, sincein F2 there are 9 pairs of electrons,but in each F there are only
4. The e�ect is sopronouncedfor F becausethe molecular orbitals are considerably
smaller than their atomic parents, and crowding the electronstogether meansthere
is more correlation energy. Where dynamical correlation e�ects are important,
Hartree-Fock will therefore generally overestimatebond lengths and underestimate
binding. An extreme example is that of rare-gas dimers, which are unbound at
the Hartree-Fock level, but in reality are held together by dispersion, which is a
manifestation of dynamic correlation.

That part of the correlation energy arising from long-range correlation e�ects,
such asobservedon molecular dissociation, is often referredto asnon-dynamical (or
static) correlation. Static correlation e�ects mean that (spin-restricted) Hartree-
Fock tendsto arti�cially overbind moleculesunderestimating bond lengthsand over-
estimating vibrational frequencies. Thus the e�ects of dynamic and non-dynamic
correlation are very often in opposition, and the partial cancellation of correlation
errors enhancesthe value of SCF; it is often observed that, for example, use of
methods which represent properly the non-dynamical correlation e�ects leads to
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much worseagreement of computed properties with experiment than RHF.
The division between dynamical and non-dynamical correlation is di�cult to

de�ne in most cases. For example, when thinking about electron correlation in
a bond in a molecule, the radial and angular short-range conceptsare somewhat
blurred with the ideas of long-range dissociation-enabling correlation. One useful
visualization is that the non-dynamical correlation is that which is recovered with
the minimum CI expansiondescribing properly all correlation e�ects; in contrast,
convergenceof the dynamical correlation energywith increasingsizeof CI expansion
is very slow.

When non-dynamical correlation is weak, Hartree-Fock theory already provides
a qualitativ ely correct description of the wavefunction. Under such circumstances,
which, fortunately, apply for the majorit y of moleculesin their ground state near
equilibrium geometry, one may use single-reference methods for representing the
dynamical correlation e�ect. These methods build on the SCF referencedeter-
minant, typically using perturbativ e arguments to de�ne classesof con�gurations
or excitations deemedto be of most importance in constructing an approximate
correlated wavefunction. For most excited states, for moleculesthat are close to
dissociation, and for situations in which there is nearelectronicdegeneracy, Hartree-
Fock is a poor approximation. Static correlation e�ects often mean that there is
no single Slater determinant that dominates the wavefunction, and perturbativ e or
other approachesthat assumea good single-referencestarting point are doomed to
failure. Under such circumstances,a viable way forward is to �rst deal with the
static correlation problem using a CI expansion that covers all the important ef-
fects. One may then go further using this many-determinant referenceasa starting
point for further recovery of the dynamic correlation. Such approachesare termed
multi-r eference methods.

2 Closed-Shell single-reference metho ds

In this section we will discuss the most important electron correlation methods
basedon closed-shellHartree-Fock referencefunctions. This includesM�ller-Plesset
perturbation theory, singlesand doublescon�guration interaction (CISD), and non-
variational variants like the coupled-electronpair approximation (CEPA), aswell as
coupled cluster methods with single and double excitations (CCSD). The e�ect of
triple excitations canbe accounted for by perturbation theory, leading to CCSD(T).

From a computational point of view, it is important to minimize the logic in
the code, and to formulate the theory in terms of matrix and vector operations.
The most e�cien t operations one can perform on any kind of current hardware
are matrix multiplications. This applies both to vector computers as well as to
RISC workstations or even PCs. The reasonfor this is that on most machines the
bottleneck is not the 
oating point operation itself, but getting the data from the
memory, in particular if the quantities involved do not �t into the fast cache. By an
appropriate unrolling of the three loops in a matrix multiplication one can achieve
that each data element obtained from memory can be usedin several 
oating point
operations, and this this way often about 80% of the theoretical peak performance
can be achieved.
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For the formulation of the theory in terms of matrix multiplications it is essential
to use unnormalized or even non-orthogonal con�guration state functions. We
start with a generaldiscussionof the con�guration spaceswhich are commonto all
methods discussedin the subsequent sections.

2.1 The �rst-or der interacting space

According to second-orderperturbation theory, the most important contributions
to the correlation energy arise from con�gurations � I which have non-zeromatrix
elements h� I jĤ j� SC F i , i.e., which span the �rst-or der interacting space of � SC F .
In the following, the SCF wavefunction will be denoted j0i � � SC F . According
to the Slater-Condon rules only Slater determinants can contribute which di�er by
at most two spin-orbitals from the Hartree-Fock determinant. The spin adapted
singly and doubly excited con�gurations are conveniently generated by applying
the excitation operators Êai to the referencefunction

� a
i = Êai j0i ; (48)

� ab
ij = Êai Êbj j0i ; (49)

where i; j refer to occupied orbitals in j0i , and a; b to virtual orbitals (unoccupied
in j0i ). If j0i is an optimized closed-shellHartree-Fock wavefunction, the matrix
elements h� a

i jĤ j0i = 2f ai vanish for all single replacements � a
i , sincethe optimized

orbitals satisfy the conditions f ai = 0 (Brillouin theorem). Therefore, the �rst-order
wavefunction is a linear combination of all doubly excited con�gurations � ab

ij

	 (1) =
1
2

X

ij

X

ab

T ij
ab� ab

ij ; (50)

where T ij
ab are the amplitudes. Note that the operators Êai and Êbj commute, and

therefore

� ab
ij = � ba

j i ; (51)

i.e., the con�guration set usedin the expansionof 	 (1) is redundant. In the formu-
lation of correlation theories it will be convenient to usethis redundant set, but we
must account for this by the restriction

T ij
ab = T j i

ba : (52)

We will consider T ij
ab as matrices with elements ab. Di�eren t matrices are labeled

by the superscripts ij :

[T ij ]ab = T ij
ab ; T ij = T j i y : (53)

The matrix elements for i > j , all a; b and i = j , a � b form the non-redundant set
of amplitudes.

The de�nition of the doubly excited con�gurations in eq. (49) is most simple,
but hasthe disadvantage that the resulting functions are non-orthogonal. Using the
commutation relations (30) and the fact that zero results if an external annihilator
acts on the referencefunction j0i one obtains

h� ab
ij j� cd

k l i = � ac � bdh0jÊ ik ;j l j0i + � ad � bch0jÊ il;j k j0i ; (54)
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where h0jÊ ik ;j l j0i are the elements of the second-orderreduced density matrix of
the referencefunction. For closed-shellHartree-Fock referencefunctions oneobtains
explicitly

h0jÊ ik ;j l j0i = 4� ik � j l � 2� il � j k ;

h� ab
ij j� cd

k l i = � ac � bd(4� ik � j l � 2� il � j k ) + � ad � bc(4� il � j k � 2� ik � j l ) : (55)

Straightforward useof thesenon-orthogonal con�gurations is in principle possible,
but leadsto somecomplications. There are two ways for simpli�cation: in the �rst
casea set of orthogonal con�guration state functions is de�ned as

� ab
ij p =

1
2

�
� ab

ij + p� ba
ij

�
for p = � 1; i � j; a � b ; (56)

where p = 1 corresponds to singlet coupling of the two external electrons, and
p = � 1 to triplet coupling. Note that these functions are not normalized; for a
closed-shellreferencefunction we have

h� ab
ij p j� cd

k lq i = (2 � p)� pq(� ac � bd + p� ad � bc)( � ik � j l + p� il � j k ) ; (57)

and thus the normalization factors are

h� ab
ij p j� ab

ij q i = (2 � p)� pq(1 + p� ab)(1 + p� ij ) : (58)

As will becomeclear later, for an e�cien t formulation of all electron correlation
methods it is essential not to normalize the con�gurations. This was �rst realized
in the theory of self-consistent electron pairs (SCEP) by Meyer20, who showed that
by using unnormalized con�gurations all terms involving the virtual orbital labels
a; b;: : : can be formulated in a computationally convenient matrix form without any
logic. Most importantly , this concernsthe factor (1+ p� ab), which implies a di�eren t
normalization for diagonal con�gurations (a = b) than for non diagonal ones(a 6=
b). We note that in the original SCEP theory of Meyer20 the con�gurations were
normalizedby the factors [(2 � p)(1 + p� ij )] � 1=2, but this leadsto someunnecessary
factors in the resulting equations. A similar de�nition is possiblefor multireference
wavefunctions and will be used in section 5.

For single-referencemethods it turns out that even simpler equationscan be ob-
tained by directly using the con�gurations (49) together with a set of contravariant
con�gurations 21;22

~� ab
ij =

1
6

(2� ab
ij + � ab

j i ) (59)

which have the properties

h~� ab
ij j� cd

k l i = � ac � bd� ik � j l + � ad � bc� il � j k ; (60)

h~� ab
ij j	 (1) i = T ij

ab ; (61)

h~� ab
ij jĤ j	 (0) i = (ai jbj ) : (62)

The last expressionis obtained by inserting the hamiltonian in secondquantization
(cf. eq. (34))

h~� ab
ij jĤ j	 (0) i =

1
2

X

r stu

h~� ab
ij jÊr s;tu j	 (0) i (r sjtu) ; (63)
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and realizing that the indices r; t must be external and match a; b, while s;u must
be internal and match i; j according to eq. (60)

h~� ab
ij jĤ j	 (0) i =

1
2

X

k l

X

cd

h~� ab
ij jÊck Êdl j	 (0) i (ckjdl)

=
1
2

X

k l

X

cd

h~� ab
ij j� cd

k l i (ckjdl) = (ai jbj ) : (64)

We can now express	 (1) either in the original basisor in the basisof contravari-
ant functions

	 (1) =
1
2

X

ij

X

ab

T ij
ab� ab

ij =
X

ij

X

ab

~T ij
ab

~� ab
ij ; (65)

which leadsto
~T ij
ab = 2T ij

ab � T j i
ab or ~T ij = 2T ij � T j i : (66)

The factor 1
2 has beenomitted in the secondsum for conveniencein later expres-

sions.
For the singleswe can de�ne the contravariant spaceanalogously, but in this

caseonly the normalization of � a
i and ~� a

i di�ers

~� a
i =

1
2

� a
i ; (67)

~t i
a = 2t i

a : (68)

2.2 Matrix notation

We have seenabove that the amplitudes T ij
ab for a given correlated orbital pair (ij )

can be consideredas a matrix T ij , and the amplitudes t i
a of the single excitations

as vectors t i . Unless otherwise noted, here and in the following i; j; k; l refer to
occupiedorbitals, a; b;c;d to virtual orbitals (unoccupiedin the referencefunction),
and p;q; r; s to any orbitals. In open-shell and MCSCF methods, t; u; v; w will
denote open-shell (active) orbitals.

Similarly, it is convenient to order the two-electron integrals over two occupied
and two virtual orbitals into matrices. In this casethere are two types, namely
Coulomb and exchangematrices

J ij
ab = (abjij ) ; (69)

K ij
ab = (ai jbj ) : (70)

The labels ij refer to di�eren t matrices, and ab to their elements. Often it will be
possible to write equations in matrix form, involving matrix multiplications and
additions, and then bold face letters will be used for matrices, e.g., J ij and K ij .
For conveniencein later expressions,we also de�ne

L ij
ab = 2K ij

ab � K ij
ba ; (71)

and the closedshell Fock matrix

f r s = hr s +
X

i

�
2J ii

r s � K ii
r s

�
: (72)
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In the subsequent sections,the matrix f will only refer to the external part, i.e, the
elements f ab.

2.3 Second-order M�l ler-Plessetperturbation theory

The simplest electron correlation method to treat electron correlation is M�ller-
Plessetperturbation theory, which is a special variant of Rayleigh-Schr•odinger per-
turbation theory, with the zeroth-order hamiltonian

Ĥ (0) =
N elX

i =1

f̂ (i ) =
X

r s

Êr s f r s ; (73)

and with

Ĥ (1) = Ĥ � Ĥ (0) ; (74)

where f̂ (i ) is the closed-shellFock operator for electron i . For optimized orbitals
the matrix elements f ai vanish (Brillouin conditions), and it is then easily shown
that the Hartree-Fock wavefunction 	 (0) = � SCF is an eigenfunction of Ĥ (0) , i.e.,

Ĥ (0) 	 (0) = Ê (0) 	 (0) ; (75)

Ê (0) = 2
m occX

i =1

f ii ; (76)

Ê (0) + Ê (1) = h	 (0) jĤ j	 (0) i = E SCF ; (77)

where E SCF is the Hartree-Fock energyexpectation value.
The �rst-order wavefunction is expandedaccording to eq. (50), and the ampli-

tudes T ij
ab are obtained by solving the �rst-order perturbation equations

h~� ab
ij jĤ (0) � Ê (0) j	 (1) i + h~� ab

ij jĤ j	 (0) i = 0 (78)

for all i � j; ab. Inserting eq. (50) and evaluating the matrix elements yields the
linear equations

R ij
ab = K ij

ab +
X

c

�
f acT ij

cb + T ij
ac f cb

�
�

X

k

�
f ik T k j

ab + T ik
ab f k j

�
= 0 : (79)

For the casethat canonical Hartree-Fock orbitals are usedwhich obey

f ij = � i � ij ; (80)

f ab = � a � ab ; (81)

one obtains

Rab
ij = K ij

ab + (� a + � b � � i � � j )T ij
ab (82)

T ij
ab = � K ij

ab=(� a + � b � � i � � j ) ; (83)
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which is, of course,the well known MP2 expression. Using eqs. (61) and (62) the
second-orderenergy takesthe form

Ê (2) = h	 (0) jĤ j	 (1) i

=
X

ij

X

ab

h	 (0) jĤ j ~� ab
ij i ~T ij

ab

=
X

ij

hK ij ~T j i i =
X

ij

hK ij (2T j i � T ij )i ; (84)

where

hK ij ~T j i i =
X

ab

K ij
ab

~T j i
ba =

X

ab

K ij
ab

~T ij
ab (85)

(86)

denotesthe trace of the matrix product in the brackets.
From the above equations it is obvious that evaluating the second-orderenergy

is trivial once the exchange integrals K ij
ab = (ai jbj ) are available. These integrals

are in the MO basis,and must therefore be generatedfrom the 2-electron integrals
in the AO basisby a four-index transformation

(ai jbj ) =
X

�� ��

X �a X � bX �i X � j (�� j� � ) : (87)

This transformation is most e�cien tly done in four steps, each being a matrix
multiplication, i.e.

(�� j� j ) =
X

�

(�� j� � )X � j ; (88)

(�i j� j ) =
X

�

(�� j� j )X �i ; (89)

(�i jbj ) =
X

�

(�j j� i )X � b ; (90)

(ai jbj ) =
X

�

(�i jbj )X �a : (91)

Sincethe number of occupiedorbitals i; j is usually much smaller than the number
of basisfunctions, the number of transformed integralsbecomessmaller in each step,
and therefore the �rst quarter transformation step is most expensive. It requires
about 1

2 mval m4 operations, where m is the number of basis functions and mval

the number of correlated orbitals. Since both mval and m increaselinearly with
system sizeN , the computational e�ort scaleswith O(N 5). For large systemsnot
only the computation time but also the storage of the two-electron integrals and
intermediate quantities is a severe bottleneck. Chapter 6 discussesintegral-direct
transformations, in which the integrals (�� j� � ) are computed on the 
y whenever
needed,without being ever stored on disk.

20



An alternativ e way to compute the second-orderenergy is to start from the
Hylleraas functional

E2 = 2h	 (1) jĤ j	 (0) i + h	 (1) jĤ (0) � Ê (0) j	 (1) i

= 2
X

ij

"

hK ij ~T j i i + hT ij f ~T j i i � f ij

X

k

hT ik ~T k j i

#

=
X

ij

h
h(K ij + R ij ) ~T j i i

i
: (92)

Minimizing this functional with respect to the ~T ij
ab yields

@E2

@~T ij
ab

= 2R ij
ab ; (93)

with the V ij de�ned in eq. (79). Thus, the Hylleraas functional is stationary with
respect to small variations of the T ij

ab if the �rst-order perturbation equations are
ful�lled, i.e. R ij

ab = 0. For the corresponding amplitudes we have E2 = Ê (2) . It
is straightforward to show that in general E2 � Ê (2) for any set of trial function
	 (1) . The stationary property is very convenient for deriving the MP2 gradient
expressionand in the context of local electron correlation methods to be discussed
later.

Even though we will not discussapplications of the methods in this article, it
should be noted that the applicabilit y of MP2 is restricted to caseswith a su�cien t
large HOMO-LUMO gap. If this is not the case,the energy denominators in eq.
(83) becomesmall and the perturbation expansiondiverges.

2.4 Singlesand doublescon�gur ation interaction

In singlesand doubles con�guration interaction (CISD) the expansioncoe�cien ts
are determined variationally . Consequently , the resulting energyis an upper bound
to the exact energy, but it is not size extensive or size consistent, i.e., it does not
scalecorrectly with the number of electronsor the number of independent subsys-
tems. Therefore, CISD usually yields poor results, and it is not recommendedto be
used. However, much better results can be obtained by somesimple modi�cations
of the variational conditions, leading to the coupled electron pair approximation
(CEPA) 23;24 or the coupled pair functional (CPF) 25, which are approximately size
consistent and yield much better results at the samecomputational cost as CISD.

The �rst matrix formulation of CISD is due to Meyer and known as SCEP
theory20 (cf. section 2.1). This method was formulated originally in the AO basis,
but herewe will continue to work in a basisof orthogonal MOs, which is somewhat
simpler. However, we will comeback to the AO formulation when discussinglocal
electron correlation theories.

The CISD wavefunction is expandedin terms of the samecon�gurations asused
in the MP2 wavefunction, but also includes single excitations

	 CISD = � SCF +
X

ia

t i
a � a

i +
1
2

X

ij

X

ab

T ij
ab� ab

ij : (94)
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The coe�cien ts t i
a , T ij

ab are optimized variationally by minimizing the Rayleigh
quotient

E CISD =
h	 CISD jĤ j	 CISD i

h	 CISD j	 CISD i
: (95)

Using eqs. (61) and (65) one �nds for the norm

N = h	 CISD j	 CISD i = 1 +
X

ai

~t i
a t i

a +
X

ij

X

ab

~T ij
abT ij

ab

= 1 +
X

i

h~t i y t i i +
X

i � j

(2 � � ij )h~T ij T j i i : (96)

Di�eren tiating the expectation value with respect to the ~T ij
ab yields the eigenvalue

equations

r i
a = h~� a

i jĤ � E CISD j	 CISD i = 0 ;

R ij
ab = h~� ab

ij jĤ � E CISD j	 CISD i = 0 : (97)

Theseequations can be solved iterativ ely (direct CI ). In each iteration one has to
compute the residuals

r i
a = vi

a � ECISD t i
a ; (98)

R ij
ab = V ij

ab � ECISD T ij
ab (99)

where

vi
a = h~� a

i jĤ � E SCF j	 CISD i (100)

V ij
ab = h~� ab

ij jĤ � E SCF j	 CISD i ; (101)

and ECISD = E CISD � E SCF is the correlation energy

ECISD =
1
N

2

4
X

i

(f i
a + vi

a)~t i
a +

X

ij

X

ab

(K ij
ab + V ij

ab ) ~T ij
ab

3

5 : (102)

The residualsare usedto obtain an update of the CI-coe�cien ts by simple pertur-
bation theory:

� t i
a =

� r i
a

h~� a
i jĤ � E CISD j� a

i i
; � T ij

ab =
� R ij

ab

h~� ab
ij jĤ � E CISD j� ab

ij i
: (103)

This procedurerelies on the fact that the hamiltonian in the con�guration basis is
diagonal dominant. Convergencecan be improved and guaranteed by the Davidson
procedure26.

