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. Introduction & motivation

Examples of colloidal dispersions
Modell dispersions and direct particle forces
Hydrodynamic interaction (HI)

Dynamics on colloidal times scales



Examples of colloidal dispersions

Definition: 1 nm < <10 um

Examples: micellar systems
microemulsions
proteins
viruses
inorganic particles
(goldsal, Silica, ...)

Brownian
erratic motion

Solvent: H,O, ...

Industrial products: dispersion paints
pharmaceuticals
food stuff
cosmetics
waste water

\ 4

100 nm

Theoretical task:

* Particle properties/interactions

=

* Transport properties:
- diffusion coefficients
- viscosities
- conductivities



Model dispersions in 3D

Charge-stabilized dispersions : u(r) |
kBT "\_‘.‘7 uel(r)
40 F "\_‘
20 |

uel(r)ocQ2exp{—Kr}/r,r>G 1 2 3 24 t/G

u(r) = u (r) fuirQ/e >>1
Sterically stabilized dispersions :

u(r)

* Range and strength of u(r) is tunable T g 230 /0



Phase behavior of colloidal hard-sphere dispersion

fluid coexist. | crystal crystal
o fluid- coex.
.. .. crystal ..... crystal -
© P @ YT glass
® 0% e : -
K L
0 049 <054 058 064, 074 P
- Df ‘fbm ‘bg e, P rep ‘Dcp

Pusey & van Megen
Nature 320, 1986

* Present lectures restricted on colloidal systems in fluid one-phase region
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Quasi-two-dimensional model dispersions

Colloidal spheres between two walls

O @ Q.
| 09@ @
h/2
] /
([ w0, r<o
u(r) =+ e I
D208 oo =
er h/2

.

* Yukawa-type model potential
(Chang & Hone, EPL 5, "88)

Magnetic spheres at water-air interface

super—paramagnetic
particles

B2
3

2
u(r) — “OXeff
4T T

* Well-characterized dipolar potential

(Zahn & Maret, PRL 85, "00)
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Experimental realization: Brownian forces

Courtesy: J.L. Arauz-Lara, Univ. of San Luis Potosi

Video microscopy

Y

|
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Glass walls

O  Polystyrene spheres (¢ = 1um)

O Spacer spheres (h > ©)
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Colloidal particle dynamics determined by interplay of:

1. Direct particle interactions (DI)
2. Brownian erratic forces due to solvent molecules’ bombardement

3. Hydrodynamic interactions through solvent (HI)

11



Hydrodynamic interaction (HI)

* Long-range dynamic many-body force ~ r!
* Quasi-instantaneous & inertia-free on colloidal time scales

* Small-Reynolds-number creeping solvent flow

V.
l ) o= iD (r™)-F
...... > F i = i ° g
i kBT = J J
/’—N‘\ " [
] ; K

~e_ .’ hydrodynamic mobility tensor (non-linear in rN)

( generalized Stokes'’ friction law )
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HI: Non-Brownian sedimentation of two small spheres

gravity

13



HI: Non-Brownian sedimentation of two small spheres

gravity

- fixed distance vector r

14



Asymmetric initial configuration of three spheres at z=0

(-1.1,0,1.15) (-1.1,0,1.20)

zlo

~500 ~500

-1000 | —1000

_1500 i L L L _1500 L L 1 1 L L .O_

5 10 0 5 10 15

0
x/c

20 25 30 35
x/c

» Sensitive dependence on initial configuration for N > 2 — chaotic trajectories

Courtesy : M. Ekiel-dJezewska and E. Waijnryb (unpublished results, 2004) 15



HI: Non-Brownian sedimentation of many spheres

Horizontal position

40

80

Vertical position

120

160

- meandering trajectories & fluctuating velocities
- hydrodynamic ,diffusion® due to HI
- existence & form of final stationary particle distribution P,(rN) still under debate

