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Abstract

HSE Non-Local Part

The properties of solids are described successfully within density-functional
theory. However, the exact exchange-correlation functional is unknown and
the commonly used local-density (LDA) and generalized gradient approximation (GGA) fail to predict the band gaps and structural properties of
a number of oxide materials.This error is attributed to the self-interaction
in LDA and GGA, which is partly corrected in hybrid functionals.
Hybrid functionals contain a certain fraction of non-local Hartree-Fock
exchange and give excellent agreement with experimental results for oxide materials. We present our implementation of the PBE0 and HSE06
functionals within the all-electron full-potential linearized augmented
planewave method realized in the FLEUR (www.flapw.de) code[1, 2]. We
highlight the excellent performance of these functionals for oxide materials,
especially for systems in which LDA and GGA predict incorrect properties.

For the HSE functional the Coulomb potential in (1) is replace with an
attenuated one
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This allows to evaluate the matrix elements efficiently by a sum over G
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FLAPW Basis
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Nested Self-Consistency
interstitial

We investigated two rare earth compounds,
namely EuO and GdN. These materials are
ferromagnetic with an ordering temperature
around 60 K. Upon passing the Curie temperature the resistance drops by several orders of
magnitude.
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In the FLAPW method space is divided into muffin-tin (MT) spheres and
the interstitial region (IR). Within the MT spheres the electronic wave
functions are represented by radial numerical functions and spherical harmonics, whereas in the IR a planewave representation is used.
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Europium Oxide
The right figure shows a schematic density of
states (DOS) for the majority spin in europium
oxide. The minority spin DOS looks similar only
that the 4f-states are above the Fermi energy
and thus unoccupied.
5d
With a common exchange correlation functional
such as the PBE-GGA, density functional theory
cannot predict the experimentally observed DOS
4f
(see table below). With the hybrid functionals
the position of the 4f-states is corrected, so that
2p
the system has a finite bandgap. Furthermore
hybrid functionals improve the lattice constant
and the bulk modulus.

lattice constant [Å]
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Hybrid Functionals

distance of charge density

gap 2p – CB [eV]
The most expensive part of the self-consistency is the calculation of the
non-local potential Vx,G0G. However, the most change to the total poGadolinium Nitride
tential during self-consistency origins from the local potential. Thus, an
efficient implementation keeps the non-local potential fixed until the local In a recent work, Larson et al. [10] examined the properties of the rare
potential is converged. Only then a new non-local potential is calculated. earth nitride series. They used a LSDA+U approach to calculate these
materials as the common exchange correlation functionals are insufficient
lm
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to describe the localized f-states. They tuned the value of U to match the
Linear Mixing
Nested SCF
experimental bandgap in GdN.
1
In PBE0 hybrid functional[3] non-local Hartree-Fock (HF) exchange reGGA
HSE
LSDA+U exp.
places a certain fraction of the local PBE GGA exchange.
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lattice constant [Å]
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5.08
4.986 [11]


bulk modulus [GPa]
150
160
150
192 [12]
ExPBE0 = ExPBE + a ExHF − ExPBE
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The key difference to the related HSE functional [4, 5] is the separation
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Figure: Convergence of charge density for EuO with 6 × 6 × 6 kpt- We compare the results obtained within a HSE calculation with their results
SR
LR
mesh; drastic improvement of execution time with nested self- and find that one can get a reasonable agreement. Comparing to the
consistency (cluster with 8 processors calculation)
experimental results, we improve on the lattice constant. In experiment,
In the HSE functional the LR term is approximated by the corresponding
the bandgaps is measured above the Curie temperature, so that one has
LR PBE expression. Thus the exchange energy can be written as
to calculate an approximate bandstructure from the 0K results. In their


The total energy of the system is given as
work, Larson et al. proposed to intermix the states of both spins at 0K to
ExHSE = ExPBE + a ExHF,SR(ω) − ExPBE,SR(ω) ,
get an estimate for the values above TC. The values in the table above
E = hT i + Eeff + Exc
were calculated using the same method for our eigenvalues.
where ω is an adjustable parameter: ω → 0 and ω → ∞ correspond to
the PBE0 and the PBE functional, respectively. It was found [5] that the The kinetic energy is calculated by a reformulation T = H − V
best agreement with experimental results is achieved for ω = 0.11.
X
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Mixed Basis Ansatz

In a generalized Kohn-Sham the non-local exchange potential is given by

By the hybrid functionals, the expression Exc is altered corresponding to
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where φn,q is a Kohn-Sham wavefunction, χk,G and χk,G0 are FLAPW
and the term hVxci is modified by an additional term
basis functions and the sum includes only occupied orbitals.


These matrix elements are needed in each iteration. It is advantageous to
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As we include HF exchange only for valence states, the first summation
I
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over i only includes valence states. The second summation over j includes
IR
Θ(r ∈ IR).
Mk,I = √ e
all occupied states.
V
In HSE, the Coulomb potential is replaced with an attenuated Coulomb
We call this basis mixed product basis, because of the mixture of MT and potential and only the short-ranged component of the PBE part is taken
IR basis functions. With the completeness relation for the mixed product into account.
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where only the overlap integrals (red) must be evaluated in each iteration
step (details in [1]).The matrix Vk,IJ (green) is evaluated only once before
the self-consistent cycle and stored on hard disc. During the iterations
the matrix is loaded and the summation over all mixed basis functions is
10
performed.
Sparse-Matrix Technique: In the construction of the MT functions
of the mixed product basis, we have the freedom to construct the radial
functions UI such that all but one function with the same angular moment
1
have a vanishing multipole moment. For all other functions, the matrix
4
6
8
10
Vk,IJ vanishes, so that less elements of the overlap integrals have to be
kpt-mesh is n × n × n
calculated. This approach is approximately a factor of 2 faster than an
Figure: The difference of the bandgap to a converged value (12×12×
approach not taking care of the multipole moments.
12 mesh) converges much faster in PBE and in HSE than in
PBE0.
bandgap convergence (meV)
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Conclusion

i

The implementation of the hybrid functionals in the FLAPW method is
realized by projecting the products of wavefunction and basisfunction on an
auxiliary mixed product basis. This basis consists of functions non-zero only
in the MT spheres or the interstitial region and is optimized in the muffintin part to calculate as few elements as possible. The HSE functional is
implemented via a Fourier transform of the potential difference.
The core states have to be treated separately from the valence states when
one calculates the total energy, as the eigenvalues and -vectors of these
states are calculated using a simple PBE Hamiltonian.
The execution of the calculation is more efficient by introducing a nested
self-consistency scheme as the changes in the non-local potential are much
smaller than in the local part.
The HSE functional has a superior kpt-convergence with respect to the
PBE0 functional due to it’s shorter range.
The rare-earth compounds EuO and GdN are described well with hybrid
functionals, though the common GGA cannot predict their bandgap. The
lattice constants have less than half a percent mismatch compared to the
experimental one. Both systems are correctly found to be insulators in
hybrid functional calculations.
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