For the sake of simplicit y, we will restrict the following discussion to double
excitations (CID); the inclusion of single excitations is quite straightforward and
does not lead to any principle di�culties. In the CID casethe matrices V ij take
the explicit form

V ij
ab = K ij

ab + K (T ij )ab +
X

k l

K ij
k l T

k l
ab + Gij

ab + Gj i
ba (104)
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with the auxiliary matrices

G ij = T ij f �
X

k

h
T ik f k j + T ik Jk j + (T ik Jk j )y � ~T ik K k j

i
: (105)

The matricesG ij account for the contributions of the two-electronintegralsover two
external and two occupiedorbitals, i.e., all matricesoccuring in eq. (105) arede�ned
in the spaceof external orbitals only. The evaluation of all G ij requires 2m3

val
matrix multiplications. Since each matrix multiplication involves 2m3

ext 
oating
point operations, the total cost scaleswith the sixth power of the molecular size.
Note the exceedinglysimple matrix form of these equations, which do not involve
any complicated logic. This is solely due to the fact that unormalized and non-
orthogonal con�gurations are used, as outlined in section 2.1. In contrast, in the
early direct CISD method of Roosand Siegbahn27, which employedorthonormalized
con�guration state functions, about 140 di�eren t types of matrix elements had to
be distinguished.

The so called external exchangeoperators K (T ij ) in the secondterm of (104)
account for all contributions of integrals over four external orbitals

K (T ij )ab =
X

cd

T ij
cd(acjdb) : (106)

There terms require about m2
val m

4
ext 
oating point operations, and for large basis

sets and not too many correlated orbitals mval their evaluation dominates the
total computational cost. As written in eq. (106) one would need a full integral
transformation for generating the integrals (acjdc). This would not only be rather
expensive (O(N 5) operations), but also double the disk space.The transformation
can be avoided by expanding the virtual MOs in the integral, yielding

K (T ij )ab =
X

��

X �a X � b

X

��

"
X

cd

X �c T ij
cdX � d

#

(�� j� � )

=
X

��

X �a X � b

X

��

T ij
�� (�� j� � )

=
�
X yK (T ij )A O X

�
ab : (107)

The quantities T ij
A O = XT ij

MO X y are the amplitudes in the AO basis. These are
precomputed and then contracted with the two-electron integrals (�� j� � ), which
very much resemblesthe calculation of the exchangeterms in the Fock matrix. The
resulting operators in the AO basisK (T ij )�� are �nally backtransformed into the
MO basisby the two matrix multiplications in the last line. Similar operators are
alsoneededin coupledcluster theory (cf. section2.5) and multirefence con�guration
interaction (cf. section 5).

The third-order energy in M�ller-Plesset perturbation energy is obtained as

E (3) =
X

ij

X

ab

(K ij
ab + V ij

ab ) ~T ij
ab ; (108)

where the V ij
ab and ~T ij

ab are computed from the MP2 amplitudes. Note that this
energy expressionis similar to the expectation value, eq. (102), but without the
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normalization factor. In contrast to the CID energyE (3) is sizeconsistent, but not
an upper bound to the exact energy.

Finally, we note that the CEPA equations23;24 can be obtained from the CISD
equations by replacing in the residual the correlation energy by individual pair
energies,e.g., CEPA-2

Rab
ab = V ij

ab � � ij T ij
ab ; (109)

with

� ij = (2 � � ij )
X

ab

K ij
ab

~T ij
ab : (110)

Other CEPA variants useslightly di�eren t expressionsfor the residual. The CEPA
correlation energy is the sum of all pair energies

ECEPA =
X

i � j

� ij : (111)

Obviously, the computational e�ort per iteration is virtually the sameas for CISD,
but the results are much better (almost as good as for CCSD(T) if singles are
included).

2.5 Singlesand doublescoupled-cluster

The main disadvantage of the variational con�guration interaction method is the
fact that it is not size consistent. This can easily be understood by considering
two independent subsystems,e.g., two water molecules. The correct wavefunc-
tion for the total system AB should then be the (antisymmetrized) product of the
wavefunctions of the two moleculesA and B . If each of these wavefunctions con-
tains double excitations from the SCF determinant, the total system will contain
quadruple excitations, e.g.,

	( A) = � SCF (A) + 	 c(A) = [1 +
1
2

(A )X

ij

(A )X

ab

T ab
ij Êai Êbj ]� SCF (A)

	( B ) = � SCF (B ) + 	 c(B ) = [1 +
1
2

(B )X

k l

(B )X

cd

T cd
k l Êck Êdl ]� SCF (B )

	( AB ) = � SCF (AB ) + Â [� SCF (A)	 c(B ) + � SCF (B )	 c(A)]

+
1
4

(A )X

ij

(A )X

ab

(B )X

k l

(B )X

cd

T ab
ij T cd

k l Êai Êbj Êck Êdl � SCF (AB ) (112)

whereÂ is the antisymmetrizer. It is seenthat that the coe�cien ts of the quadruple
excitations � abcd

ij k l = Êai Êbj Êck Êdl � SCF (AB ) are simple products T ab
ij T cd

k l of the
coe�cien ts of the subsystems.However, theseterms are not included in the CISD
wavefunction for the dimer, and therefore the total CISD energyis not equal to the
sum of the monomer energies.
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In coupled-clustertheory28;29;30 the wavefunction is generatedby an exponential
excitation operator

	 C C = exp(T̂ )� SCF ; (113)

where the exponential is de�ned by the Taylor expansion

exp(T̂ ) = 1 + T̂ +
1
2!

T̂ T̂ +
1
3!

T̂ T̂ T̂ + : : : : (114)

The excitation operator T̂ may be decomposed into single, double, and possibly
higher excitation operators

T̂ = T̂1 + T̂2 + : : : (115)

with

T̂1 =
X

ai

tai Êai ; (116)

T̂2 =
1
2

X

ij

X

ab

T ij
abÊai Êbj ; (117)

(118)

etc. Truncating the expansionafter T̂2 yields the CCSD theory31;21;32;22.
For two independent subsystemswe can decomposeT̂ into a sum of two opera-

tors each acting only on one subsystem

	( AB ) = exp(T̂A + T̂B )� SCF (AB ) = Â
h
exp(T̂A )� SCF (A) exp(T̂B )� SCF (B )

i

= Â [	( A)	( B )] : (119)

Thus, the coupled-clusterwavefunction is sizeconsistent as required. It implicitly
contains triple, quadruple, and higher excitations, but the coe�cien ts of theseare
all products of the single and double excitation amplitudes t i

a and T ij
ab.

Unfortunately , it is not possibleto determine theseamplitues variationally , since
like the full CI expansion(113) includes up to N -fold excitations, which makesthe
evaluation of an expectation value too expensive. However, one can obtain a non-
linear systemof equationsfor the amplitudes by projecting the Schr•odingerequation
from the left with the contravariant con�gurations ~� a

i and ~� ab
ij asde�ned in section

2.1. An additional equation for the correlation energy is obtained by projecting
with the referencefunction. This yields

ECCSD = h0jĤ (1 + T̂1 + T̂2 +
1
2

T̂ 2
1 )j0i (120)

r i
a = h� a

i j(Ĥ � E CCSD )(1 + T̂1 + T̂2 +
1
2

T̂ 2
1 + T̂1T̂2 +

1
3!

T̂ 3
1 )j0i = 0

(121)

R ij
ab = h~� ab

ij j(Ĥ � E CCSD )(1 + T̂1 + T̂2 +
1
2

T̂ 2
1 + T̂1T̂2 +

1
3!

T̂ 3
1

+
1
2

T̂ 2
1 T̂2 +

1
2

T̂ 2
2 +

1
4!

T̂ 4
1 )j0i = 0 (i � j; all a; b) : (122)
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The expansionson the right-hand side terminate after the quadruple excitations
sincethe hamiltonian cancoupleonly con�gurations that di�er by at most two exci-
tations. The number of equationscorrespondsexactly to the number of amplitudes.
Even though theseequationslook quite complicated, it turns out that their solution
is not much more di�cult than of the CISD equations. It can be shown that in
the coupled-cluster casethe contributions of the energy in the residual equations
cancelout, as required for a size-consistent theory.

In order to exemplify the structure of the resulting equations, we will omit the
single excitation operator T̂1 and consideronly the coupled-clusterdoubles(CCD)
case.The full CCSD equationsin a similar matrix formulation can be found in Ref.
22. The explicit expressionsfor the CCD residual matrices R ij are

R ij = K ij + K (T ij ) +
X

k l

� ij;k l T k l + G ij + G j i ; (123)

with

G ij = T ij X �
X

k

�
� ik T k j � ~T ik Y k j +

1
2

T k i Zk j + (T k i Zk j )y
�

: (124)

The form of these equations is exactly the sameas for the CID, discussedin the
previous section, but there are now intermediate quantities which depend linearly
on the amplitudes. In detail, the integrals K ij

k l in the CID equations are replaced
by � ij;k l , f ik by � ik , f by X , K k j by Y k j , and Jk j by Zk j . The explicit form of
thesequantites is

� ij;k l = K k l
ij + tr

�
T ij K lk �

; (125)

� ik = f ik +
X

l

tr
�
T il L lk �

; (126)

X = f �
X

k l

L k l T lk (127)

Y k j = K k j �
1
2

Jk j +
1
4

X

l

L k l ~T lj ; (128)

Zk j = Jk j �
1
2

X

l

K lk T j l : (129)

The computational e�ort of the CCD di�ers from CID basically by the additional
2m3 matrix multiplications in eqs. (128) and (129), which doublesthe time for eval-
uating the matrices G ij . However, the sameexternal exchange operators K (T ij )
are needed,and therefore the di�erence in total time is lesssigni�can t.

If singlesare included, there are additional terms in the intermediates,but these
require only minor computational e�ort. The products of singlesarising from the
T̂ 2

1 , T̂ 3
1 , and T̂ 4

1 terms in eqs. (121) and (122) can all be accounted for by de�ning
modi�ed amplitude matrices

C ij = T ij + t i t j y
; �C ij =

1
2

T ij + t i t j y
; (130)
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and then all intermediates depend only linearly on either T ij , C ij , or �C ij . The
most notable di�erence between CISD and CCSD is that in the latter caseone
needsadditional contractions of singlesamplitudes with 3-external integrals

J(E ij )ab =
X

c

(abjci) t j
c ; (131)

K (E ij )ab =
X

c

(ai jbc) t j
c : (132)

As the external exchangeoperators, these terms can be evaluated in two di�eren t
ways. Either the 3-external integrals (abjci) are explicitly generated,which requires
a more expensive integral transformation (note, however, that the e�ort for the �rst
quarter transformation is the same). Alternativ ely, the storage of these integrals
can be avoided by computing these terms directly from the integrals in the AO
basis. First, the singlesamplitudes are transformed into the AO basis

t i
� =

X

c

X � c t i
c ; (133)

then the operators are computed in the AO basis

J(E ij )�� =
X

�

X �i

X

�

t j
� (�� j�� ) ; (134)

K (E ij )�� =
X

�

X �i

X

�

t j
� (�� j� � ) ; (135)

and �nally they are back transformed into the MO basis

J(E ij )MO = X yJ(E ij )A O X ; (136)

K (E ij )MO = X yK (E ij )A O X : (137)

This procedure,which is similar to the computation of the operatorsJ k l and K k l , re-
quires about 3

4 m4mocc + 4m3m2
occ additions and multiplications (m basisfunctions,

mocc correlated orbitals) rather than 3
2 m3m2

occ operations if the same quantities
are computed from the fully transformed two-electron integrals (the full integral
transformation scalesas m5). The additional e�ort is, however, quite insigni�can t
as compared to the 1

2 m4m2
occ operations neededto evaluate the operators K (T ij )

and will therefore not intro ducea bottleneck. Nevertheless,it should be noted that
the three-external integrals (abjci) are also neededfor evaluating the perturbativ e
correction for triple excitations, and then it is of courseadvantageousto usethem
also for the CCSD.

Finally, we note that the QCISD (quadratic con�guration interaction)
equations33 are obtained by omitting all T̂ 2

1 , T̂ 3
1 , T̂ 4

1 terms and the T̂1T̂2 term
in equation 122. The residuals then include only part of the singlesterms present
in the CCSD. Most notably, the operators J(E ij ) and K (E ij ) are not neededin
QCISD; as in the caseof CISD all contributions of three-external integrals can be
absorbed into the external exchange operators by computing these with modi�ed
coe�cien t matrices22. Another variant is the Brueckner coupled-cluster doubles
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(BCCD) theory34;35;36;37;38;39;22. In this casethe orbitals are modi�ed in each it-
eration so that at convergenceall singlesamplitudes vanish. This can be achieved
by aborbing after each update the singlesinto the orbitals

� i  � i +
X

a

t i
a � a (138)

with subsequent symmetrical reorthonormalization of the new occupied orbitals.
Furthermore, the virtual orbitals haveto beSchmidt-orthogonalized to the occupied
space. Then the integral transformation must be repeated, since the J k l and K k l

change. The Brueckner theory has sometheoretical advantages. In particular, the
resulting wavefunction is less sensitive to symmetry breaking problems than the
CCSD wavefunction on the basisof canonical Hartree-Fock orbitals.

2.6 Computational aspects

As already pointed out, the matrix formulation with a minimum amount of logic
is one of the prerequisites for an e�cien t CISD or CCSD program. Often this
can be exploited to the best possible extent by using highly optimzed routines
for matrix multiplication (e.g, dgemm), which are available in BLAS (basic linear
algebra subroutines) libraries on many platforms. These routines also allow to
transposeone or both of the two matrices to be multiplied on the 
y , without the
need to precompute and store the transposedmatrix. This is often useful, since
the amplitudes T ij are stored only for i � j , and T j i is the transposeof T ij . The
sameholds for the operators K k l = K lk y.

It is equally important to think carefully about memory and I/O usage. The
number of amplitudes T ij , as well as the number of transformed integrals J k l ,
K k l scalewith the fourth power of the molecular size, and in large calculations it
will often not be possibleto keepall thesequantities simultaneously in high speed
memory. One can then usepaging algorithms, which read blocks of data from disk
asrequired. The algorithm should thereforebeoptimized sothat for a givenamount
of available memory the I/O is minimized.

As a �rst exampleconsider the evaluation of the matrices G ij in the CID case.
The G ij do not needto be stored but their contribution can be immediately added
to the residualsR ij . If the outer two loops run over j and k, one J k j and one K k j

at a time needto be in memory and have to be read just oncefor a given kj . The
simplest algorithm would then assumethat all R ij and T ik can be kept in memory.
Should this not be possible,one could split them into batches. For instance, if k is
the outermost loop, one could read in this loop all T ik for a �xed k; if still not all
R ij �t into memory, one could treat the largest possiblesubsetsof them together.
In this case,one would have to read the J k j , K k j , and T ik for each batch of R ij .
Reading all the Jk j and K k j for each batch of R ij could be avoided if each batch
would compriseonly a subsetof j .

The situation is more complicated in the coupled cluster case,since then one
has to evaluate the intermediates Y k j and Zk j instead of simply reading the Jk j

and K k j . This requiresall operators K k l for a �xed k and all T lj for �xed j . Thus,
the simplest algorithm requires to keep all R ij and T ij together with all K k j for
a �xed k in memory. A simple paging over the R ij and/or T ij as in the CI case
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is not possible, since this would involve repeated calculation of the intermediate
quantities. It would be possible, however, �rst to evaluate the the Y k j and Zk j ,
using a similar paging algorithm as in the CI case,and store these on disk. The
R ij are then computed in a secondstage,exactly as in the CI case,but instead of
the Jk j and K k j one would read Y k j and Zk j .

The computation time and memory requirements can be much reducedif molec-
ular symmetry is exploited, which is easyaslong asonly one-dimensionalirreducible
representations are present, i.e. D 2h and subgroups. If symmetry adapted molecu-
lar orbitals are used,all matrices are blocked. The block structure of a given matrix
T ij

ab is determined by the product symmetry of the orbitals i and j , which must be
the sameas the product symmetry of a and b. The sameholds for the R ij , J ij ,
and K ij . Of course,only the non-zeroblocks are stored, and sinceeach symmetry
block can have a di�eren t dimension, the matrices are stored in one-dimensional
arrays; block dimensionsand o�sets are precomputed and kept in memory. It is
then convenient to have a set of subroutines for operations like matrix multiplica-
tions, matrix traces, outer products etc., which handle all the symmetry blocking
internally. Thus, the rest of the program requires only a minimum amount of the
symmetry information, and stays most readableand easyto debug.

2.7 Triple excitations

The accuracy of coupled cluster calculations with single and double excitations
(CCSD) can be signi�can tly improved by subsequently computing the e�ects of
higher order excitations through Rayleigh-Schr•odingerperturbation theory (RSPT)
basedon the Fock (M�ller-Plesset) hamiltonian and the computed CCSD ampli-
tudes of single and double excitations40;33;41. The most important such correction
is that which is linear in triple excitations, since its inclusion gives an energy ex-
pressionwhich is consistent with the exact solution of Schr•odinger's equation up to
fourth order41;42;43;44. The most widely used ansatz of this type, usually denoted
CCSD(T) 41, is also consistent with many of the �fth order terms, and includes
much of the sixth and higher order energiesas well45;46, provided that the refer-
encewavefunction is a true variational solution of the Hartree-Fock equations. This
analysis takes into account the fact that terms such as T1T2 present in the CCSD
expansionalready partially includes the e�ects of triple excitations.

The evaluation of the triples (T) correction requires terms like

W ij k
abc =

X

d

(bdjck)T ij
ad �

X

m

(mj jck)T im
ab + permutations: (139)

The �rst terms scaleswith m3
val m

4
ext , the secondwith m4

val m
3
ext , where mval and

mext are the number of correlated and virtual (external) orbitals, respectively.
Thus, the computational cost increaseswith O(N 7), where N is a measureof the
molecular size. In most casesthe calculation of the triples correction is therefore
much more expensive than the CCSD calculation itself, and the applicabilit y is lim-
ited to quite small molecules. The elapsedtime (not the cost!) can be reducedby
parallelization of the code, but is should be noted that this doesnot substantially
increasethe molecular size that can be handled. Doubling the molecular size in-
creasesthe time by a factor of 128,and thereforeeven the largest parallel computers
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Table 1. CPU timesa of coupled cluster calculations for glycine peptidesb

Program (Gly) 1 (Gly) 2 (Gly) 3

Basis functions 95 166 237
Transformationc 10 180 1471
CCSD (11 iterations) 312 7453 62741
Triples (T) correction 520 21081 220486

a) In secondson Sun Enterprise 3500,Ultrasparc 336 MHZ processor
b) Using Cs symmetry
c) Partial transformation to generatetwo-external integrals J k l , K k l

and the three-external integrals (abjci).

do not help much further. The dramatic increaseof CPU time with molecular sizeis
demonstrated in Table 1 for someglycine peptides, (Gly) n � HO[C(O)CH 2NH]n H,
using the correlation consistent double zeta basisset (cc-pVDZ) of Dunning19. The
increaseof the CPU times is closeto the expected theoretical factors. It is easily
estimated that the evaluation of the triples correction for the next larger peptide
(Gly) 4 would already take about three weeksof CPU time. Another bottleneck of
the triples calculation is the storageof the integrals (abjci) over three external and
oneoccupiedorbitals, which must be stored on disk. Sincetheseintegrals have less
permutational symmetry than the integrals in the AO basis,and the molecular or-
bitals are more di�use than the basis functions, the number of signi�can t integrals
may even be larger than the number of AO integrals.