- slowly sedimenting colloidal particles — Brownian trajectories, P(rN) existent
16



Dynamics on colloidal time scales

ﬂk
2
<[r(t)—r(0)] > momemtum
relaxation
6

. M

B — 2T, = B il
211, I D, (}“ i
short-time : long-time
Py <<t i t>>1,
I I —/ »t/sec

107 10°° 1073

—> DLS t > t3: overdamped Langevin-Eq.
' generalized S moluchowski-E q.
17



Dynamics on colloidal time scales

* quasi-inertia free motion on coarse-grained colloidal time- and length scales

At>>1, =107 sec

Ax >>1, =,/D,1, #1070

“stopping distance”

Rhodospirillum bacteria (length 6 * 5 um)
18



Dynamics on colloidal time scales

Overdamped Langevin-Eq. Generalized Smoluchowski Eq.
MV.(t)=0=F" + F" + K} —P(r t)+ZV [ (HPE,0]=0
/ ot / i=1

/ /
Random force PDF  coarse-grained velocity from
(solvent collisions) force balance
Dynamic simulations Theoretical calculations

* pure configuration-space description for t >>1g
19



2. Salient static properties

Pair distribution function
Static light scattering and structure factor

Methods of calculation

20



Pair distribution function

Canonical NVT-ensemble: N >> 1 spherical particles in volume V at temperature T

) joint d.f. f N
& (b, ) = N(N-1)..(N-n+1) = [dr,...dr joint d.. for n <<
P ) \ (N-1)--A '[ et N Zy\ particles at{r,.... 1, } =r"
n out of N
probability d.f. of r"
ZN (V,T) = jdrl...drNe_BU = IdrNe_BU ( ) ZU.(I' —T; ‘) ZU( 1_])
1<J/ 1<]
assume pair-wise additivity
2) (¢
Define pair distribution function as: gN (1'1,1'2) PN ( L 2) — 1 forr=r,, —» “0”

o) ()l (1)

|sotropic fluid state (no crystal or external field) :

(1) N |
PN (r> = v = p :average number density

gn (1,1 ) =gy ([ —1|) =gNn () : NVT radial distribution function



o AUl d 1
gy (r)=L 2(r) N(N ) [[dr;...dry =—— en(r)=1-—
p p’ ZAN
: : : : ideal gas :
* gy measures pair correlations relative to ideal gas U=0and Z, =N
- _ N
pjdrgN (r)= mJ‘drlz Idr3...drNe U(r™) /Zn =N -1
p [

% I dr; dr,

* 4nr?p gy is average particle number in shell [r,r+dr] (i.e. g(r) is conditional pdf )

Thermodynamic limit for macroscopic system: 8 (T) = N 1\1/11_1) gn (1) p = N/V fixed
5 00)

gr) 20, g(r>ow)=1
General behavior of g(r) :

g(r) = 0, when Bu(r)>>1

g(r) =exp[-Bu(r)] for p—>0

g(r) continuous where u(r) continuous 22



* Sketch of g(r) for soft pair potential

g(r)

correlation length &(T)
>

T S r/c
S
1. coordination 2. coordination
shell shell

* Sketch of g(r) for hard-sphere dispersion

- jumpatr=oc

- g(r<o)=0sinceu(r<oc)=ow
- g(t)=exp[-Bu(r)]=0(r-c)forp=0

* Undulations in g(r) more pronounced for higher density and lower temperature

23



Static light scattering and structure factor

« Scattering in homodyne mode: A, = A ,./n,= O(c, p'?)
@
K S

laser

— point scatterers (Rayleigh) : 6 << A
— single scattering (1. Born approximation) JANVAN
— no absorption

Quasi-elastic: ke =k; =2n/A¢ ( mp, <<M) /\\//\

Phase difference between jand 1: Bl+Al=K¢ -ry; —Kk; - Tj =q- T

1
Scattered el. field amplitude at detector :  E (q) ¢ —— kz ZN exp{1q (r —rl)}

e \ 24

blue sky R >> scatt. volume size



N
Time-averaged measured intensity :  I(q) = <ESE: >T oc < Z exp {iq-(rl —rj)}>
,j=1 T