The cc-pVDZ basisset used in thesecalculations is too small for obtaining re-
liable results. Table 2 shows the dependenceof the CPU times on the basisset for
closed-shellcoupled-cluster calculations on another molecule, p-dimethylbenzene
C8H10, performed in Cs symmetry on a medium workstation. It is seenthat in-
creasingthe basisset by about a factor of 1.6 increasesthe CPU times by a factor
of 8-12, as expected from the quartic dependence.The larger calculation doesnot
even include f -functions on the carbon atoms, as would be required for accurate
results. The computation time is strongly dominated by the triples correction,
while the di�erences of the various methods are quite small. Clearly, the treatment
of moleculesof this size is about the maximum what can be done in a reasonable
time, which demonstratesthe limitations of the conventional coupledcluster meth-
ods. Even the fastest current workstations or supercomputers are only about a
factor of 3-4 faster, and do not much extend the range of applicabilit y. The strong
dependenceof the computer time on the molecular sizecan be dramatically reduced
using local correlation methods, as will be discussedin section 4. In particular, as
will be demonstrated in section 4.3, the evaluation of an approximate local triples
corrections no longer dominates the calculation, but takesonly a small amount of
the total time.
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Table 2. CPU timesa of coupled cluster calculations for C8H10 with di�eren t basis sets

Program cc-pVDZb cc-pVTZ(d/p) c

Transformationd 35 318
CCSD/iteration 374 2313
QCISD/iteration 360 2180
BCCD/iteration 399 2520

Transformatione 119 1443
Triples (T) correction 9059 122515
a) In secondson HP J282, PA8000/180MHZ processor
b) 162 basis functions (114a0; 48a00)
c) 274 basis functions (188a0; 86a00)
d) Partial transformation to generatethe two-external

integrals Jk l , K k l

e) Partial transformation to generatetwo-external integrals
Jk l , K k l and the three-external integrals (abjci)

3 Op en-shell single-reference metho ds

The coupled-cluster treatment of open-shell systemsis more complicated that the
closed shell case since additional types of orbitals and excitations occur. First
of all, it is possible to use either a spin-unrestricted (UHF) or a spin-restricted
(RHF) Hartree-Fock wavefunction as a reference. In the UHF case the � and
� spin orbitals are optimized independently , which leads to a wavefunction that
is not an eigenfunction of the total spin operator Ŝ2. It is well known that the
problems associated with the spin-contamination of the UHF wavefunction can
becomemagni�ed when electron correlation e�ects are intro duced1, in particular
in second-orderperturbation theory (UMP2). It is therefore more desirable to use
RHF orbitals.

The seconddi�cult y is the de�nition of the excitation operatorsusedin coupled-
cluster treatments. It turns out that a fully spin-adapted treatment basedon an
RHF referencefunction and the spin-free excitation operators Êr s is very compli-
cated. Is is much easierto usespin-orbital excitation operators êai , which replace
a spin-orbital  i by another spin orbital  a with the samespin. However, then the
correlated wavefunction is not spin-adapted, even if an RHF referencefunctions is
used. This problem already arisesin the linear con�guration interaction theory if
the �rst order interacting space,spannedby the functions êai êbj j	 0i , is usedas a
basis; this is due to the fact that for high-spin open shell casesthis spacedoesnot
include all possibleSlater determinants of given M S which arise from a particular
occupancy of spatial orbitals. For instance, in a three electron casewith reference
function j� �

1 � �
1 � �

2 j, the determinant j� �
a � �

b � �
2 j is a triple excitation and not included

in the �rst order interacting space. This function would be necessary, however, to
generateone of the two possibledoublet spin eigenfunctionstogether with the de-
terminants j� �

a � �
b � �

2 j and j� �
a � �

b � �
2 j. A quartet spin contamination arises if the
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latter two Slater determinants have coe�cien ts of di�eren t magnitude. Thus, the
RHF-UCISD and RHF-UCCSD theories based on spin-orbital single and double
excitations are not spin adapted.

As will be shown in Section 3.2, the spin contamination in the linear UCISD
wavefunction can be quite easily removed by applying appropriate projection op-
erators to the UCISD residual vector. The sameprojection can be usedto remove
the spin contamination from the linear terms of the CCSD wavefunction. But even
then, the presenceof higher powers of T̂ in the CCSD can intro duce a spin con-
tamination in a non{trivial way. Fortunately, this e�ect is usually very small. The
partial spin adpation (PSA-CCSD) of only the linear terms has a number of ad-
vantages: the number of independent parameters (amplitudes) is minimized and
correspondsexactly to the �rst-order interacting space;alsospin contamination ef-
fects are minimized, though not entirely removed. In an optimum implementation,
the computational cost of the PSA-CCSD should be approximately the sameasfor
a closedshell calculation with the samenumber of correlated orbitals.

3.1 Spin-unrestricted coupled-cluster theory (UCCSD)

We will �rst consider the spin unrestricted coupled cluster (UCCSD) for the case
that the referencefunction is a high-spin RHF Slater determinant with mclosed dou-
bly occupiedand mopen singly occupiedorbitals; high spin meansthat all open-shell
electrons have � spin. The UCCSD wavefunction is obtained using the following
cluster operator T̂ = T̂1 + T̂2 in the exponential ansatz (113)

T̂ =
X

ia

(~t i
a ê�

ai + �t i
a ê�

ai ) +
X

it

�t i
t ê

�
ti +

X

ta

~t t
a ê�

at +
X

ij

X

ab

( ~T ij
abê�

ai ê
�
bj + �T ij

abê�
ai ê

�
bj )

+
X

ij

X
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abê�
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�
bj +
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ij
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at ê�

ai ê
�
tj +

X

ij

X

tu

�T tu
ab ê�

ti ê�
uj

+
X

tj

X

ab

T tj
abê�

at ê
�
bj +

X

tj

X

au

T tj
au ê�

at ê
�
uj +

X

tu

X

ab

~T tu
ab ê�

at ê
�
bu ; (140)

where ê�
ai = �̂ � y

a �̂ �
i are the usual spin-orbital excitation operators. If applied to

a Slater determinant, ê�
ai replacesspin orbital � �

i by � �
a ; � = f �; � g denotes the

spin. Here and in the following, the indices i; j refer to closed-shellorbitals, t; u
to open-shell orbitals, and a; b to virtual orbitals. For each orbital pair (ij ), there
are three setsof amplitudes, namely those for pure � or � -spin excitations ~T ij

ab and
�T ij

ab, respectively, and thosefor mixed �; � excitations T ij
ab. In total, there are about

three times as many amplitudes as in the closed-shellcase. The corresponding
cluster amplitudes are obtained by solving a non-linear set of equations obtained
by projecting the Schr•odingerequation on the left with 	 RHF � j0i , ê�

ai j0i , ê�
ai ê

� 0

bj j0i
etc., as in eqs. (120) - (122). The resulting explicit equationscan be found in Ref.
47. They havea very similar matrix structure asthe closedshell equationsdiscussed
in the previous sectionsand will not be further discussedhere. It should be noted,
however, that there are three times as many equations as in the closedshell case,
and the total computational e�ort is about three times larger.
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3.2 Partial ly spin-resticted coupled-cluster theory (RCCSD)

In fully spin coupled theory48, it is recognizedthat the hamiltonian operator is
spin free, and therefore the excitation operators used in the previous section may
be replacedby the smaller set Êai ; Êat ; Ê ti and their products, where again t; u; : : :
are usedto denote orbitals lying in the singly occupied space,while i; j; : : : denote
true closedshell orbitals, and a; b;: : : external orbitals. A simpler theory47;49;50;51,
including some but not all of the spin coupling, may be obtained by using the
operators Êai ; ê�

at ; ê�
ti and their products; becausethe orbitals � �

t are occupied,and
� �

t are unoccupied in 	 0, the wave function is then be spin adapted for a CISD
con�guration expansion,which is linear in theseoperators. In the non-linear CCSD
caseproducts of theseoperators can still give a spin-contaminated contribution to
the wave function. This ansatz is denoted \partially spin adapted" CCSD (PSA-
CCSD). It has the advantage that the complications occuring through the spin
adaption are minimized, while most of the spin-contamination is removed.

A slight complication arisesfor the so called semi-internal con�gurations gen-
erated by the operators ê�

at ê
�
ti , which have the sameorbital occupancyas the single

excitations Êai but a di�eren t spin contribution. It is easily seenthat ê�
at ê

�
ti j0i is

not a spin eigenfunction; a correct spin eigenfunction is generatedby the operator
ê�

at ê
�
ti � 1

2 ê�
ai + 1

2 ê�
ai . In fact, analysis of the action of the hamiltonian operator on

the RHF referencefunction shows that this operator together with Êai generates
the two possiblespin eigenfunctions that contribute to the �rst-order interacting
space.The cluster operator can now be written as

T̂ =
X

ia

(~t i
a ê�

ai + �t i
a ê�
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X
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�
tj +

X

tj

X

ab

T tj
ab ê�

at Êbj
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X
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X

ab
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�
bu ; (141)

with the restrictions

~t i
a = t i

a �
1
2

X

t

T ti
at ; (142)

�t i
a = t i

a +
1
2

X

t

T ti
at ; (143)

which account for the fact that there are only two independent spin eigenfunctions
for the orbital con�gurations : : : � i � t � a , asdiscussedabove. Equating the operator
T̂ with the spin-unrestricted operator in eq. (140) yields the following relations
betweenthe amplitudes

~T tu
ab = T tu

ab ; (144)
�T ij
tu = T ij

tu ; (145)
~T pj

ab = T pj
ab � T pj

ba ; (146)
�T ij

ar = T ij
ar � T j i

ar ; (147)
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where p;q refer to all occupied orbitals (closed+ open), and rs to all openshell+
virtual orbitals. Setting further t i

t = 1
2
�t i
t and t t

a = 1
2
~t t
a we obtain a unique set of

amplitudes T pq
r s and tp

r to be solved for. The number of independent parameters
is then exactly the same as in a fully spin adapted formulation and about three
times smaller than in the spin-unrestricted case.The corresponding minimal set of
coupledequationscan be obtained by projecting the Schr•odinger equation onto the
set of functions generatedthe individual excitation operators in the cluster operator
to the referencefunction. Since the con�guration generated in this way are non-
orthonormal, simpler equationscan again be derived by projecting the Schr•odinger
equation with the equivalent set of contravariant con�gurations. For details refer
to Ref. 47.

The simplest possibility to solve the PSA-CCSD equations is to compute the
UCCSD residuals,and then to form appropriate linear combinations of the di�eren t
spin components to generate the spin-restricted residuals as neededfor updating
the amplitudes. Finally, the UCCSD amplitudes can be generatedfrom the PSA-
CCSD ones using eqs. (144{147). Of course, this procedure does not save any
computer time relative to the UCCSD, but it requiresonly a minor modi�cation of
an existing UCCSD program to perform the spin projection.

4 Linear scaling lo cal correlation metho ds

As pointed out in the previous sections, the computational cost of conventional
electron correlation methods like MP2 or CCSD(T) increasesdramatically with
the size of the system. The steep scaling mainly originates from the delocalized
character of the canonical MO basis. This leads to a quadratic increaseof the
number of amplitudes used for correlating a given electron pair, and a quartic
increaseof the total number of parameters. The increaseof the CPU time with
molecular is even steeper, being O(N 7) for the best method of choice, which is
usually CCSD(T).

From a physical point of view, however, there should be no needto correlate all
electrons in an extended molecular system: dynamic electron correlation in non-
metallic systemsis a short-rangee�ect with an asymptotic distancedependenceof /
r � 6 (dispersion energy), and thus the high-order dependenceof the computational
cost with the number of electronsof the system is just an artifact of the canonical
orthogonal basis, in which the diversecorrelation methods have traditionally been
formulated. One natural way to circumvent this problem is to to use local orbitals
to span the occupied and virtual spaces.Such local correlation methods have been
proposedby several authors. Somerecent papers which also summarize previous
work can be found Refs. 52;53;54;55;56.

Particularly successfulhasbeenthe local correlation method originally proposed
by Pulay57, which was �rst implemented by Saeb� and Pulay for M�ller-Plesset
perturbation theory up to fourth order (LMP2 - LMP4(SDQ) without triple ex-
citations) and the coupled-electronpair approximation (CEPA) 58;59. Later it was
generalizedto full local CCSD by Hampel and Werner 53. While in the early work
of Saeb� and Pulay58;59 it could already be shown that only 1-2% of the correla-
tion energy (relativ e to a conventional calculation with the samebasis set) is lost
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by the local approximation, it was not yet possible at that time to demonstrate
that the scalingof the computational cost can actually be reduced,and that larger
systems than with conventional methods can be treated. Signi�cant progress in
this direction was only made during the last few years when the local correlation
methods were combined with newly developed integral-direct techniques60, which
fully expoit the possibilities for integral screening.Within such a framework, it has
beenpossibleto develop O(N ) algorithms (asymptotic linear scaling of all compu-
tational ressources,i.e. CPU time, memory and disk spacewith molecular size) for
local MP2 54, local CCSD 61 and even for local connectedtriples correction (T) 62.

In the local correlation methods the occupied spaceis usually spannedby lo-
calized molecular orbitals (LMOs), which are obtained from the occupiedcanonical
orbitals of a preceedingSCF calculation by virtue of a unitary localization proce-
dure 63;64;65, which maintains the orthogonality the occupied SCF orbitalsa

j� loc
k i =

X

i

j� can
i i Wik with WW y = 1 : (148)

The corresponding MO coe�cien t matrices are related similarly

L = X occ W : (149)

(If core orbitals are not correlated, the localization should be restriced to the sub-
spaceof correlated valenceorbitals.) The idea of Pulay was to abandon the or-
thogonality of the virtual orbitals, and to use a basis of functions which resemble
the atomic orbitals (AOs) as much as possible. Obviously, the AOs are optimally
localized, but since they are not orthogonal on the occupied orbitals one cannot
use them straightaway. The strong orthogonality between the occupied and vir-
tual spacesmust be retained, since otherwise excitations would violate the Pauli
exclusion principle and the theory would becomevery complicated. The orthog-
onality to the occupied spacecan be enforced by applying a projection operator
(1 �

P
i j� i ih� i j) to the AOs, yielding projected atomic orbitals (PAOs)

j ~� r i = (1 �
m occX

i =1

j� i ih� i j)j� r i

=
X

�

j� � i P�r (150)

with

P = 1 � LL yS = 1 � X occ X y
occ S = X vir t X y

vir t S: (151)

Here, X occ and X vir t denote the rectangular submatrices of the MO coe�cien t
matrix X for the occupied and virtual (external) canonical orbitals, respectively,
i.e.,

(X vir t X y
vir t )�� =

X

a

X �a X � a ; (152)

a Recently , it has also been prop osed to use non-orthogonal basis functions to span the occupied
space66;67 , but the computational e�ciency of this approach has not yet been proven.

35



and the last equality in Eq. (151) follows from the orthonormalit y condition

(X occ X y
occ + X vir t X y

vir t )S = 1 : (153)

The PAOs are orthogonal to all occupied orbitals

h~� r j� loc
i i = (P ySL)r i = 0 (154)

but non-orthogonal among themselves

h~� r j ~� s i = (P ySP)r s = (SX vir t X y
vir t S)r s : (155)

For non-metallic systemsthe PAOs are intrinsically localized, though lesswell than
the unprojected AOs. Due to the projection the full set of PAOs is linearly depen-
dent, but these linear dependenciescan be removed at a later stage.

After having intro duced local functions to span both the occupied and the vir-
tual spaces,it is possibleto truncate the expansionof the wavefunction in a phys-
ically reasonableway. First, one assignsto each localized orbital � loc

i an orbital
domain [i ] which contains all AOs neededto approximate the orbital � loc

i with
a prescribed accuracy. In practice, always all AOs at a given atom are treated
together, and as many atoms are added as required. The order in which atoms
are added is determined by grossatomic Mullik en charges. The corresponding or-
bital domain in the virtual spaceis spannedby the PAOs generatedby applying
the projector to the selectedAOs. The PAOs in domain [i ] are then all spatially
closeto the localized orbital � loc

i . This selectionprocedurecan be performed fully
automatically as described in Ref. 68.

The �rst approximation to the correlated wavefunction is now that single ex-
citations from orbital � loc

i are resticted to PAOs in the domain [i ], while double
excitations from a pair of occupied LMOs i and j are restricted to a subset [ij ]
of PAOs. The pair domain [ij ] is simply the union of the two orbital domains [i ]
and [j ]. The immediate consequenceof these truncations is that for a given pair
ij the number of amplitudes T ij

r s , r s 2 [ij ] no longer increasesquadratically with
increasingmolecular size,but instead becomesindependent of molecular size.

The secondapproximation is to intro duce a hierarchical treatment of di�eren t
pairs based on the interorbital distance R ij between two LMOs i and j . Rij is
de�ned as the shortest distance betweenany centre included in the orbital domain
[i ] and any centre in the domain [j ]. We distinguish strong, weak, distant, and
very distant pairs. The strong pairs have at least oneatom in commonand usually
account for about 95%of the correlation energy. Thesepairs are treated at highest
level, e.g., CCSD. Weak pairs are those for which the minimum distance is smaller
than typcially 8 bohr. Thesepairs can be treated at lower level, e.g.,MP2. Distant
pairs (8 � Rij � 15 bohr) are also treated by MP2, but the required two-electron
integrals can be approximated by a multip ole expansion69, which reducesthe cost
for the integral transformation (see section 6.3). Finally, the very distant pairs
(Rij > 15bohr) contribute to the correlation energyonly by a few micro hartree and
can thereforebeneglected. The important point to notice is now that the number of
strong, weak, and distant pairs all scalelinearly with size. Only the number of very
distant pairs, which areneglected,scalesquadratically. This is demonstratedin Fig.
4 for linear chains of glycine peptides, (Gly) n � HO[C(O)CH 2NH]n H, Thus, the
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Figure 4. Number of pairs for a chain of Glycine peptides (Gly) n as function of the chain length.

total number of amplitudes on which the wavefunction dependsscalesonly linearly
with molecularsize. This forms the basisfor the development of electroncorrelation
methods with linear cost scaling. Furthermore, the number of strong pairs remains
quite modest, which is very important for an e�cien t CCSD algorithm (cf. section
4.2).

4.1 Local MP2

In the local LMO/P AO basis, the �rst-order wave function takesthe form

j	 (1) i =
1
2

X

ij 2 P

X

r s2 [ij ]

T ij
r s j� r s

ij i with T ij
r s = T j i

sr ; (156)

whereP represents the truncated pair list and it is implicitly assumedthat the pair
domains[ij ] are de�ned asdescribed above. The con�gurations j� r s

ij i are de�ned as
in eq. (49), but now the virtual labels r; s refer to the non-orthogonal PAOs. Note
that the commutation relations of the excitation operators involving non-orthogonal
orbitals are di�eren t and depend on overlap matrix elements.

In order to derive the LMP2 equations in the non-orthogonal basisof PAOs we
�rst consider the transformation properties of the operators and amplitudes. The
projected orbitals can be expressedin the basisof virtual orbitals as

P = X vir t [X y
vir t S] = X vir t V ; (157)
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and therefore the MP2 residual given in eq. (79) for a basisof orthogonal MOs can
be transformed to the PAO basisas

R ij
PAO = V yR ij

MO V : (158)

The Fock and exchangematrices transform similarly. The transformation properties
of the amplitude matrices can be obtained by expanding the projected orbitals in
the pair correlation functions 	 ij into the MO basis

	 ij =
X

r s2 [ij ]

T ij
r s j : : : ~� r ~� s : : : j =

X

ab

0

@
X

r s2 [ij ]

Var T ij
r sVbs

1

A j : : : � a � b : : : j (159)

which yields the relation

T ij
MO = VT ij

PAO V y : (160)

Inserting this into eq. (79) yields

R ij
PAO = K ij

PAO + fPAOT ij
PAOSPAO + SPAOT ij

PAO fPAO

�
X

k

SPAO

h
f ik T k j

PAO + f k j T ik
PAO

i
SPAO = 0 ; (161)

where SPAO = P ySAOP = V yV is the overlap matrix of the projected orbitals,
cf. eq. (155). In the local basis the occupied-occupied and virtual-virtual blocks
of the Fock matrix are not diagonal, and therefore the linear equations (161) have
to be solved iterativ ely for the amplitudes T ij

PAO . Restricting the excitations to
domains [ij ] of PAOs meansthat only the elements T ij

r s with r; s 2 [ij ] are nonzero,
and only the corresponding elements of the residual, R ij

r s; r ; s 2 [ij ] must vanish at
convergence.For a given set of amplitudes, the Hylleraas functional (eq. 92)

E2 =
X

ij 2 P

X

r s2 [ij ]

(2T ij
r s � T ij

sr )(K ij
r s + R ij

r s) (162)

can be computed. At convergence,R ij
r s = 0 for r; s 2 [ij ], and then E2 = E (2) .

Sincethe projected orbitals are not orthogonal and may even be linearly depen-
dent, straightforward application of an update formular as eq. (103) will lead to
slow or no convergence. In order to perform the amplitude update it is therefore
necessaryto transform the residualsto a pseudo-canonicalbasis,which diagonalizes
the Fock operator in the subspaceof the domain [ij ], i.e.

f ij
r sX ij

r s = Sij
r sX ij

sa � ij
a for r; s 2 [ij ] ; (163)

R ij
ab =

X

r s2 [ij ]

X ij
sa R ij

r sX ij
sb : (164)

The update is then computed in this orthogonal basisand �nally backtransformed
to the projected basis

� T ij
ab = � R ij

ab=(� ij
a + � ij

b � f ii � f j j ) ; (165)

� T ij
r s =

X

ab

X ij
r a � T ij

abX ij
sb : (166)
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Note that the squaretransformation matrix X ij is di�eren t for each electron pair.
The dimension of this matrix corresponds to the number of projected orbitals in
domain [ij ] and is therefore independent of the molecular size. If the overlap ma-
trix Sij

r s; r ; s 2 [ij ] has small or zero eigenvalues, i.e, if the functions in the do-
main are linearly dependent, the corresponding eigenvectors of Sij are projected
out53. Convergenceof this schemeis reached quickly; usually 5-7 iterations are suf-
�cien t to converge the energy to better than 0.1 � H using no further convergence
acceleration70.

In order to compute the residuals,only the small subsetof exchangeintegrals

K ij
r s = (r i jsj ) =

X

� �

P�r P� s

"
X

��

L �i L � j (�� j� � )

#

r; s 2 [ij ] (167)

is needed,where all r; s are closeeither to i or j . This makes it possibleto devise
an integral-direct transformation schemewhich scalesonly linearly with molecular
size54. Taking further into account that for a given pair (ij ) the number of terms k
in the summation of eq. (161) becomesasymptotically independent of the molecular
size (provided very distant pairs are neglected), it follows that the computational
e�ort to solve the linear equationsscalesinearly with molecularsizeaswell54. Thus,
the overall cost to transform the integrals, to solve the linear equations(161), and to
compute the secondorder energy depends linearly on the molecular size. This has
madeit possibleto perform LMP2 calculations with about 2000basisfunctions and
500correlated electronswithout using molecular symmetry. Sincealso the memory
demandsare small and scalelinearly with molecular size,such calculations can even
be performed on low-cost personalcomputers.

Finally we note that analytical energy gradients for LMP2 have been
developed71. It has been shown that the local ansatz largely eliminates basis set
superposition errors (BSSE), and it is therefore possible to optimize BSSE-free
equilibrium structures of molecular clusters72;73. Recently , also the theory for com-
puting NMR chemical shifts using the LMP2 method has been derived and �rst
promising results have beenobtained74.

4.2 Local CCSD

The LCCSD equationscan be obtained exactly in the sameway as indicated above
for the LMP2 case,namely by transforming the residualsfrom the MO to the PAO
basis. The resulting equations di�er formally from the canonical onesonly by the
occurrenceof additional matrix multiplications with the overlap matrix. The full
formalism has beenpresented in Ref. 53 and will therefore not be repeated here.

As already pointed out before, it is usually su�cien t to treat pairs with interor-
bital distancesRij � 1 bohr (strong pairs) at the CCSD level. Exceptions are cases
where it is of importance to treat longe-rangeinteractions accurately at high level,
for instance for computing intermolecular interactions. In the following discussion
we will assume,however, that this is not the case,and that the number of strong
pairs included in the CCSD treatment is relatively small and scaleslinearly with
molecular size,as shown in Fig. 4.
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For the LMP2 caseit is immediately obvious that the number of transformed
exchange integrals K ij

r s = (r i jj s) that need to be computed and stored depends
only linearly on the molecular size. This follows from the fact that there is a one-
to-one correspondencebetween these integrals and the corresponding amplitudes
T ij

r s . In the coupled cluster casehowever, the situation is more complicated, since
integrals like the above also coupledi�eren t electron pairs in the CCSD formalism.
Furthermore, asalready discussedin section6.6, there are additional contributions
of Coulomb integrals J ij

r s = (ij jr s), as well as of integrals (ir jst) and (r sjtu) with
three and four external indices, respectively. Closer inspection of the problem
reveals, however, that also in the coupled cluster casethe number of transformed
integrals scalesonly linearly with molecular size. The sameis true for the number
of 
oating point operations neededto compute the residuals.

In order to illustrate the main ideaswe will a consider the contribution of the
Y j k intermediates to the LCCD residual, cf. eqs. (124) and (128),

G ij = : : : +
X

k

S~T ik
�

K k j �
1
2

Jk j
�

+
1
4

X

k l

S~T ik L k l ~T lj S + : : : : (168)

Here, all matrices are assumedto be in the PAO basis. Now, since (ik ) and (l j )
both are strong pairs, there is only a constant number of LMOs k and l interacting
with given i and j , respectively. Furthermore, since also (ij ) is a strong pair, it
follows that for a �xed (ij ) the total number of operators contributing to each G ij

is asymptotically constant and independent of the molecular size. Thus, the total
number of integral matrices Jk l and K k l neededin eq. 168scaleslinearly; the same
holds for the number of matrix multiplications. Furthermore, the LMOs k and l
of the surviving operators have to be close, which is important to achieve linear
scaling in the integral transformation neededto compute the J k l and K k l . Note
that fewer Jk l than K k l are needed,since the Jk l only occur in the linear terms.
Thus, separateoperator lists for the J k l and K k l have to be maintained. In contrast
to the canonicalcase,the evaluation of the residualsis driven by individual J k l and
K k l , and the Y j k and Z j k intermediates are never explicitly computed.

The PAO ranger; s of a particular operator K k l
r s is alsoindependent of molecular

size: since i must be closeto k, and l closeto j , all the r; s occuring in the matrix
multiplications of eq. 168 must be within a limited distance to k; l . This leadsto a
di�eren t operator domain for each surviving operator. Again, the operator domains
for the Jk l are smaller than for the K k l . Sincethe number of Coulomb and exchange
matrices scaleslinearly with molecular size,and the number of elements per matrix
is independent of size,it is evident that the overall number of transformed integrals
scaleslinearly with molecular size.

Sofar, no approximations wereinvolved by intro ducing the sparseoperator lists
and operator domains. However, there are a few terms like

G ij = : : : � ST ij
X

k l

L k l T lk S (169)

with no coupling between ij and kl via pair amplitudes, and for those terms
additional approximations have to be intro duced to achieve linear scaling. Fortu-
nately, the integrals involved in thesecontractions diminish quickly with increasing
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distancebetweenthe pairs (ij ) and (kl ), and it is well justi�ed to neglect couplings
between remote pairs. For a detailed discussionof these approximations we refer
to Ref. 61.

Another important feature of LCCSD is the fact that the number of 3-external
and 4-external integrals (ir jst) and (r sjtu) also scaleslinearly with molecular size,
and in fact remains rather modest. For the 3-external integrals this follows from
the fact that the r; s in the operators

J (Ek j )r s =
X

t

(r sjtk )t j
t ; K (Ek j )r s =

X

t

(r kjts)t j
t (170)

are restricted to the J-operator domain [kj ], while t in the sum is restricted to the
pair domain [j j ], which is identical to the orbital domain [j ]. For the 4-external
integrals the PAO indices simply all belong to the same pair domain [ij ], since
there is a one-to-onecorrespondencebetweenthe residual (R ij )r s and the external
exchangeoperators 53;61

K (T ij )r s =
X

tu

T ij
tu (r t jus) : (171)

Thus the number of 4-external integrals per pair is a constant. Fig. 5 shows the
number 3-external and 4-external integrals in the local basis as a function of the
length n of a linear polyglycine peptide chain (Gly) n in a cc-pVDZ basis. Even
for a moleculeas large as (Gly) 20 with about 1500basis functions and almost 500
correlated electrons,the disk storagerequirement to hold the 3-external integrals is
lessthan 1.5 GByte (compared to more than 3000GByte in the canonical case). A
similar amount is required for the 4-external integrals. Disk storageof the 3-external
and 4-external integrals is very appealing, since then the computational cost per
iteration is minimized. It can be estimated that forming the contractions of the 3-
external and 4-external integrals with the amplitudes would take virtually no time
(e.g., lessthan 50 secfor (Gly) 20). However, the transformation for the 4-external
integrals is quite complicated and has not beenimplemented so far. Alternativ ely,
the contribution of these integrals can be accounted for by computing for each
strong pair an external exchangeoperator, as de�ned in eq. (107). In an integral
direct scheme,as will be discussedin section 6.5, it is then also possibleto achieve
linear cost scaling.

4.3 Local connected triples corretion

The ultimate bottleneck for accurate conventional coupled cluster calculations is
the connectedtriples correction, asoutlined in section2.7. If canonicalorbitals are
used, the Fock matrix is diagonal, and the perturbativ e energy correction can be
obtained directly without storing the triples amplitudes. In the local casethis is
no longer the case,and in principle an iterativ e scheme is required, as described
above for the local MP2. One might therefore think that the evaluation of a local
triples correction for large moleculesis impossible,since the storage requirements
for all triples amplitudes would scale as O(N 6). However, as for the doubles,
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Figure 5. Number of transformed integrals for local CCSD calculations for glycine peptides (Gly) n
as function of the chain length.

triple domains can be intro duced, and the correlation of distant electrons can be
neglected.

The theory hasbeenoutlined in Ref. 62. Similarly to the LMP2 casethe triples
amplitudes are obtained by solving a system of linear equations

Qij k
r st + W ij k

r st = 0 (172)

with

Qij k
r st =

X

v

f
X

r 0s0

f tv T ij k
r 0s0v Sr r 0Sss0 + permutationsg (173)

�
X

m

f
X

r 0s0t 0

f km T ij m
r 0s0t 0Sr r 0Sss0Stt 0 + permutationsg

and

W ij k
r st =

X

v

f
X

r 0

(vsjtk )T ij
r 0v Sr r 0 + permutationsg (174)

�
X

m

f
X

r 0s0

(mj jkt)T im
r 0s0Sr r 0Sss0 + permutationsg:

These equations have to be solved iterativ ely, and therefore all triples amplitudes
T ij k

r st must be stored on disk. This seemsdevastating at a �rst glance,but by virtue
of the local approximations the number of amplitudes can be drastically reduced:
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Firstly , a sparsetriples list (ij k) of strong triples is constructed by restricting the
related pairs ij , ik and j k to strong pairs. The number of strong triples then
scaleslinearly with molecular size. Secondly, the excitations are restricted to triple
domains[ij k], constructedasthe union of the three strongpair domains, i.e., [ij k] =
[ij ] [ [ik ] [ [j k]. Since the sizesof the individual pair domains are independent of
the molecular size, the size of the triples domain [ij k] is also independent of the
molecular size, yielding overall an asymptotically linear scaling of the number of
triples amplitudes.

Another important implication of the constant size of the triple domains is
that the number of required 3-external integrals occurring in eq. (174) scalesonly
linearly with molecular size. In practice, for each orbital l a united triple domain
UT(l ) is de�ned asthe union of all triple domains [ij k] comprising a commonLMO
index l , i.e.,

UT(l ) = [ [ij k]; for (i = l ) _ (j = l ) _ (k = l); (175)

and all 3-external integrals (vsjtl ) with v; s; t 2 UT(l ) are generated using and
integral-direct transformation module. Obviously, the sizeof UT(l ) is independent
of the molecular size,and the CPU time as well as memory and disk requirements
of the transformation scaleasymptotically linear with molecular size. In fact, the
set of 3-external integrals neededfor the triples correction remains prett y small 62,
and usually it is a subset of the 3-external integral set required in the preceeding
coupled cluster calculation (cf. Fig. 5 in section 4.2).

A linear scaling algorithm for local triples has been implemented in MOLPR O
2000. Sofar, inter-triples couplingsvia the occupied-occupiedo�-diagonal Fock ma-
trix elements are neglected(couplings via the virtual-virtual block and the overlap
matrices are included though). This yields about 95%of the local triples correction
and has the advantage that the iterativ e solution of eq. (172) can be avoided. As
in the canonical case,the correlation contribution of each individual triple can be
computed separately. First test results62 presented in Table 3 are very promising,
showing already for medium sized moleculesspeedupsby factors 500-1000com-
pared to the conventional (T) calculation presented earlier in Table 1 (note that
the calculations in Table 1 usedmolecular symmetry, while the current calculations
were done with no symmetry). In these calculations about 85% of the canonical
triples correction was recovered62. The savings quickly increasewith increasing
molecular size. In sharp contrast to the conventional case,the time to compute
the local triples corrections is very small as compared to time for the preceding
integral transformation and LCCSD calculation. Considering the e�ciency of the
new triples kernel, it seemseven possibleto go beyond the CCSD(T) model, i.e. to
include the triples into the CC iterations, even for large chemical systems.

Finally, it should be emphasizedthat the triples amplitudes can be stored and
an iterativ e full local triples algorithm is presently under development.
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Table 3. CPU, disk and memory requirements for computing the (T) correction. All calculations
were performed with a development version of MOLPR O 200075 . No molecular symmetry was
used.

Molecule bf Memory/MW Diska /MW CPU/secb

(Gly) 1 95 2.57 7.46 187.3
(Gly) 2 166 6.38 25.51 757.8
(Gly) 3 236 8.82 39.98 934.6
(Gly) 4 308 13.28 61.06 1296.6
(Gly) 6 450 18.95 94.17 1852.5

a) Disk spacefor storageof 3-external integrals necessaryfor (T) only.
b) HP J282 PA8000/180MHz.

5 Multireference electron correlation metho ds

5.1 Con�gur ation Interaction: general aspects

For a given orbital basisset, Schr•odinger's equation as expressedusing the second-
quantized hamiltonian Ĥ (equation (34)) is solvedby �nding eigenvectorsand eigen-
valuesof the hamiltonian matrix in the complete basisof N -electron orbital prod-
ucts. This ful l CI problem is of extremely large dimension for even a small number
of electronswith a modest orbital basissize,and is usually intractable. However, it
is important to considerit for two reasons:�rst of all, wherethe full CI problem can
be solved, it provides very important benchmark data against which approximate
methods can be evaluated; secondly, the techniques and algorithms applicable to
the full CI problem serve as appropriate building blocks for the sometimesmore
complicated approximate methods.

Although the full con�guration space for N electrons in m spatial or-
bitals consists formally of the complete set of (2m)N spin-orbital products
 i 1 (x1 ) i 2 (x2 ) : : :  i N (xN ), the spacecan be reduced substantially through sym-
metry considerations:

� Spatial (point group) symmetry. Ĥ is invariant to geometrical transformations
whoseonly e�ect is to interchangeidentical nuclei. The action of the symmetry
operators on the wavefunction is de�ned through

T̂ 	( q) = 	( T̂ � 1q) (176)

where q represents the coordinates of the particles. In electronic structure cal-
culations, the useof abelian point group symmetry is straightforward; provided
each orbital is a basisfor an irreducible representation, then so is every orbital
product. All orbital products not of the required symmetry can then be simply
discardedfrom the basis. For non{abelian point groups,orbital products are in
generalof mixed symmetry, and it is therefore usual to exploit the symmetry
of only the highest abelian subgroup.

� Permutational symmetry. Ĥ is totally symmetric in the labelsof the electrons,
and so is invariant under the operation Î ij which interchangesthe labels of
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electrons i , j , i.e., [Ĥ ; Î ij ] = 0. At the simplest level, Î 2
ij = 1, and so there

are 1
2 N (N � 1) two dimensionalsymmetry groups f 1; Î ij g. Symmetry adapted

wavefunctions will satisfy Î ij 	 = � 	, the di�eren t signs corresponding to
bosonand fermion states. We are interested only in fermion solutions, and so
it is vital to use this symmetry to exclude unwanted boson and non-physical
states. In further detail, there is actually a total of N ! permutations of the
electron labels, which can be build asproducts of Î ij operators. As with point
groups, we de�ne the action of a permutation operator on the wavefunction
through equation (176). The permutations form a group isomorphic with the
Symmetric Group SN , and to use permutational symmetry to the full, we
must consider all of these N ! operators which commute with Ĥ . Since the
electronic wavefunction is antisymmetric with respect to all the Î ij , it must
form a basis for the one dimensional totally antisymmetric representation of
SN ; the representation matrix elements �( P̂ ) are equal to the parity � P of the
permutation P̂ , which is � 1 accordingto whether P̂ is madeup from an evenor
odd number of interchangesÎ ij . To enforcethe symmetry, we apply a multiple
of the Wigner projection operator for this representation, the antisymmetrizer

Â =
1

p
N !

N !X

P

� P P̂ : (177)

When applied to a simple product of orbitals, Â yields the corresponding Slater
determinant

Â  1(1) 2(2) : : :  N (N ) =
1

p
N !

N !X

P

� P P̂  1(1) 2(2) : : :  N (N )

=
1

p
N !

�
�
�
�
�
�
�
�
�

 1(1)  2(1) : : :  N (1)
 1(2)  2(2) : : :  N (2)

...
...

...
 1(N )  2(N ) : : :  N (N )

�
�
�
�
�
�
�
�
�

: (178)

Note that, apart from a possiblephasefactor, exactly the samedeterminant
would arise if Â wereapplied to a string of the sameorbitals, but in a di�eren t
order, e.g.,  2(1) 3(2) 1(3) : : :. Therefore we can symmetry reduce the full
set of mN orbital products to a much smaller basisof

� m
N

�
Slater determinants

obtained by acting with the antisymmetrizer on each of the
� m

N

�
unique orbital

products. The valid unique orbital products can be determined by assuming
an ordering for the orbitals; each of the m orbitals  i is assigneda sequence
number i , i = 1; 2; : : : ; m, and only orbital products  i 1  i 2 : : :  i N for which
i 1 < i 2 < : : : < i N are included.
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� Spin symmetry. The electron spin operators are de�ned through

Ŝ2 = Ŝ � Ŝ; Ŝ=
NX

i

ŝ(i )

ŝx � =
1
2

� ; ŝy � = �
i
2

� ; ŝz � =
1
2

� ;

ŝx � =
1
2

� ; ŝy � =
i
2

� ; ŝz � = �
1
2

� ; (179)

where � and � are the one electron spin eigenfunctions. The non{relativistic
hamiltonian contains no spin operators, and so [Ĥ ; Ŝz ] = [Ĥ ; Ŝ2] = 0. It is
not possibleto usesimple group theory to exploit thesesymmetries, since the
operators Ŝz , Ŝ2 do not form a closed �nite group. But we can use other
considerationsto force the N electron basis set, and hencethe wavefunction,
to be eigenfunctionsof Ŝz and/or Ŝ2.

In the case of Ŝz , the approach which is usually used is to use a basis of
2m orbitals, made up of m spatial orbitals � i ; i = 1; 2; : : : m, each multiplied
by a spin function � or � . Then any orbital product, or Slater determinant,
is automatically an eigenfunction of Ŝz according to (179), with eigenvalue
1
2 (N � � N � ), where N � is the number of � {spin orbitals � �

i in the function,
and N � = N � N � . Thus the basisis already adapted to Ŝz symmetry, and we
may discard all those N electron functions with the wrong Ŝz eigenfunction.
This reducesthe sizeof the Slater determinant basis from

� 2m
N

�
to

M D =
�

m
N �

��
m
N �

�
; (180)

since for each of the
� m

N �

�
possiblearrangements of the � spin orbitals there

are
� m

N �

�
choicesfor the � {spin orbitals.