Ergodic system (fluid state) : lim <>T = <...>N>>1

T_)Hw!l

—

N . _ _
I(q) oc N + <Ze1‘”1j > =N+N(N-1) <e“1'flz > =N+N(N-1)V j dry, e'dM j drN-DePUCD) 7
1#] ~ ~
- 1
= N{1+p[dre [gy (1)~ 1]} + Np(2m)’8(a) Sren(ia)
forward contribution
(no correlation information)

Static structure factor in T-limit:  S(q) =1+ pj dre'" [g(r) 1] =lim <§ 8p(q)8p(—q)> >0
(N0 Vo0, p = NN fixed) =

) N N 0¢°®° o°
3p(q) = [dred™ {3 8(r—r)—p = ¢ —(21)*p5(q) ° o e
=1 =1 P*e’ ; _.' |
Ps
: 0
Compressibility equation : lim S(q) = X—de =kpT (_pj
q—0 AT op )t 25




Remarks about ordering of T - limit and g — O limit

Periodic replication of system (scattering) volume V = L3 : ° T
° 0 ® L
_ iqr 3 o o ¢ l
Vg = [dre™ — (2n)’ 3(q)
1 1 A
v2F@—> —— [ daF(@ f(r+nL)=f(r)

(27[) R3 \

reqularatq=20

vector with
components 0, £1, = 2, ...

Applications : (2 )6

3
5(q)> = 82,0 =3, (23) 5(q)

1 2 a iqr
Sn (@) =~ {[3p(@) >N 3p(a) = Y™ N3y
1=1

lim S(q) = Iim limSy\(q) ==+ # hm{SN (q=0)= O}
q—0 q—0 oo XT ;
density of (275)
: o g points vy
* First T-limit in NVT ensemble thenq — 0 2

* Several wavelengths A=2r/q should fit into V



S(q) and g(r) for a charge-stabilized dispersion

A, z|27c/ I, I,
25 25 |
S(q) l l — ¢ =0.101
—— ¢ =0.079
2t _ -—- $=0.043
15t
o
11
05
0
0

low compressibility

O particle cage
o2 .

(G. Nagele, Phys. Reports 272 (1996))



Interpretation: diffusive Bragg scattering from particle density waves

1. order constructive interference

A .9

— =2d sin—

ng 2

(] (] i (] i (] (] (] ® i (] (] (] — 47'[:1]5 1 g

AL A A T
d ® — typical spatial resolution for selected q

28



Point scatterers — weakly scattering colloidal spheres with a = O())

N )
Eg(@oc Y | dxe ™ y(x)

1=1 x<a

I, oc[ j dx eiQ"‘\p(x)]

I(q) o< (N} P(q)S(q)

Inherent assumptions :

—> isotropic spheres

—> Rayleigh-Gans-Debye (RGD) regime :
no phase difference of light through particle
and solvent, respectively, i.e

a/A<0.1

2n‘np — g

N N

z oldT local

1=1

W(x) =, (%) -

Es

scattering strength

Single-particle form factor

a
jdx e' Ty (x)
0

P(q)=

Jdxw()
0

P(g=0)=1
P(q=x)=0

2

29



Example: optically uniform colloidal spheres with ¥ = const

Form factor and structure factor of hard spheres (in PY)
1.6 ? ? ' ? 1 '
S(y,0=0.3) —
1.4} P(y) — -

1.2 t

(b(q))’ 1

0.8

. 2
P(q) = (311(qa)]
qa

0.6
Formamplitude

0.4

0.2t

0 2 4 6 8 10 12 14
Yy = Qo , i.e. wavenumber times diameter

* Large particles scatter more strongly in forward direction

* q>4.5/a not accessible by light scattering



Methods of calculation

» Computer simulations (Monte-Carlo, MD and BD)