For Ŝ2, the situation is not so simple. Orbital products or Slater determi-
nants are not in general eigenfunctions of Ŝ2; for example, following (179),
Ŝ2� �

1 (1)� �
2 (2) = � �

1 (1)� �
2 (2) + � �

1 (1)� �
2 (2). If the symmetry is to be exploited,

Slater determinants must be linearly combined into functions which are eigen-
functions of Ŝ2. Such functions are often termed Con�gur ation State Func-
tions (CSFs). As a simple example, for two electrons in two orbitals with
N � = N � = 1, the normalized Slater determinants are

Â � �
1 � �

1 ; Â � �
1 � �

2 ; Â � �
2 � �

1 ; Â � �
2 � �

2 ;

the normalized CSFs with S = 0 are

Â � �
1 � �

1 ; Â � �
2 � �

2 ; (1=
p

2)(Â � �
1 � �

2 + Â � �
2 � �

1 ) ;

and the CSF with S = 1 (i.e., the eigenvalue of Ŝ2 is S(S + 1) = 2) is

(1=
p

2)(Â � �
1 � �

2 � Â � �
2 � �

1 ) :

Generally, the set of Slater determinants exactly spansthe sets of CSFs with
spin quantum numbers S = 1

2 (N � � N � ); 1
2 (N � � N � ) + 1; : : : ; 1

2 N . Ignoring
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any point group symmetry, the number of CSFswith spin quantum number S
is given by the Weyl formula 76

M C =
2S + 1
m + 1

�
m + 1

1
2 N � S

��
m + 1

m � 1
2 N � S

�
; (181)

for the casethat S = 1
2 (N � � N � ). So, for example, for S = 0 and large m,

the number of CSFsis lessthan the number of Slater determinants by a factor
of about 1

2 N + 1. The advantage of reducing the basis in this way has to be
o�set against the increasedcomplexity of the functions which must be dealt
with; in practice both Slater determinants and CSFs are commonly used,and
we discussthe practicalities of matrix element evaluation with each below.

� Orbital rotation symmetry. If we have all (unique) orbital products possible
for N electronsin m orbitals, then the basisis invariant to rotations (or in fact
any non{singular linear transformation) of the orbitals amongst themselves.
Theserotations form a continuousgroup U(m), the unitary group (or GL(m),
the generallinear group), and the theory of such groups is exploited to advan-
tage, for example, in the Graphical Unitary Group Approach (GUGA) 77 for
con�guration interaction.

In order to perform a variational con�guration interaction calculation in either
the full or a truncated con�guration space, it is necessaryto �nd an eigenvector
of the matrix H of the hamiltonian operator Ĥ in the appropriate con�guration
space. Direct construction and diagonalization of H is usually out of the question
sinceit is typically of dimension103{ 107; but algorithms to �nd a few eigenvectors
for such matrices exist3;78, and rely on the construction, for a few (� 10{20) given
trial vectors c, of the action of H on c,

v = Hc : (182)

Other ab initio approaches which are not simple matrix eigenproblemscan also
proceed through (182). Therefore it is vital to have an e�cien t scheme for con-
structing (182) from the hamiltonian integrals hpq; (pqjr s). Following (37), this
meanswe must be able to compute rapidly the set of oneand two particle coupling
coe�cien ts dI J

pq , D I J
pqr s .

In many circumstances, the most e�cien t schemesfor building (182) require
computation only of the one particle coe�cien ts dI J

pq , without explicit construction
of the two body terms D I J

pqr s. This is achieved through a formal insertion of the
resolution of the identit y as a sum over the complete spaceof orbital products,

D I J
pqr s = h� I jÊpqÊr s � � qr Êps j� J i

=
X

K

h� I jÊpq j� K i h� K jÊr s j� J i � � qr h� I Êps j� J i

=
X

K

dI K
pq dK J

r s � � qr dI J
ps : (183)

Note that Êpq commuteswith electron label permutations and spin operators; there-
fore the set of intermediate states f � K g can be reduced to the full set of Slater
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determinants or CSFsasconvenient; but the sameis not true for point group oper-
ations, and f � K g must thereforeextend over all spatial symmetries. The algorithm
for building (182) then proceedsas 79

DO K = 1; M

DO p;q = 1; m such that dK J
pq 6= 0

F K
pq = F K

pq + dK J
pq cJ

END DO

END DO (184)

DO r � s

DO p � q

DO K = 1; M

E K
r s = E K

r s + F K
pq (pqjr s)

END DO

END DO

END DO (185)

DO K = 1; M

DO p;q = 1; m such that dI K
pq 6= 0

vI = vI + E K
pq dI K

pq

END DO

END DO (186)

The one electron part and secondterm of (183) are easily dealt with in an addi-
tional stage, or may be included in (184{186) by modifying the two electron inte-
grals. The advantage of using this scheme is that, for su�cien tly large cases,the
computation time is dominated by (185), requiring approximately 1

2 M m4 
oating
point operations, and this step is a large dimension matrix multiplication capable
of driving most computer hardware at optimal speeds. In what follows, therefore,
we are concernedprincipally with the evaluation, rapidly and in the correct order
for assembly of (184{186), of the non{zero dI J

pq , without the need to consider the
more complicated structure, and much larger number, of D I J

pqr s coe�cien ts. In some
circumstances,simple Slater determinants o�er the most e�cien t route to calculat-
ing (182), whilst elsewherethe greater compactnessof the CSF basis is important.
Therefore we develop techniques for evaluating dI J

pq in both typesof basisset.

5.2 Matrix elementsbetween Slater Determinants

Any Slater determinant can be written in the form

� I ;J = Â
� � � I

� � J
�

(187)
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where � � I (r 1; r 2; : : : ; r N � ) is a string (product) of occupied � {spin orbitals
� � I = � �

I 1
(1)� �

I 2
(2) : : : � �

I N
(N ) ; (188)

which is completely speci�ed by the ordered list of sequencenumbers of occupied
orbitals, f I 1 < I 2 < : : : < I N g. Similarly, � � J (r N � +1 ; r N � +2 ; : : : ; r N ) is a string of
occupied � {spin orbitals. For the caseof a complete basisof determinants, this is
a particularly helpful classi�cation, since a wavefunction 	 is then speci�ed by a
fully populated rectangular matrix of coe�cien ts C,

	 =
X

I J

CI J � I ;J ; (189)

and this simple rectangular addressingstructure makes for a particularly e�cien t
computer implementation. For certain special types of incomplete CI expansion,
it is possible to obtain similar structures80, but it is the caseof full CI (FCI) for
which the determinant basishas found particularly useful application.

For the evaluation of coupling coe�cien ts, we can exploit the fact that the
orbital excitation operator partitions as

Êpq = ê�
pq + ê�

pq ; (190)

where ê�
pq, ê�

pq excite only � , � spin orbitals respectively; thus the e�ect of Êpq on
any determinant is to produce at most two new determinants:

ÊpqÂ
� � � I

� � J
�

= Â
�
(ê�

pq
� � I ) � � J

�
+ Â

� � � I (ê�
pq

� � J )
�

: (191)

Note that the excitation ê�
pq

� � I is completely independent of � � J , and so oncea
particular � {spin excitation has been characterized, one can use the information
found for all � strings, obtaining

h� I ;J jÊpq j� K;L i = h� � I jÂ ê�
pqÂ j � � K i � J L : (192)

For this to be non zero, � � I must be identical to � � K apart from the replacement
of � �

q by � �
p . Suppose that in � I , � p appears as a function of electron i , and in

� K , � q is correspondingly in position j , i.e.,
� � I = � I 1 (1)� I 2 (2) : : : � I i � 1 (i � 1)� p(i )� I i +1 (i + 1) : : : � I j (j ) : : : (193)

and
� � K = � I 1 (1)� I 2 (2) : : : � I i � 1 (i � 1)� I i +1 (i )� I i +2 (i + 1) : : : � q(j ) : : : (194)

Then

Êpq
� � K = � I 1 (1)� I 2 (2) : : : � I i � 1 (i � 1)� I i +1 (i )� I i +2 (i + 1) : : : � p(j ) : : : (195)

This is not the sameas the string � � I , but is related to it by a permutation of the
electron labels, known as the line{up permutation L̂ , which in this caseis the cyclic
permutation Ĉ(i; j ), de�ned through

Ĉ(i; j )� 1(i )� 2(i + 1) : : : � j � i +1 (j ) = � j � i +1 (i )� 1(i + 1) : : : � j � i (j ) ; (196)

Thus L̂ ê�
pq

� � K = Ĉ(i; j )ê�
pq

� � K = � � I . For any permutation P̂, the following is
true:

P̂ Â = Â P̂ = � P Â ; (197)
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and so the matrix element (192) is

h� � I jÂ ê�
tu Â j � � K i = h� � I jÂ L̂ � 1Â j � � I i

= � L

p
N ! h� � I jÂ j � � I i

= � L ; (198)

since Â 2 =
p

N !Â , and the only non{zero contribution to h� � I jÂj � � I i comes
from the identit y permutation. Therefore all coupling coe�cien ts are 0 or � 1, and
the sign is determined by the parit y of the line{up permutation L̂ . Hence the
construction of F in (184) proceedsas

DO � � K

DO p;q = 1; m such that � � I = � Ê �
pq

� � K exists

Determine parit y � L of line{up permutation L̂

DO � � J

F (K ; J; pq)  � L C(I ; J )

END DO

END DO

END DO (199)

The innermost loop over � � J contains no logic or even multiplication and vectorizes
perfectly on all pipeline computers. A similar loop structure is required for the
contributions from ê�

pq, and the logic of (186) can be treated in a similar fashion.
Becausethe number of � , � strings is rather small (

p
M D ), all the necessarysingle

excitation information can be computed onceand held in high speedstorage. The
result is a perfectly vectorized, disk free algorithm 81;82, where for reasonablysized
problems at least, there is practically no overhead above the cost of the matrix
multiplication (185).

There have beena number of algorithmic developments which have further en-
hanced the e�ciency and applicabilit y of the determinant FCI method. Olsen et
al. 80 showed how it was possibleto reducethe operation count to be proportional
to N 2m2 rather than m4, with, however, somedegradation of the vector perfor-
mance;their method is particularly useful when the ration m=N is relatively large.
Zarrabian et al. 83 have usedan alternativ e resolution of the identit y to (183), with
an intermediate summation over N � 2 electron (rather than N electron) Slater
determinants. Again, when m=N is large, there are many fewer of these, allowing
for considerableenhancement in e�ciency .

5.3 Matrix elementsbetween Con�gur ation State Functions

In order to build a basis of spin{adapted CSFs, we begin by �nding explicit spin
functions �, which are not dependent on space coordinates, and which satisfy
Ŝ2� = S(S + 1)�. Having done this, we then attempt to build fully symmetry
adapted space{spin functions. For a single electron, there are two possible spin
functions � (s), where s represents the spin coordinate, namely the usual � and � .
For N electrons,the completespaceof spin functions is then spannedexactly by the
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N electron primitive spin functions, written as [� i 1 � i 2 : : : � i N ] where the function
� i of the spin coordinates of each electron in turn may be � or � . There are a
total of 2N such functions, and they are eigenfunctionsof Ŝz , the eigenvalue M S

being 1
2 (N � � N � ) where N � is the number of times � appears in the function,

and N � = N � N � ; it is then convenient to group them together in sets of those
functions sharing the sameM S , the number in each set being

� N
1
2 N + M S

�
.

The primitiv e spin functions are not in generaleigenfunctionsof Ŝ2, and so we
seeklinear combinations � � which will bespin eigenfunctions. This is achievedmost
simply by repeatedapplication of standard angular momentum coupling theory84;85.
If we have two independent physical systems in each of which we have sets of
angular momentum eigenfunctions, fj J1M 1ig and fj J2M 2ig , then the members of
the set of all products of such wavefunctions are not in general eigenfunctions of
the total angular momentum for the combined system. But for a given J1, J2 and
feasible �nal quantum numbers J; M , it is possible to �nd exactly one composite
eigenfunction

jJ M i =
X

M 1 M 2

hJ1J2M 1M 2jJ M ij J1M 1ij J2M 2i (200)

wherethe number hJ1J2M 1M 2jJ M i is a standard Clebsch{Gordon coe�cient . Note
that all the di�eren t M 1 and M 2 components appear in the sum, but only a single
J1 and J2 value is involved. For N electron spin functions, this suggestsa recursive
schemewhereby N electron functions are made from such a composite of an N � 1
electron system with a further single electron. The N � 1 electron functions arise
in the sameway from N � 2 electron spin eigenfunctions,the chain being repeated
down to a single particle. For each coupling, the value of J2 is 1

2 , and so the sum
over M 2 extends over two possiblevalues, � 1

2 , i.e. a contribution involving � for
the last electron and a contribution with � . In this genealogical construction, each
N electron function is fully described by its parentage | the history of the coupling
scheme | which can be visualized as a path on the branching diagram shown in
Figure 6. Becausein the angular momentum coupling oneneedsumonly over the M
and not the S quantum numbers, there are in generalmany independent functions
having the sameS, M S , but di�eren t ancestry, and we label the functions as� N

S;M ;�
where � is an index which distinguishes functions with di�eren t parentage. The
number f N

S of such functions is indicated at each node on the branching diagram,
and one can show inductiv ely that

f N
S =

��
N

1
2 N � S

�
�

�
N

1
2 N � S � 1

��
: (201)

It follows, again inductiv ely, that
X

S

(2S + 1) f N
S = 2N : (202)

It is straightforward to show 86 that the genealogicalfunctions are orthonormal.
For each path on the diagram, there are (2S + 1) functions, corresponding to the
possibledi�eren t M S values,and so

P
S (2S + 1) f N

S represents the total number of
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Figure 6. The branching diagram
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independent N electronbranching diagram functions; this is the sameasthe number
of primitiv e spin functions, and so we have a complete set of spin functions.

Becauseeventually we needto considerthe e�ect of the antisymmetrizing oper-
ator Â , it is important to develop the permutation properties of the spin functions.
Since Ŝ2 is totally symmetric in the particle labels, it commutes with any permu-
tation, P̂ Ŝ2 = Ŝ2P̂ . Then it follows that, sinceŜ2� N

S;M ;� = S(S + 1)� N
S;M ;� ,

Ŝ2
�

P̂ � N
S;M ;�

�
= P̂Ŝ2� N

S;M ;� (203)

= S(S + 1)
�

P̂ � N
S;M ;�

�
; (204)

i.e. P̂ � N
S;M ;� is a spin eigenfunction with quantum numbers S, M . Since

f � N
S;M ;� ; � = 1; 2; : : : ; f N

S g is a complete set of such functions, then P̂ � N
S;M ;� must

be a linear combination of these:

P̂ � N
S;M ;� =

X

�

� N
S;M ;� U�� (P̂ ) ; (205)

i.e., f � N
S;M ;� ; � = 1; 2; : : : ; f N

S g is a basisfor a representation of the symmetric group
SN . The representation is actually isomorphic with particular casesof Young's
OrthogonalRepresentation, which is generated(alsogenealogically)using ideasfrom
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the theory of SN . Young's orthogonal representation is often depicted graphically.
A given representation is drawn as a Young diagram, consisting of N adjoining
squareboxeswith rowsnumberednumerically downwards, and columnsrightwards;
there may not be more rows in column i than in column i � 1, nor columns in row
j than in row j � 1. For example, in S4, the possibleYoung diagrams are

(206)

For the caseof the spin{ 1
2 particles which are our exclusive concern,then only those

representations whoseYoung diagram has at most two rows are relevant, and they
correspond to spin quantum numbers S equal to half the di�erence between the
number of boxes in the two rows. Thus for S4, , , represent,

respectively, the setsof spin functions with S = 0, 1, 2.
Within each representation, a givenbasisfunction is depictedasa Youngtableau,

which is an arrangement of the numbers 1; 2; : : : ; N in the Young Diagram, such
that numbersalways increasealong all rowsand down all columns. For the two{row
Youngframeswhich weconsider,the number of such tableaux (i.e., the dimensionof
the representation) is exactly f N

S , and in fact there is a one{to{one correspondence
betweenthe branching diagram functions and the tableaux; when a particle number
appears in the �rst row, its spin is coupled up, and for those in the secondrow,
the spin is coupled down. For the caseof four electrons,the complete set of Young
tableaux and corresponding branching diagram functions are shown in Figure 7.
The representation matrices U (P̂ ) constitute all the information which we require
for developing properties of the branching diagram functions; for example, the
branching diagram functions themselves can be generated from a primitiv e spin
function by useof a suitable projection operator. Formulae for the U�� (P̂ ) for any
permutation P̂ are straightforward to derive from simple rules given in terms of
the Young tableaux 86, or, equivalently , from consideration of the Clebsch{Gordon
coe�cien ts 86.

Having obtained the representation matrices, we are now in a position to use
them in constructing a basisof spaceand spin functions which are spin eigenfunc-
tions and satisfy the Pauli principle. We write members of this basisas

� A� = Â
�
� A � N

S;M ;�

�
(207)

where the spatial function � A is usually an orderedproduct of spatial orbitals, and
� N

S;M ;� is a branching diagram function. Note that the antisymmetrizer involves

a sum over all permutations P̂ , and each P̂ permutes both the spaceand the spin
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Figure 7. Branching diagram symbols and Young tableaux for 4 electrons
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coordinate labels. Inserting the de�nition of the antisymmetrizer,

� A� =

r
1

N !

X

P

� P

�
P̂space� A

� �
P̂spin � �

�

=

r
1

N !

X

P

� P

�
P̂space� A

� fX

�

U�� (P̂ )� � (208)

=

r
1
f

fX

�

� � � A�� ; (209)

where we de�ne a set of spatial functions

� A�� =

r
f

N !

X

P

� P U�� (P̂ )P̂ � A : (210)

This has the appearanceof a projection operator on � A for a representation with
matrices V�� (P̂ ) = � P U�� (P̂ ). This is the conjugate representation to that sup-
ported by the spin functions, and appears in the Young theory as the reversal of
the roles of rows and columns, e.g., (spin) ! (space). Note that all
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� � ; � = 1; 2; : : : ; f are involved in each of the space{spin functions � A� .
For the the coupling coe�cien ts

dA�;B �
pq = h� A� jÊpq j� B � i ; (211)

aswith determinants, a non{zero contribution will ariseonly if � A and � B di�er by
the orbital excitation � q ! � p. Ignoring any complications which arisefrom doubly
occupied orbitals, we must again have � A = L̂ Êpq � B , where L̂ is the appropriate
line{up permutation. Inserting (208) into (211) we obtain

dA�;B �
pq =

1
N !

X

P Q

� P � Q hP̂ � A jQ̂L̂ � 1� A i
X

��

U�� (P̂ )U� � (Q̂)h� � j� � i

=
1

N !

X

P Q

� P � Q hP̂ � A jQ̂L̂ � 1� A i
X

�

U�� (P̂ )U�� (Q̂)

since the spin functions are orthogonal

=
1

N !

X

P Q

� P � Q hP̂ � A jQ̂L̂ � 1� A i U�� (P̂ � 1Q̂) ; (212)

using the representation property of U (P̂ ). Orbital orthogonality then gives the
requirement that P̂ = Q̂L̂ � 1, and so

dA�;B �
tu =

1
N !

X

Q

� L � 2
Q U�� (L̂ Q̂� 1Q̂)

= � L U�� (L̂ ) : (213)

Thus knowledgeof the line{up permutation and the representation matrix elements
is su�cien t to generateany desiredone{particle coupling coe�cien t.

The above is basedon the assumptionthat � p and � q are singly occupiedin � A ,
� B respectively. When one or both orbitals are doubly occupied, further consider-
ations are necessary. Firstly , many of the spin functions give rise to vanishing � A�

becauseof the operation of the Pauli principle acting through the antisymmetrizer.
If the orbitals are ordered such that the doubly occupied appear �rst in their re-
spective pairs, then only those spin functions which couple each pair to singlet are
allowed. This of course gives a drastic reduction in the number of possible spin
functions, since it is now f N

S with N referring to the number of singly occupied
orbitals only. Following this, there are slight complications to the above schemefor
the coupling coe�cien ts; there appear four distinct casesdepending on the excited
orbital occupancies,of which (213) is one.

How are the relevant representation matrices obtained? Equation (213) shows
that oneneedsall of the representation matrices for all possiblecyclic permutations.
Thesematrices can be generatedby writing the cycle as a sequenceof elementary
transpositions,

Ĉ(i; j ) = Ĉ(j � 1; j )Ĉ(j � 2; j � 1) : : : Ĉ(i + 1; i + 2)Ĉ(i; i + 1) ; (214)

the representation matrices for these transpositions are very sparse, and can be
obtained from the shapesof the Young tableaux86. The matrix for the cycle is then
obtained by matrix multiplication. Unfortunately , this algorithm is too slow for
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practical use, and it is much better to precompute and store all of the necessary
matrices. The number of matrices that must be stored can be reducedconsiderably
by using a resolution of the identit y analogousto that used to factorize two-body
matrix elements into sums of products of one-body elements (equation (183)). If
we intro duce a (�ctitious) additional orbital � � which is de�ned to occur lexically
always after any other orbital, the following identit y holds.

Êpq = Êpa Êaq (215)

This allowsoneto make useof just thosecyclesinvolving the last electron, sincethe
orbital � a will always be occupiedby only this electron in the orderedorbital prod-
uct string. This is the basisof an e�cien t algorithm for matrix element evaluation
that is fast enoughfor generaluse in full and other CI computations87.

5.4 Molecular Dissociation and the MCSCF method

As discussedin section1.6, in many situations electron correlation e�ects are purely
of the `dynamic' type, in the sensethat Hartree-Fock is a good zero-order ap-
proximation, and under such circumstances,single-referencemethods provide an
e�cien t and accurate way to getting correlation energiesand correlated wavefunc-
tions. However, wherever bonds are being broken, and for many excited states, the
Hartree-Fock determinant doesnot dominate the wavefunction, and may sometimes
be just one of a number of important electronic con�gurations. If this is the case,
single-referencemethods, which often depend formally on perturbation arguments
for their validit y, are inappropriate, and one must seekfrom the outset to have a
�rst description of the systemthat is better than Hartree-Fock. Only then can one
go on to attempt to recover the remaining dynamic correlation e�ects.

As in H2, we can build a generalqualitativ ely correct wavefunction by selecting
a number of con�gurations which are meant to describe all possible dissociation
pathways, etc., and then writing the wavefunction as a linear CI expansion

	 =
MX

I

cI � I : (216)

The energyis then minimized with respect to not only the cI (as in the CI method),
but also to changesin the common set of orbitals � t which are used to construct
the � I . This orbital optimization is analogousto what is done in the SCF method,
hencethe namemulticon�gur ation self consistent �eld (MCSCF), which is given to
this approach. Provided all the necessarycon�gurations are included in the set � I ,
then the method should give a qualitativ ely correct description of the electronic
structure.

Nearly all moleculesdissociate to valencestates of their constituent atoms, in
which only the valenceorbitals (e.g., 2s;2p in carbon) are occupied. So ignoring
the complications which might occur for Rydberg molecular states, a good de-
scription can be obtained by including � I which have only valenceorbitals of the
moleculeoccupied. This hasimportant computational consequences,and we distin-
guish in a calculation the relatively small number of internal (or valence)orbitals
� t ; � u ; � v ; : : : from the usually much larger number of external orbitals � a ; � b; : : :,
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which are unoccupied in all con�gurations, and so actually are not part of the
wavefunction. We continue to use the notation � p; � q; � r ; : : : to denote general
molecular orbitals from any set. The internal and external orbitals take the roles
of the occupied and virtual orbitals in an SCF calculation; as the calculation pro-
ceeds,the internal and external orbitals are mixed amongst each other until the
optimum internal orbitals are found. Taking theseideasto the extremesuggeststhe
useof a CI expansionconsisting of all possiblecon�gurations in the valencespace,
i.e., a FCI type of wavefunction. This approach 88;89;90 is often termed complete
active space SCF (CASSCF) and has the feature that it is to someextent a `black
box'; the sometimesrather di�cult problem of selectingsuitable con�gurations � I

is replacedby the simpler identi�cation of important orbitals. If the active orbital
spacecoincideswith the true valencespace,then correct dissociation at all limits
is automatically guaranteed, although there may be many con�gurations included
which are completely unimportant. As a simple example,considerthe ground state
of N2. The quartet spin N atom ground state is described by the con�guration
2p�

x 2p�
y 2p�

z . On bringing two N atoms together, one can make 20 CSFs with the
correct spin (singlet) and space(Ag in D2h ) symmetries,of which one is dominant
near equilibrium bond length, but all of which are important at dissociation. The
CASSCF wavefunction, a FCI expansion of 6 electrons in 6 orbitals, contains 32
CSFs. Although the ansatz may be wasteful in this way, we note that a complete
CI expansionenablesthe useof special e�cien t techniques91, so a CASSCF calcu-
lation may actually be easierthan a smaller more generalMCSCF calculation with
the sameinternal orbital space.

5.5 Determination of MCSCF wavefunctions

We haveconsideredearlier how the matrix elements H I J = h� I jĤ j� J i are obtained
in terms of oneand two electron integrals htu , (tu jvw) and coupling coe�cien ts dI J

tu ,
D I J

tuv w :

h� I jĤ j� J i =
X

tu

dI J
tu htu + 1

2

X

tuv w

D I J
tuv w (tu jvw) : (217)

Thus the expressionfor the energy is

E = h
X

I

cI � I jĤ j
X

J

cJ � J i

=
X

tu

X

I J

cI cJ dI J
tu htu + 1

2

X

tuv w

X

I J

cI cJ D I J
tuv w (tu jvw)

=
X

tu

dtu htu + 1
2

X

tuv w

D tuv w (tu jvw) ; (218)

where we seethe intro duction of the one and two electron density matrices dtu ,
D tuv w , which in this context can be viewed as expectation values of the coupling
coe�cien ts. This energyexpressionis the quantit y which must be madestationary
with respect to changesin the CI coe�cien ts cI and the orbitals � t , subject to the
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constraints
X

I

c2
I = 1 (normalization) (219)

h� t j� u i = � tu (orbital orthogonality) : (220)

For the CI coe�cien ts, intro ducing a Lagrangemultiplier E for the �rst constraint,
and setting the di�eren tial with respect to cI to zero,givesthe stationary conditions

X

J

h� I jĤ j� J i cJ � EcI = 0 ; (221)

i.e., the usual matrix eigenvalue equations obtained in regular CI theory. For the
orbitals, the most straightforward approach is to parametrize orthogonal rotations
U amongst the orbitals (� t  

P
p � pupt ) by meansof the matrix elements Rtu of

an antisymmetric matrix. Any orthogonal matrix may be represented as

U = exp(R ) where R y = � R : (222)

The advantage of this formulation is that the 1
2 m(m + 1) orthogonality constraints

are automatically satis�ed, leaving 1
2 m(m � 1) free parameterswhich are contained

in the lower triangle of R . There is then no need for Lagrange multipliers, and
numerical methods for unconstrained optimization may be used.

To derive the variational conditions for orbital rotations, we note that the or-
bitals vary on R through (222) as

@� p

@Rr s

�
�
�
�
R = 0

= � sp � r � � r p� s ; (223)

and that the integrals htu , (tu jvw) given by (35), (36) are quadratic and quartic,
respectively, in the orbitals. Then we obtain

@
@Rr s

htu

�
�
�
�
R = 0

= (1 � � r s)(1 + � tu )� st hr u (224)

@
@Rr s

(tu jvw)

�
�
�
�
R = 0

= (1 � � r s)(1 + � tu )(1 + � tu;v w )� st (r ujvw) ; (225)

where the operator � ij permutes the labels i , j in what follows it. Thus the deriva-
tiv e of the energy, which is zero for the convergedwavefunction, is given by

0 =
@E

@Rr s
= 2(1 � � r s)Fr s ; (226)

with

Fr s =
X

u

dsu hr u +
X

uv w

D suv w (r ujvw) : (227)

Equations (221) and (226) must be solved to obtain the MCSCF wavefunction.
Note that for someorbital rotations Rr s, the variational condition (226) is always
obeyedautomatically; for example,if both r , s are external, then the density matrix
elements are all zero. The samecan occur in a more subtle way for certain internal{
internal orbital rotations, e.g., for a CASSCF, all internal{in ternal rotations show
this behaviour. When an Rr s behaveslike this it is known asa redundant variable,

58



and is best removed from the optimization altogether92. Note also that (226) is
highly non{linear, in contrast to the linear eigenvalue problem which appears in
the CI method; E is 4th order in the orbitals, and in�nite order in R , since the
orbitals are in fact periodic functions becauseof the orthogonality constraint.

In order to solve numerically the variational equations (221) and (226), the
standard approach is to usesomekind of quasi-Newton approach93;94 that utilizes
the gradients of the energyexpressionto construct a Taylor seriesfor the energyin
powers of the parameters that expresschangesin the wavefunction. Truncation of
this power seriesgivesan approximate energyexpressionthat is accurate for small
displacements, and which is easierto minimize than the full energyexpression.For
a given approximate solution, we construct the gradient vector

g� =
�

@E
@p�

�

p = 0
(228)

and hessianmatrix

h�� =
�

@2E
@p� @p�

�

p = 0

(229)

where the set of parameters f p� g contains the changes in CI coe�cien ts f � cI g
and the non-redundant orbital changegeneratorsf Rr sg. The approximate energy
expression

E2(p) = E2(0) +
X

�

g� p� + 1
2

X

��

h�� p� p� (230)

is then minimized by solving the linear equations

0 = g� +
X

�

h�� p� (231)

The solution p de�nes a step that is applied to the wavefunction to improveit. Thus
the overall procedureis iterativ e, each iteration consistingof the construction of the
energy, gradient and hessian, followed by solution of the linear Newton-Raphson
equations. The Newton-Raphsonequationscan be very large in dimension, partic-
ularly for a large CASSCF full CI expansion; therefore, usually, they have to be
solved iterativ ely as well, using relaxation or expansionvector techniques95 similar
to the Davidson diagonalization algorithm 3. Theseiterations are usually referred to
as microiterations to distinguish them from the enclosingmacroiterations in each
of which a new expansionpoint is de�ned.

The genericNewton-Raphsonalgorithm su�ers in this context from two distinct
problems associated with robustnessand e�ciency . First of all, the second-order
expansion(230) is valid only for small displacements q, and it is often the casethat
the predicted step length is outside the `trust region' of the truncated Taylor series.
Modi�cations that restrict the step length96, or recast the linear equation system
asan eigenvalue problem such that the step length is automatically restricted (aug-
mented hessian method97) are helpful in improving global convergence.Secondly,
however, even with such methods, as many as 20 macroiterations may be required,
and each macroiteration is expensive. For each new set of orbitals, in order to con-
struct the gradient and hessian,a subsetof the molecular-orbital electron-repulsion
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integrals must be constructed, speci�cally those with up to two external indices
(J tu ; K tu ), by a computationally demanding transformation of the atomic-orbital
integrals, which themselveshave to be read from disk or computed on the 
y . It is
therefore highly desirableto reducethe number of macroiterations. Both problems
are solved by adopting an ansatz98;91 in which the microiterations involve opti-
mization of an approximate energy functional that is secondorder in the orbital
changesthemselves, � T = U � 1, rather than in the generatorsR . This energy
functional is periodic in the orbitals, just like the true energy, and its usegivesan
algorithm that is much more robust; in fact, in almost all cases,quadratic conver-
genceis seenfrom the outset, and typically only three macroiterations are needed.
Of course, there is additional complication in that the microiterations are solving
non-linear rather than linear equations,but thesecan be e�ectiv ely addressedusing
convergenceacceleratorssuch as DI IS99.

5.6 Multir eference Perturbation Theory

In order to go beyond a qualitativ ely correct MCSCF wavefunction 	 REF and re-
cover as much of the correlation energy as possible,as in the single-referencecase,
we begin by writing the exact wavefunction in a perturbation series

	 Exact = 	 REF + � 	 (1) + � 2	 (2) + : : : ; (232)

where � is an ordering parameter which will eventually be set to 1. Supposethat
we can �nd an operator Ĥ (0) such that Ĥ (0) 	 REF = E (0) 	 REF . In the particular
casewhere 	 REF is the solution of the SCF equations, an appropriate Ĥ (0) is the
many-electron Fock operator,

Ĥ (0) =
NX

i

f̂ (i ) =
mX

tu

f tu Ê tu (233)

where f̂ is the orbital Fock operator; in other casesit may or may not be possible
to �nd a suitable operator, but the arguments we develop still hold. If we write
Ĥ = Ĥ (0) + � Ĥ (1) , and separate terms of di�eren t order in � in the Schr•odinger
equation, at �rst order we obtain

�
Ĥ (0) � E (0)

�
	 (1) + Ĥ (1) 	 REF � h	 REF jĤ (1) j	 REF i 	 REF = 0 : (234)

We expand 	 (1) , the �rst order correction to the wavefunction, and also Ĥ 	 REF ,
the action of the full hamiltonian on the approximate wavefunction, as linear com-
binations of N -electron con�gurations in the full space,

	 (1) =
X

I

� I c(1)
I

Ĥ 	 REF =
X

I

� I hI ; (235)

and assume(although again this is not critical) that Ĥ (0) � I = EI � I . This will be
true for the Fock Ĥ (0) (EI is then the sum of the Fock eigenvaluesfor the orbitals
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occupied in � I ), and approximately true for others. The �rst order equation then
becomes

X

I

c(1)
I � I

�
EI � E (0)

�
= �

X

I

hI � I + h	 REF jĤ j	 REF i 	 REF : (236)

This tells us that the basis functions which are required for 	 (1) are exactly those
which appear in the action of Ĥ on 	 REF . This set of functions is the �rst order
interacting space. Recall that the hamiltonian consistsof single and double exci-
tation operators; this meansthat in turn the �rst order spaceconsistsof all those
con�gurations which are at most doubly excited with respect to the referencefunc-
tion 	 REF . In the languageof secondquantization, the �rst-order spaceconsistsof
all the non-null con�gurations f Ê tu;v w 	 REF g.

Thesearguments can be generalizedto higher orders of perturbation theory; at
secondorder, con�gurations related to the �rst-order wavefunction by up to double
excitations will be intro duced, and so the second-orderinteracting spaceconsists
of con�gurations which are singly, doubly, triply and quadruply excited relative to
	 REF .

One route to carry these ideas forward is to simply apply regular Rayleigh-
Schr•odinger perturbation theory to obtain the perturbation seriesfor the energy.
With the choice of Fock Ĥ (0) , this is the single-referenceM�ller-Plesset theory
(MP) 100;101 or Many-Body Perturbation Theory (MBPT) 102. For multicon�gura-
tional 	 REF , the choice of zero order hamiltonian is not so obviously unique, but
a number of di�eren t variants have been very successfullyused103;104;105;106;107 .
Theseare generally non-diagonal in the con�guration basis,and so solution of the
�rst-order equationsmust be carried out iterativ ely; in contrast, for a Hartree-Fock
referencewith canonical molecular orbitals, each Slater determinant is an eigen-
function of Ĥ (0) , and so the �rst-order equationshave an explicit analytic solution.

Multireference perturbation theory at secondorder (MRPT2 or CASPT2) is
now well establishedasa robust and reliable technique particularly , for example, in
the computation of electronicexcitation energies106, and is computationally feasible
in almost all caseswherethe underlying MCSCF or CASSCF calculation is possible.
Third-order perturbation theory103;108 can also be carried out for smaller systems,
and the results show signi�can t di�erences from secondorder, indicating the need
for caution in the useof CASPT2.

5.7 Multir eference Con�gur ation Interaction

Although perturbation theory may be a dangeroustool to rely on, the interacting
spacehierarchy concept provides useful insight on how to design other methods.
If we consider doing a variational CI calculation, we now know that, even though
FCI may be impossible,we expect to obtain most of the correlation energyusing a
basisconsistingof the �rst-order interacting space.In the caseof an RHF reference
wavefunction 	 REF this is the singlesand doubles (CISD) method, with the basis
consistingof all Slater determinants which are related to 	 REF by a singleor double
spin-orbital excitation. Strictly speaking, for RHF 	 REF , singlesdo not formally
enter until secondorder perturbation theory, but in practice their e�ect canbe quite
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signi�can t, and there are fewer of them than doubles, and so they are invariably
included as well.

The samekind of approach can be taken for an MCSCF 	 REF . The �rst-order
spaceis certainly spannedby a wavefunction of the form

	 =
X

I

cI � I +
X

Sa

cS
a � a

S +
X

P ab

CP
ab� ab

P ; (237)

where the three types of con�guration � I , � a
S , � ab

P contain respectively 0, 1, 2
occupied external orbitals, and the set of con�gurations is the union of the sets
of CSFs obtained by making all possible single and double excitations on each
referencecon�guration in turn. For the casethat 	 REF consistsof a single closed
shell con�guration, (237) is the single-referenceCISD wavefunction; when 	 REF

contains more than one con�guration, variational treatment of (237) is usually
referred to as multir eference CI (MRCI) 109;110;111;112 .

Since there are usually many more external orbitals than internal orbitals, the
doubly external con�gurations � ab

P are expected to be by far the most numerous,
just as in the single-referencecase,and we focus attention on these in considering
what work has to be done in evaluating hamiltonian interactions. In the general
multi-reference case,it is not possibleto arrive at explicit matrix-orien ted expres-
sions for the hamiltonian matrix elements. However, somesimpli�cation beyond
the generalCI matrix element strategy presented in section5.3 is certainly possible;
just as in the single-referencecase, there is special structure associated with the
pairs of external orbitals � a ; � b. In the formation of CSFs� ab

P , it is advantageousto
take the occupied orbital string which is inserted into equation (207) such that the
orbitals � a and � b appear as functions of the coordinates of electrons 1 and 2 re-
spectively; this meansthat the function is pure singlet or triplet coupled in the two
external orbitals, exactly as in the single-referencecase,and allows for somesim-
pli�cation in matrix element evaluation. The structure of the wavefunction in the
external orbitals is then no more complicated than in the single-referenceproblem,
and soclosedformulae for thoseparts involving external orbitals are obtainable; for
example, the contribution from all external integrals has exactly the sameform as
in single-referenceSDCI, and can be obtained e�cien tly by computing the external
exchangematrices for each pair P. However, for the internal orbitals, the CSFsare
completely generalin character, and ultimately onemust computeoneand two par-
ticle coupling coe�cien ts using the general techniquesof section 5.3. For example,
that part of the hamiltonian containing the Coulomb integrals,

P
tuab J tu

ab ÊabÊ tu ,
givesrise to matrix elements

h� ab
P jĤ j� cd

Q i =
1
2

� pq

X

mn

� mn (P; Q) (1 + p� ab)(1 + q� cd) � bd J tu
ac ; (238)

where p = � 1 according to whether � ab
P is singlet or triplet coupled in the external

space. � tu (P; Q) is simply a one particle coupling coe�cien t for the operator Ê tu

betweenthe functions � ab
P and � ab

Q ,

� tu (P; Q) = h� ab
P jÊ tu j� cd

Q i : (239)
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Although coupling coe�cien t evaluation is required, all the coupling coe�cien ts
are completely independent of the external orbital labels; thus many hamiltonian
matrix elements share the samecoupling coe�cien ts in a regular manner. Discov-
ery of this property 113;114 �rst openedthe way for large scaleMRCI calculations.
Although the coupling coe�cien t evaluation problem is dramatically reduced by
exploiting thesespecial properties, the MRCI method is still severely restricted by
computational di�culties. For even quite modest numbers of referencecon�gura-
tions, the number of pair functions � ab

P can be rather large; this means that the
dimension of the hamiltonian matrix can easily exceedthe length of vector which
can be stored on the computer, and, more importantly , the number of matrix ele-
ments which must be evaluated becomescompletely unmanageable.Nevertheless,
benchmark calculations, in which MRCI results are comparedwith those from full
CI in the samebasis, indicate that MRCI is the ab initio method of choice for all
circumstancesin which single determinant descriptions do not work, and that very
high accuracymay be obtained115;116.