— « Ornstein-Zernike-type integral equation schemes

31



Introduce total correlation function : h(r,):=g(1;)—1 h(rp) >0, forr, —> ©

Define direct correlation function c(r) through Ornstein-Zernike equation :

h(r;) =c(rp) + der3 c(113)h(ry3)

/ N\ N\

total correlations direct indirect correlations of 1 and 2
of 1 and 2 correlations through particles 3,4,...

h(ry) = c(rp) + PJ dr; c(r3) c(rp3) +p° _[ drydrye(rz) e(tpg) ers) +0(c*)

3 3 4
=0 =00 + ))\‘ * | 1 ¥
1 2 1 2
1 2 1 \ 2

: =p J.dr- indirect correlations of 1 and 2 through two
1 intermediate particles 3 and 4

General properties of ¢(r) :  ¢(r) =h(r) = e P _1 4 O(p)

¢(r)=—Bu(r), r—>oo valid for all densities 32



- ¢(r) is more amenable to approximations than g(r)

- Fourier-transformed OZ equation from convolution theorem :
_ q-r . _ iqr _ 47t T .
S(q)=1+p j dre'9Th(r) =1+ ph(q) h(q) = j dre'9Th(r) = — j drrsin(qr) h(r)
9 0

h(q)=c(q) +pc(q)h(q)

- Solving for Fourier-transformed c(r) gives S(q) in terms of c(q) :

1
S(q)_l—pc(q)zo

Ornstein-Zernike equation
+ approximate closure relation : c(r) = Functional of h(r') & u(r’)

+ zero overlap condition (HC): g(r<o)=0

—

Closed integral equation for g(r) = h(r) —1 1



Examples of important closure relations

Rescaled mean spherical approximation (RMSA) :

c(r)=—Bu(r), r>Cp >0 gr=0g5)=0
Hypernetted chain approximation (HNC)

c(r) = e Pu®  or(r) —v(r)—1 y(r) :=h(r)—c(r)
Percus-Yevick approximation (PY)

o(r)=e Pum). [1+v(1)]-y(r) -1

Rogers-Young mixing scheme (RY): thermodynamically partially self-consistent

() = e PUD .[1 . exp{y(tf() f)(r)} - 1} y)-1 @) =1-e O
r
o —>o0: HNC

Virial _ _ Compr
Xt TXT

a—>0: PY 34
Tf determines o



S(q)

3.5

2.5

1.5

0.5

Hard spheres with ¢ = 0.492

PY+VW
MC: N=860
RY

T
NGO

PY & MSA

II|J">II|III

6 8 10 12 14 16
qa

18 20

S
[S®]

35



Example: strongly coupled charge-stabilized colloidal spheres (¢ = 0.185)

o
|

05—

Results by Banchio & Nagele :
see in Lecture Notes 14, Polish Academy of Science Publishing, Warsaw (2004)

» For each u(r), closures should be tested first against simulations

36



3. Dynamic light scattering

- Basic scattering theory

- Dynamic correlation functions

37



Basic scattering theory

 Homodyne scattering set-up :

i =y | _
Laser 9= kf - ki
Polarizer
4 . . .
gq=—sSIn— quasi-elastic
L

Analyzer

Photomultiplier at distance R >> Vg

— Maxwell equations for non-magnetic and linear dielectric media
— Single scattering (1. Born approximation)
— RGD regime (superposition + s-waves)

38



« Scattered electric field strength at detector place :

kR N

c ! la-r, ~ Q QK A

Es(q) o n Eq Y ¢ fig - (1-Kk¢ke)-By(q)- i,
=)

!