An alternativ e formulation which avoids the rapid increasein basissizewith the
number of referencecon�gurations is possible 113. Instead of selecting singly and
doubly excited CSFs from each referencecon�guration, we can construct con�gu-
rations by applying excitation operators to the referencewavefunction as a single
entit y:

	 =
X

tuv w

C tuv w Ê tu;v w 	 REF +
X

tuv a

C tuv
a Êat;uv 	 REF

+
X

p

X

ab

X

t � u

C tup
ab

1
2

�
Êat;bu + pÊau;bt

�
	 REF : (240)

This is the internal ly contracted MRCI (ICMR CI) 113;117;118 wavefunction, and it is
obvious that the number of con�gurations is now independent of the number of ref-
erencefunctions, depending only on the numbers of internal and external orbitals.
In this way, the size of CI expansion is reduced typically by one or two orders of
magnitude; the con�guration set, however, still spans the �rst order interacting
space,and although CMRCI can be consideredasonly an approximation to MRCI,
benchmark calculations show that in most casesthe extra error intro duced by the
contraction is several times smaller than the error of MRCI relative to full CI118 .
The price that is paid is that the con�gurations are now much more complicated,
being in fact linear contractions of CSFs according to the values of the reference
coe�cien ts. This means that coupling coe�cien t evaluation is now a formidable
problem; the simple CSF coupling coe�cien ts are replacedby reduceddensity ma-
trices of high order. For example, for the Coulomb integrals consideredpreviously,
the coupling coe�cien ts are

� tu (vwp;xyq) = � pq(1 + p� xy ) h	 REF jÊvx;w y;tu j	 REF i : (241)

This third-order density matrix is evaluated using the generalresolution-of-identit y
techniquesused in the full CI problem, i.e.,.

h	 REF jÊvx;w y;tu j	 REF i =
X

K

h	 REF jÊvx;w y j� K ih� K jÊ tu j	 REF i + lower order terms

(242)
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where the f � K g are appropriate CSFs. For a given bra (vw) and ket (xy), all
the matrix elements h	 REF jÊvx;w y j� K i are found by successively applying the op-
erators Êav ; Êxa ; Êaw ; Êya (� a is a `�ctitious' unoccupied orbital) to 	 REF . For
processinga given Coulomb matrix J tu , these matrix elements are combined with
precomputed h� K jÊ tu j	 REF i .

An additional complication in ICMR CI is that the con�gurations are non{
orthogonal in a non{trivial way, and their orthogonalization canbe a computational
bottleneck117. For this reason,the standard approach to ICMR CI is a hybrid that
combines the best featuresof uncontracted and contracted wavefunctions 118; con-
traction is carried out only where it is easiest, and of most bene�t, namely for
the doubly external con�gurations, and the all-internal and singly-externalsare left
uncontracted.

An unfortunate feature of an MRCI calculation is that, just as in the single-
referenceCISD case, the energy is not an extensive function of the number of
electronsas it should be. This undesirable feature of any truncated variational CI
calculation can to someextent be avoided in MRCI by error cancellation acrossa
potential energy surface;provided, for example, dissociation asymptotes are com-
puted assupermoleculesrather than by adding fragment energies,reasonableresults
can be obtained for dissociation energies. It is also true that the size-consistency
errors for MRCI are usually much lessthan for single-referenceCISD, sinceMRCI
already contains some of the important quadruple con�gurations. However, the
e�ects can never be completely avoided.

One way to view the lack of size-consistencyin variational CI is by considering
the Rayleigh quotient correlation energy functional itself,

E =
h	 jĤ � E REF j	 i

h	 j	 i
: (243)

Suppose 	 is, for example, restricted to contain double excitation con�gurations
only, and that the coe�cien t of the referencewavefunction is kept �xed (interme-
diate normalization, h	 j	 REF i = 1). Then the numerator of this expressioncan be
shown to grow linearly with system sizeN ; however, the denominator also grows,
but as 1 + � N , where � is a constant. This spoils the proper linear scaling of the
correlation energy. In the absenceso far of problem-free multireference coupled-
cluster approaches, this analysis gives rise to a number of approximate ways to
correct for the e�ects of lack of extensivity. The simplest, the Davidson or `+Q'
correction 119;26, involves a straightforward rescaling of the correlation energy by
h	 j	 i , i.e. replacing the denominator of (243) by 1 oncethe wavefunction hasbeen
determined. More explicitly ,

ECI+Q =
1 � c2

0

c2
0

ECI ; (244)

where c2
0 is the weight of the referencewavefunction 	 REF in the �nal normalized

CI wavefunction. Alternativ e approaches (ACPF120 , AQCC121) intro duce at the
outset a denominator in the energy functional that doesnot increasewith system
size. This modi�ed approximate functional is then minimized to determine the
wavefunction and energy.
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6 In tegral-direct metho ds

Sincethe �rst formulation of the LCAO �nite basisschemefor molecular Hartree-
Fock calculations,computer implementations of this method havetraditionally been
organisedas a two-step process. In the �rst step all the two-electron repulsion in-
tegrals (ERIs) over four contracted Gaussian basis functions are calculated and
stored externally on disk, while the secondstep comprisesthe iterativ e solution of
the Hartree-Fock Roothaan equations, where in each iteration the integrals from
the �rst step are retrieved from disk and contracted with the present density ma-
trix to form a new Fock matrix. This subdivision of the computational processinto
the two steps was motivated by the relatively high CPU cost necessaryto gener-
ate the ERIs using rather complicated analytical recurrence relations, which was
clearly dominating a Hartree-Fock calculation. For post Hartree-Fock calculations,
which are traditionally formulated using the canonical SCF orbitals from a pre-
ceding Hartree-Fock calculation as a basis, an integral transformation of the AO
ERIs generatedin the �rst step to the canonical MO basis is required prior to the
actual correlated calculation. The computational complexity of such an integral
transformation scaleswith O(N 5), where N is a measureof the molecular size or
the number of correlated electrons. It also is quite memory and disk intensive. The
amount of disk spacerequired to hold the AO (and MO) ERIs scalesas O(N 4).

The last several decadeshave witnessedcontinuous rapid advancesin computer
technology, and in fact the progressin CPU technology has beenmuch faster than
the development of I/O facilities. Furthermore, much e�ort has been invested in
improving integration techniques. Hence,with the conventional two step procedure
one now faces the dilemma of being able to compute large numbers of integrals
rapidly, but spending a relatively large amount of time and resourcesin their stor-
ageand retrieval. In fact, the sizeof chemical systemsone can handle today with
the conventional method described above is primarily limited by the disk space
required to store the AO ERIs, rather than the CPU time required to compute
these. Integral-direct methods o�er a solution to this problem. The philosophy
is to eliminate the O(N 4) bottleneck of AO ERI storage altogether by recomput-
ing the ERIs on the 
y whenever needed, thus trading disk spaceand I/O load
at the expenseof additional CPU time. Integral-direct methods were �rst used
in Hartree-Fock (SCF) theory almost two decadesago (\direct SCF" approach by
Alml•of et al. 122), and it constituted a break of a paradigm at that time. These
days, direct SCF programsare part of virtually all ab initio program packagesused
by the communit y. Since the pioneering direct SCF work integral-direct methods
have beenextended to electron correlation methods like multicon�gurational SCF
123;124;60, many-body perturbation theory [MBPT(2)] 125;126;127;60, MBPT(2) gra-
dients 128 and coupled cluster methods 129;130;60. In contrast to the SCF method,
where the ERIs over atomic orbitals (AOs) (i.e., the basis functions) are immedi-
ately contracted to the Fock matrix in AO basis,and only AO integrals are needed,
correlation methods including MCSCF require an AO to MO integral transforma-
tion, asdiscussedabove. Hencean intermediate four-indexed quantit y (rather than
the two-indexed Fock matrix in direct SCF procedures)arisesand has to be dealt
with. A full 4-index transformation, carried out as four quarter transformations
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has a 
op count that scalesas O(m5) with the number of basis functions m, and
has O(m4) storagerequirements. At a �rst sight the storagerequirements for such
an integral transformation seemto rule out any integral-direct implementation of
a correlated method, sinceno savings to the conventional method seemto be pos-
sible. Fortunately enough,however, most correlation methods can be reformulated
in terms of AO ERIs and a reasonablysmall subsetof MO integrals 20. Such MO
integral subsetstypically have two indices restricted to the occupied orbital space
of dimension mocc, which is usually much smaller than m. For example, the com-
putation of the MBPT(2) energyrequiresonly the exchangeintegrals (ia jj b), while
for direct MCSCF and all other correlation methods the Coulomb (ij jpq) and ex-
change (ipjj q) MO integrals are needed. The disk spacenecessaryto hold such a
subsetof MO integrals then is O(m2

occm2), i.e. for a ratio m=mocc � 10 this means
savings of a factor of 100 and larger in the storagerequirements, compared to the
conventional method. In the work by Sch•utz et al. 60 it was demonstrated that
for integral-direct implementations of most electron correlation methods (MP2-
4(SDQ), CCSD, QCISD, BCCD, MCSCF, MRPT2/3, MRCI) only three integral-
direct kernel proceduresare necessary. The only exception are methods involving
triply or higher excited con�gurations. Apart from the trivial Fock matrix con-
struction routine these involve a generalizedpartial integral transformation and a
module for the construction of external exchangeoperators which correspondsbasi-
cally to a two-index contraction of AO ERIs with the doublesamplitude matrices,
backtransformed to AO basis,as explained in section 2.4.

Integral-direct methods are especially powerful in the context of local corre-
lation methods 57;58;59;53;54. Here, additional savings are possible by describing
occupied and virtual correlation spacesin terms of localized MOs and projected
(non-orthogonal) AOs, respectively, which in turn allows to exploit the short range
character of dynamic correlation (asymptotic distancedependenceis / r � 6 in insu-
lators). In such a scheme,a hierarchical treatment of di�eren t electron pairs is pos-
sible, depending on relative distanceof the corresponding LMOs. Furthermore, the
virtual spacespannedby the non-orthogonal projected AOs can be partitioned into
domains(cf. section4). As a result of this, only very small subsetsof (transformed)
integrals are required even for methods including triply excited con�gurations, and
the number of theseintegrals scaleslinearly with the molecular size. This, in turn,
opensthe path for O(N ) electron correlation methods and hencethe treatment of
very large molecular systemsat a level of very high accuracy.

6.1 The direct SCF method

In the most naive implementation, writing a computer code for a direct SCF scheme
compriseslittle more than just replacing the reading of one- and two-electron in-
tegrals in the SCF algorithm by their repeated calculation. However, in order to
get an e�cien t program, it is clear that such a change in the paradigm calls for
major restructuring of the code. Since the computation of the two-electron inte-
grals is rather expensive, a direct algorithm should be integral driven, i.e. integral
evaluation concernsshould dictate the order of events. Once an integral has been
computed, it should be usedto the maximum extent possible,aslong asno external
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storage is invoked.
Two-electron repulsion integrals (ERIs) are integrals of the following form (as-

suming real basis functions)

(�� j� � ) =
Z Z

� � (1)� � (1)r � 1
12 � � (2)� � (2)dr1dr2; (245)

where � � ; � � ; � � ; � � denote contracted Cartesian Gaussians,

� � =
X

�

c�� �� � (r ) =
X

�

c�� ( �� x
� (x) �� y

� (y) �� z
� (z)) ; (246)

with

�� x
� (x) = (x � x � )k � exp[� a� (x � x � )2]; (247)

and �� x
� (x) : : : symbolize Cartesian components of primitiv e Gaussians,centred at

origins r � = (x � ; y� ; z� ). Usually, these centres are taken to be the atoms, but
sometimesbasis functions are also positioned between atoms. One of the most
important reason to choose Gaussiansas basis functions is the separability into
products of Cartesian components, as indicated in eq. (246). Another equally
important reason for the e�cacy of a Gaussian basis set is the fact that a two-
centre product of Gaussianscan be expressedas a short expansion of one-centre
Gaussians{ the Gaussian Product Theorem, (GPT)

�� x
� (x) �� x

� (x) =
k � + k �X

i =0

Ck � + k �
i � P i (x); with (248)

xP =
a� x � + a� x �

aP
;

aP = a� + a� ;

� P i (x) = x i eaP (x � x P )2
:

For the caseof two s-type Gaussians(k� = k� = 0) the single expansioncoe�cien t
is

C0
0 = exp[� (a� a� =aP )( r � � r � )2]: (249)

In a geometrical interpretation, the GPT states that the product of two Gaussian
functions (with arbitrary polynomial factors) canbeexpressedasa �nite sumof new
Gaussians,all centred at a single point P, which is located on the line connecting
the two original centres r � and r � .

The ERIs as given in eq. (245) can be evaluated analytically using various
methods. At the heart of all these methods lies the GPT and some recurrence
relations to shift angular momenta from one function to the other. Here, we will
not go into the details; for a recent review we refer to Ref. 131.

From eq. (245) it is immediately evident that the ERIs obey the permutational
symmetry relations

(�� j� � ) = (�� j� � ) = (�� j� � ) = (�� j� � ) (250)

= (� � j�� ) = (� � j�� ) = (� � j�� ) = (� � j�� ) :
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By exploiting this permutational symmetry the number of integrals that needto be
evaluated can be reducedby about a factor of eight. In modern quantum chemical
codesthe ERIs are usually evaluated over shell quadrupletbatches. A shell typically
comprisesall contracted functions of a given centre and given angular momentum.
For example, an s-shell of a 3s2p1dbasis set comprisesthree functions, a p-shell
six, and a d-shell 5 functions. In order to exploit an integral shell quadruplet
batch to its maximum extent, i.e. to make use of the permutational symmetry
mentioned above, the code should drive triangularly over the shell quadruplets. In
the following we will use M ; R; N ; S as symbols for shells of basis functions, i.e.,
� 2 M ; � 2 R, etc. A direct Fock builder performs a two-index contraction of
each integral batch (MR|NS)with the related pieceof the density matrix. If it runs
over the minimal integral list (i.e. exploits the full permutational symmetry of the
ERIs), each integral batch contributes to the Fock matrix via two Coulomb and
four exchangecomponents, as indicated in the pseudocode below.

DOM=1,NShell
DOR=1,M

DON=1,M
DOS=1,N | R (for N=M)

compute integral shell quadruplet block (MR|NS)
compute Coulomb component of Fock matrix:

f(M,R)=f(M,R)+4*( MR|NS)* d( N,S)
f(N,S)=f(N,S)+4*( MR|NS)* d( M,R)

compute exchange component of Fock matrix:
f(R,N)=f(R,N)-(MR |NS)* d( M,S)
f(R,S)=f(R,S)-(MR |NS)* d( M,N)
f(M,N)=f(M,N)-(MR |NS)* d( R,S)
f(M,S)=f(M,S)-(MR |NS)* d( R,N)

ENDDO
ENDDO

ENDDO
ENDDO

6.2 Integral prescreening

Obviously, the ERI supermatrix is a four-indexed quantit y. Therefore, the compu-
tational e�ort to evaluate the ERIs scalesnominally as N 4, where N is a measure
for the sizeof the chemical system (e.g. the number of basis functions for a given
basis set). For instance, for a system with 100-200atoms, involving about 2000
basisfunctions or more, the ERI supermatrix would comprise1012 � 1013 integrals.
It is clear that even though the algorithms for ERI evaluation have beendrastically
improved over the last two decades,no code can deal with all these integrals in a
routine calculation.

In the integral-direct approach the storagebottleneck is removed by reevaluat-
ing ERIs on the 
y whenever needed.One is then in the situation that the integral
evaluation is the bottleneck. The solution to the problem is not only to generate
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the ERIs more e�cien tly , but to search for algorithms that can avoid the calcu-
lation of negligible integrals altogether. Fortunately, the ERI supermatrix is very
sparsefor extended chemical systems. Consider for a moment an ERI (�� j� � ), as
given in eq. (245). Sinceboth � and � are Gaussianfunctions and involve the same
electron coordinate r 1, it is immediately clear from eqs. (248) and (249) that the
integrand decreasesexponentially with the distance between the centres r � � r � .
The sameholds for � and � . In fact, also the value of the ERI drops exponentially
with the distance between � and � or � and � . Unfortunately , the two Gaussian
pairs (�� ) and (� � ) are coupled by the Coulomb interaction 1=r12, which is long
range. Hence,the ERI still might be signi�can t even if (�� ) is far away from (� � ).
Therefore, the number of non-vanishing ERIs scalesasymptotically with N 2 rather
than with N 4. In a direct SCF scheme the ERIs are reevaluated in each itera-
tion and immediately contracted over two indices with the corresponding density
matrix elements. Now, for an extended (but non-periodical) chemical system, the
density itself is also sparse(i.e. D (M ; N ) becomessmall if M is distant from N ),
provided that the HOMO-LUMO gap is large enough(which is usually the casefor
non-metallic systems). Furthermore, the exchangecomponents of the Fock matrix
requirescontractions of the ERIs where the �rst index involvesone function of the
�rst Gaussianpair (�� ), while the secondindex corresponds to one function of the
secondpair (� � ). Hence,by virtue of the sparsity of the density matrix, the number
of ERIs with non vanishing contributions to the Fock exchangecomponent scales
asymptotically linear (i.e. asO(N )) with molecular size. Unfortunately , this is not
true for the Coulomb component, where the density connectsjust functions within
each pair. Thus, a straightforward schemewould lead to O(N 2) scaling. However,
since Coulomb repulsion is a relatively simple (i.e. classical) form of interaction,
one can employ multip ole expansions132;133;134;135 for the long range interactions,
for which linear scaling with molecular sizecan be achieved. If then the evaluation
of the Coulomb and exchangecontributions to the Fock matrix is done separately,
an overall linear scaling of the Fock matrix construction in integral-direct SCF
calculations can be achieved.136.

A prerequisite for approaching quadratic or even linear scaling in a direct SCF
schemeis a method to estimate the integral valuesasaccurately aspossiblewithout
actually computing them. This estimate must not be done for each integral or
each integral batch individually , sincethen the test would scaleitself with N 4 and
becomethe bottleneck. A strict upper bound for the ERI (�� j� � ) can be obtained
from the Schwartz inequality 137

j(�� j� � )j � Q�� Q� � ; with Q�� =
p

(�� j�� ) : (251)

The Q�� necessaryto compute the Schwartz estimates for the ERIs are just two
indexed quantities, and can easily be precomputedoutside the the nestedloop over
shell quadruplet batches. The number of non-negligiblesuch integralsscaleslinearly
with molecular size,and it is possibleto evaluate them in a way that the overhead
with quadratic scaling is very small. Furthermore, since the ERI prescreening
takesplace at the level of shell batches,only the maximum valuesof Q�� over the
respective shells, i.e. the

QM R = Max
� 2 M ;� 2 R

Q�� (252)
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are required. The four nestedshell loopscan now be replacedby two loopsover the
pairs (M R) and (N S) with non-negligibleQM R and QN S , respectively, and within
theseloops the product QM R QN S can be tested against a threshold. Formally, this
prescreeningprocedurescalesquadratically with molecular size,but the prefactor is
very small. A morepowerful prescreeningschemehasalsoto takethe density matrix
into account. As we have seenabove, each ERI contributes with two Coulomb and
four exchange components to the Fock matrix, and therefore the following test is
required

QM R QN Sdmax � � ; with

dmax = max(4jdM R j; 4jdN S j; jdM N j; jdM S j; jdRN j; jdRS j) : (253)

If the exchangecomponent of the Fock matrix is constructed separately, eq. (253)
reducesto

QM R QN Sdmax � � ; with dmax = max(jdM N j; jdM S j; jdRN j; jdRS j); (254)

leading to an overall linear scaling of shell quadruplets that survive the test, and
consequently the number of ERIs that have to be computed.

The e�ciency of this prescreeningscheme can be enhanced in several ways.
First, sinceERIs are evaluated batchwiseover whole shells,it might be desirableto
split o� di�use functions (small exponents) from tight functions (large exponents),
and to treat di�use functions in separateshells. Even though this will increasethe
total number of shell quadruplets, the actual number of integrals to be computed
can be reduced. Second,the e�ectivit y of the prescreeningschemesin eqs. (253)
and (254) canbeenhancedfurther by constructing incrementalFock matrix updates
in each new iteration, rather than the total Fock matrix. Consider the the Fock
matrices of two consecutive iterations m � 1 and m:

f (m � 1)
�� = h�� +

X

� �

d(m � 1)
� � f 2(�� j� � ) � (�� j�� )g; (255)

f (m )
�� = h�� +

X

� �

d(m )
� � f 2(�� j� � ) � (�� j�� )g :

Obviously, the mth Fock matrix can also be computed via the recurrencerelation

f (m )
�� = f (m � 1)

�� +
X

� �

f d(m )
� � � d(m � 1)

� � gf 2(�� j� � ) � (�� j�� )g;

i.e. by generating an incremental two-electron repulsion matrix, obtained by con-
tracting the ERIs with an di�erence density matrix � d (m ) = d (m ) � d (m � 1) . To-
wards convergence,� d (m ) will becomevery sparse,and thus the prescreeningbe
more and more e�ectiv e. The advantagesof this recursive construction of the Fock
matrix can be further enhancedby the `minimized density di�erence` approach 137 ,
where rather than simple density di�erences a linear combination of a history of
densities (and Fock matrices) is used, which minimizes the density residual. On
should note at this point, however, that the prescreeningthresholds may have to
be tightened towards convergencein order to avoid numerical noiseand thus a de-
terioration of the convergencebehaviour of the SCF. Changing the thresholds on
the other hand implies the calculation of a full Fock matrix, i.e., a restart of the
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density di�erence procedure. Moreover, the DI IS (direct inversion of the iterativ e
subspace99) convergenceacceleratorhas to be restarted as well.

The philosophy of the direct SCF approach was basedon the observation that
the e�ciency of integral processinghad outgrown the storage and I/O capacities
on modern computer systems.Evidently though, after eliminating the storageand
I/O bottleneck at the cost of additional CPU time, the evaluation of the ERIs again
becomesthe bottleneck in large direct SCF calculations, despiteof all the ERI pre-
screeningdiscussedabove. Much work has therefore beendedicatedto improve the
e�ciency of ERI evaluation and Fock matrix construction. Someof theseideascan
be summarizedasearly contraction schemes,wherethe Fock matrix is built directly
from the two-centre integrals in the GaussianProduct basis (cf. GPT, eq. (248)),
avoiding the handling of explicit four-centre ERIs over primitiv e or contracted basis
functions asmuch aspossible. Other ideasgo into the direction of (approximately)
reexpanding a product of basis functions in a new auxiliary basis (approximate
three-centre expansions138). The approximate three-centre expansionsappear in
a di�eren t context (RI-DFT, RI-MP2) in other lectures of this winter school. A
discussionof these methods is beyond the scope of this brief overview. Excellent
overviewsof thesemethods can be found in Refs. 139;140 .

6.3 Integral-direct MP2

As shown in section2.3, the MP2 contribution to the correlation energyfor a closed
shell system can be written in spin-free formalism as

E (2) =
X

i;j;a;b

(ia jj b)[2(ia jj b) � (ibjj a)]
� i + � j � � a � � b

; (256)

where � i , � j , � a, � b are the corresponding eigenvaluesof the Fock matrix. The MO
exchange integrals (bj jia) are computed from the AO integrals (ERIs) through a
four-index transformation asshown in eq. (91). In the following, we will denotethe
four quarter transformation stepsby Q1, Q2, Q3 and Q4, respectively. The nominal
operation count (without any prescreening)of the Q1 step scaleswith O(moccm4),
while the others scale with O(m2

occm3), i.e. the cost of all steps increaseswith
O(N 5). For applications on large moleculesit is therefore essential to reduce this
steepscaling by prescreeningtechniques,similar to the direct SCF case.

The memory requirements of the four individual transformation steps can be
minimized by performing these over �xed shells. This seemsto be quite natural,
since the ERIs are generatedanyway as individual batchesover shell quadruplets.
In a straightforward scheme of that type the storage requirements to hold an in-
dividual AO ERI batch then are O(s4) (s denotesan averageshell size, which is
independent of the molecular size), O(moccms2) for the ERIs after the Q1 and Q2
steps, and O(m2

occm2) after the Q3 and Q4 steps, respectively. Apparently , while
the computational burden is largest for the initial transformation step, the memory
requirements are highest for the �nal step. In the canonical MP2 casethe MO in-
tegrals are immediately consumedand accumulated to the MP2 correlation energy,
according to eq. (256). A straightforward way to reducethe memory requirements
of the critical Q3 and Q4 steps then is to segment the �rst MO index i into indi-
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vidual chunks (as large chunks as possible,given by the available memory) and to
multipassover the AO integral list for each chunk individually 126;127 . This reduces
the memory requirements from O(m2

occm2) to O(I moccm2) (I denotesthe chunk
size) at the cost of repeated ERI evaluations. In order for this algorithm to work,
one of the ERI permutational symmetries (i.e. the (�� ) $ (� � ) symmetry) must
be abandoned,thus one integral passinvolvestwice as many ERIs as the minimal
list. The algorithm is free of any I/O operations and can be consideredas ful ly
direct. Yet the disadvantagesare obvious: repeated ERI evaluation might become
quite costly, and the number of passesincreasesquartically with increasingsystem
size and constant memory. A more e�cien t, semi direct algorithm generatesin a
�rst step the whole set of half transformed integrals (�j ji� ). The transformation of
the remaining two indices �; � to the virtual basistakesplaceafter an intermediate
bucket sort, which rearrangesthe ERIs to integral matrices K ij

�� , and transforms
individual K ij matrices one after the other. If the permutational symmetry of the
slow pair (�� ) (i.e. � $ � ) is abandoned,the maximum memory requirements are
solely O(smoccm2). Such an algorithm is outlined in pseudocode below (algorithm
A)

DOM=1,NShell
DOR=1,NShell

DON=1,M
DOS=1,N | R (for M=N)

Compute integral block (MR|NS)
Q1 step over shell block:
(MR|Nj) = (MR|Nj) + (MR|NS) * X(S,j)
(MR|Sj) = (MR|Sj) + (MR|NS) * X(N,j)

ENDDO
ENDDO
(Mi|Nj) = (Mi|Nj) + (MR|Nj) * X(R,i)

ENDDO
write (Mi|Nj) to disk

ENDDO
perform bucket sort/(Mi|Nj)=(Mi| Nj)+ (Nj |Mi)

Note, that in order to keep the (�� ) $ (� � ) permutational symmetry the trian-
gularit y in the operator indices i; j is lost. The �nal operator matrices K ij (i � j )
are formed by adding up the partial results K ij

�� + K j i
� � (i � j ), which is performed

during the bucket sort, as indicated above.
By virtue of an elaborate paging algorithm, it is even possibleto maintain also the
� $ � permutational symmetry (algorithm B), i.e.

R_End=0
R_Pass=0

1 R_Start=R_End+1
R_End=MIN(NShell,R_End+R_Batc h)
R_Pass=R_Pass+1
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if(R_Pass.gt.1) Read (Ri|Nj) for shells R_Start to R_End
DOM=R_Start,NShell

IF(R_Pass.gt.1. and.M.g t.R _End) Read (Mi|Nj) for shell M
DOR=R_Start,MIN(R_End,M)

DON=1,M
DOS=1,N | R (for M=N)

Compute integral block (MR|NS)
Q1 step over shell block:
(MR|Nj) = (MR|Nj) + (MR|NS) * X(S,j)
(MR|Sj) = (MR|Sj) + (MR|NS) * X(N,j)

ENDDO
ENDDO
(Mi|Nj) = (Mi|Nj) + (MR|Nj) * X(R,i)
(Ri|Nj) = (Ri|Nj) + (MR|Nj) * X(M,i)

ENDDO
IF(M.GT.R_End) Write (Mi|Nj) for shell M

ENDDO
Write (Ri|Nj) for shells R_Start to R_End
If(R_End.LT.NShel l) goto 1
perform bucket sort/(Mi|Nj)=(Mi| Nj)+ (Nj |Mi)

This meansthat the full permutational symmetry of the AO ERIs is exploited. This
algorithm is very e�cien t for molecular systemsof intermediate size. However, for
large systemsand limited memory, the paging overheadmight becometoo excessive
(even though no multipassing whatsoever over the integral list is involved, as in the
fully direct scheme), and algorithm A becomesmore e�cien t.

The Q1 and Q2 transformation steps require matrix multiplications, in which
at least oneof the matrix dimensionscorrespondsto the shell size. For small shells
the vector lengths are too short for a good performanceto be achieved. Therefore,
it is advantageousto merge adjacent R and S shells until an upper limit of 32-64
basis functions is reached. Signi�cant speedups(factors of 4-6) were observed, if
such shell merging was invoked 60.

For applications on larger molecules,integral prescreeningis of utmost impor-
tance. In order to assessthe values of the AO ERIs, the Schwartz inequality (eq.
251) is again employed. Furthermore a test density D max is constructed from the
MO coe�cien t matrix C as

D max
�� = Max

ij
C� i C�j (257)

The prescreening criterions for the direct transformation at the level of shell
quadrulets then are

QM R QN SD max
RS � � 1 (258)

before integral evaluation, and

Max
� 2 M ;� 2 R;� 2 N ;� 2 S

(�� j� � )D max
RS � � 2 (259)
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before the Q1 step, respectively. Such a prescreeningleads to a reduction of the
computational cost of the dominant Q1 step from O(N 5) to O(N 3) 60. The over-
all scaling however deteriorates again for larger moleculesdue to the subsequent
transformations steps,which, becauseof the delocalized character of canonical or-
bitals, scaleworse than O(N 3). In particular the Q4 step (i.e. the transformation
of the K ij

�� to the canonical virtuals) would still scaleas O(N 5), although with a
small prefactor, but neverthelesswill ultimately constitute the bottleneck of the
calculation. The remedy to this problem are local correlation methods, discussedin
section 4. In combination with local correlation methods integral-direct MP2 algo-
rithms with linear cost scaling have been implemented, which enable calculations
of moleculeswith more than 2000basis functions and 500 correlated electrons 54.

6.4 Integral-direct MCSCF

In MCSCF calculations the orbitals are optimized simultaneously with the CI co-
e�cien ts. Thus, an integral transformation is required in each iteration, which
constitutes one of the major bottlenecks in conventional MCSCF calculations. In
a direct scheme, this bottleneck is even much more severe, sinceeach direct trans-
formation also involves recomputation of all AO ERIs. It is therefore of utmost
importance that the MCSCF convergesin as few iterations as possible.

MCSCF orbital optimization methods can be classi�ed as �rst-order or second-
order methods. In the former only the �rst derivativesof the energywith respect to
the variational parametersare computedexactly, and updatesof the parametersare
obtained using someapproximation of the Hessian(e.g. a BFGS update scheme).
In �rst-order methods the coupling of the orbitals and CI-coe�cien ts is neglected.
One particular advantage of �rst-order methods is that only a very compact set of
transformed integrals is required, i.e. an integral distribution of the form (pj jkl )
with only a single external index. In fact, j; k; l here run just over active orbitals,
while the inactive orbitals (doubly occupied in all CSFs) can be accounted for by a
single Fock matrix 141;142 . Thus, any storagebottleneck connectedto the integral
transformation is avoided. An integral-direct �rst-order MCSCF method has been
described by Frisch et al.124 .

In second-ordermethods, also the secondenergy derivatives are computed ex-
actly, yielding quadratic convergencenear the �nal solution. Naturally , �rst-order
methods require lesse�ort per iteration, but are often slowly convergent and appear
to be only useful for the optimization of CASSCF wavefunctions141. In this case
convergenceis facilitated by the fact that orbital rotations among active orbitals
are redundant. Even with second-ordermethods convergenceis often di�cult to
achieve for general MCSCF wavefunctions142. The radius of convergenceand the
speedof convergencecan be substantially increasedby taking into account certain
higher-order terms, as�rst proposedby Wernerand Meyer143;144 and further re�ned
by Werner and Knowles98;91. Using the latter method (in the following denoted
WMK), convergencecan often be achieved in only 2-3 iterations, in particular for
CASSCF wavefunctions. Almost cubic convergencebehaviour is observed near the
solution. In the light of the discussionabove, the WMK method is particulary
useful in an integral-direct context, while the advantage of the simple and e�cien t
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transformation of �rst-order methods is spoilt by its slow convergencebehaviour.
The integral sets required by the WMK method are identical to those usedby or-
dinary second-ordermethods: in additon to the exchangeintegrals (ipjj q) also the
Coulomb integrals (pqjij ) are necessary. Furthermore, the very sameintegral sets,
generatedin the last iteration, can be reusedin a subsequent CASPT2 or MRCI
calculation. The additional Coulomb integral set can be produced simultaneously
with the exchangeintegrals by modifying the above MP2 transformation algorithm
A in the following way (algorithm C):

DOM=1,NShell
DOR=1,NShell

DON=1,NShell
DOS=1,R

Compute integral block (MR|NS)
Q1 step over shell block:
(MR|Nj) = (MR|Nj) + (MR|NS) * X1(S,j)
(MR|Sj) = (MR|Sj) + (MR|NS) * X1(N,j)

ENDDO
ENDDO
Q2 (J) step:
(MR|ij) = (MR|Nj) * X2(N,i) (summedover N)
write (MR|ij) to disk
Q2 (K) step:
(Mi|Nj) = (Mi|Nj) + (MR|Nj) * X2(R,i)

ENDDO
write (Mi|Nj) to disk

ENDDO
perform bucket sort

Note, that comparedto algorithm A the permutational symmetry betweenthe pairs
(�� ) $ (� � ) is lost, thus the AO integral list in algorithm C is four times as long as
the minimal list. As in the MP2 case(algorithm B), the permutational symmetry
(�� ) can be maintained by using an analogouspaging algorithm, which might be
advantageousfor intermediate cases.

6.5 Integral-direct multir eference correlation methods

The internally contracted MRCI and MRPT methods as discussedin section 5
can be formulated in terms of matrix operations142 involving the same Coulomb
and exchange matrices J ij and K ij as neededin the preceedingMCSCF. In the
MRCI and MRPT3 all contributions of 4-external integrals (abjcd) can be taken
into account by computing for each pair P an external exchangeoperator (EEO),
as de�ned in eq. (106)117;118;108. These operators can be computed directly from
the two-electron integrals in the AO basisby �rst transforming the amplitude ma-
trices into the AO basisand �nally transforming theseback into the MO basis(cf.
eqs (107). For an integral-direct implementation the internally contracted MRCI
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schemeis particularly useful, sincethe number of pairs and thus external exchange
operators that need to be computed is minimized and does not depend on the
number of referencecon�gurations. In uncontracted MRCI methods the number of
pairs P for which the EEOs K (T P ) must be computed is excessively larger than
in the internally contracted case.This doesnot only lead to higher computational
cost, but also to a storagebottleneck in the direct evaluation of theseoperators

The direct construction of the EEOs from the minimal AO integral list is ac-
complished by contracting two indices of the AO ERI (�� j� � ) with the two AO
indices of the backtransformed amplitudes 107, in all possibleways, which result
in exchange type contributions, and can be regarded as a `Fock build` (excluding
Coulomb contributions) of nP Fock matrices simultaneously (nP denotesthe num-
ber of pairs P). A shell driven out-of-core algorithm for such a construction of
the EEOs, as implemented in MOLPR O 60, is given in pseudocode below (module
DKEXT).

R_End=0
R_Pass=0

1 R_Start=R_End+1
R_End=MIN(NShell,R_End+R_Batc h)
Read amplitudes for shells R_Start to R_End
R_Pass=R_Pass+1
IF(R_Pass.gt.1) Read operators for shells R_Start to R_End
DOM=R_Start,NShell

If(M.GT.R_End) then
Read amplitudes for shell M
If(R_Pass.gt.1) Read operators for shell M

End If
DOR=R_Start,MIN(R_End,M)

DON=1,M
S_End=N
If(N.EQ.M) S_End=R
DOS=1,S_End

Compute integral block (MR|NS)
Compute contributions to operators

ENDDO
ENDDO

ENDDO
IF(M.GT.R_End) Write operators for shell M

ENDDO
Write operators for shells R_Start to R_End
If(R_End.LT.NShel l) goto 1

The algorithm employs a paging algorithm, which is quite similar to that used in
the direct transformation scheme discussedin section 6.3. The amplitudes and
EEOs are presorted according to shell blocks T M R

P;�� with M running slowest, and
stored on disk. In this way it is possible to read/write them for a given shell M
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and for all P and R.
All contributions arising from integrals over one occupied and three external

orbitals (ia jbc) can be taken into account by an additional set of EEOs K (D P ),
where D P are modi�ed coe�cien t matrices117;118;22, which di�er from the T P by
the addition of internal-external blocks arising from contributions of single excita-
tions. In single-referencemethods (CISD, MP4(SDQ), QCSID, CCSD) as well as
for evaluating the MRPT3 energy it is su�cien t to compute only the latter set of
operators. In MRCI calculations, this would in principle be possibleas well, but
sincethen complicated correction terms are necessary118 it is easierto compute the
operators K (T P ) and K (D P ) separately. Of course,the two setscan be computed
together in a single integral pass.

Sincethe EEOs depend explicitly on the amplitudes that must be computed in
each iteration. The computational complexity of EEO formation is nominally a task
O(m2

occm4) = O(N 6). In an integral-direct context this canbereducedto � O(N 4)
by virtue of integral prescreening60. In order to get e�cien t prescreening,it is
important to include the amplitudes into the prescreeningscheme. Nevertheless,
in integral-direct calculations with large basis sets, the EEO construction often
dominates the computational e�ort.

6.6 Integral-direct coupled cluster methods

The �rst integral-direct CCSD method wasdevelopedby Koch and coworkers129;145.
In this method the transformed integrals are never stored on disk. Instead, "distri-
butions" of AO integrals (�� j� � ) are generatedfor �xed � , all � , � � � . One such
distribution at a time is kept in memory and consumedimmediately to compute
all contributions to the CCSD residual (fully direct CCSD). This method, although
very e�cien t on vector computers due to long vector lenghths, su�ers from some
severe bottlenecks (most importantly , the m3 memory requirements of the integral
distributions, mentioned above), which limit the application range for larger sys-
tems. An alternativ e method has beenproposedby Sch•utz, Werner and Lindh 60,
which di�ers from the above method by the fact, that the partially transformed
integrals are stored on disk (3=2m2

occm2 words are required). Considering that the
doublesamplitudes as the variational parametersof the iterativ e CCSD procedure
and the residualshave to be stored on disk anyway in several instances(due to DI IS
convergenceacceleration),with a required diskspaceof nDI ISm2

occm2, this certainly
doesnot constitute a further bottleneck, and seemsto be a reasonablestrategy. The
immediate advantage is that the remaining program remains entirely unchanged,
and that the sameintegral-direct modules as for the MCSCF and MRCI programs
can be used. Furthermore, in such a scheme the maximum memory requirements
can be reducedto O(moccm2), and to O(N ) for local CCSD (cf. section 4.2).

The MP3, MP4(SDQ), QCISD and CCSD methods, which all are related, re-
quire the sameinternal operators J ij , K ij , and the EEOs K (D ij ) as intro ducedfor
the MRCI casein the previous section. A further complication arisesin the CCSD
method 22, where the additional operators J(E ij ) and K (E ij ) (cf. eqs. (132)) are
needed. As discussedin section 2.5, these operators can be obtained by a gener-
alized integral transformation (cf. eqs. (133)-(137)). This transformation can be
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performed using the same integral-direct module as employed for generating the
J ij and K ij matrices, but since they depend on the singlesamplitudes they must
be performed in each iteration. An important point to notice is that the latter
operators are only neededfor CCSD, but not for the QCISD (quadratic con�gura-
tion interaction) method33. While the computational e�ort for thesetwo methods
is not too much di�eren t in conventional calculations22, in the integral-direct case
the full CCSD takessigni�can tly more time, due to this additional transformation
which must be performed in each iteration. For most applications, QCISD and
CCSD results are very similar, and QCISD may often be more cost e�ectiv e for
integral-direct calculations of large molecules,even though from a theoretical point
of view CCSD is more satisfactory. If the 3-external integrals are available though,
as is usually the casefor local CCSD calculations, then the construction of the
J(E ij ) and K (E ij ) operators takeslittle time, hencethere is little reasonto usethe
QCISD model in that case.
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