far-field electric field L propagation direction

1 iq-
Bi(q)= . I dx '™ |:8p (x) —& 1} form amplitude tensor of sphere |

§ x<a
V, A A
Bi(q) = S—ab(q) {(SllL — Ss)u jup+ (8;' — Ss)(l —uqu )} homog. sphere with single optical axis
S \ pointing along unit vector 4

form amplitude of isotrop & uniform sphere

* VV — geometry : measuring non-depolarized el. field comp.
* VH — geometry : measuring depolarized el. field comp — rotational diffusion

* Optically isotropic sphere : €, = 8p1 — zero VH — singe scattering 39
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Siegert relation: polarized scattering from isotropic & monodisperse colloidal spheres

Homodyne DLS: determines intensity autocorrelation function (IACF)

21(0,9) = (1,(a, 0)15(a, 1) = (E4(q,0) EZ(,0) - Eo (4, D E< (g, )

21(6,t) = (Ey(a,0)E;(a,0))(E(a,) Eg(a,1) /
time
+(Ey(a,0) Eg(a,0)(E; (4,0 Ey (1)) average
+(Ey(a,0)E{(a,0)(E}(a,0)Ey(q,0))

Central limit theorem: - each cell includes many scatterers

> Correlation length

- E4 is complex central Gaussian random variable

A

E /\
2 2
gl(qat) = <Is(q)> + 0_+ <Es(_q90) Es(qat)> / V/\A\/f\v/\\/\ » t
isotropic o
fluid phase time-indep. mean translational invariance of homog. system

in equilibrium

40



<eiq.[rj+r1J> _ <eiq.[rj+a+rl+aJ> _ <eiq~[rj+r1J>eziq.a spatial homogeneity

0
<elk1’r1 ez olknTy > = Ok, +k,+.. 4k, ,0 <elk1 et efan >

]

gr(q,t) = <E:(q, 0) Es(q,t)> el. field autocorrelation function (EFAC)

1/2 : , , :
2
gr(q,t) = [gl(q,t) _ <Is((I)> } Siegert relation for stationary, ergodic system
( time average — ensemble average )

A

gr(q,t) =gp(q.1)/(I(q)) — &r(q,0)=1 2-&(th)

gi(a.) =gi(@.0/(I(@)" — él(q,O)=<Is(q)2>/<ls(q)>2 ] f-Tem—

g1(q, ) =1+[8g(q,t)] ?

0< <[Is(q) - <IS(Q)>2 J> = <IS(Q)2>— <IS(Q)>2 — in general, only valid that : g;(q,0)>1
41



Dynamic correlation functions

« Homodyne DLS experiment + Siegert relation :

d ic structure fact
25(a, ) o (N) P(Q)S(q, 1) «—— WRame stuciure factr

N .
S(q.0)= 1im<§6p<—q,0> 5p(a, t)> - lim{fq > <e“"["j““l(o)]> N Sq,o}

il=l

. N .
S(q) =5(q,0) = 1+p [ dre'¥" [g(r)—1] 5p(q) =D "1 — N8y g

1=1

S(q,t) =G(q,t)+S4(q,t) «+— splitin self- and distinct parts

%480 hm<(N - el O]y 6q,0> =p[dre'

S4(q,t) =p[dre™ {g (r,1) -1}

gq(r,0) =g(r)

lim (V8 (r -1y (t) +1,(0)) -1

-V

—

gq(r,t): distinct van Hove

real-space function
(2d — experiments) 42

~~




- Self-dynamic scattering function G(q,t) :

G(q,t) =1lim <ei‘1’["1“)_"1(0)]> =p|dre' e (r,0) g (r;t)\= ligl<6 (r—r(H)+1,(0))
self van Hove function
(single-particle conditional pdf)

- Small-q expansion for isotropic system : Mean squared displacement
1< 2 I
G(g,0=1->3 a4’ <[xa1(t)—xa1(0)] >+0<q4) W(t) =%<[r1(t)—r1(0)]2>
o=1 . ~ /

d=1,2and 3 (dimensionallity)

<[r1(t) —rl(O)]2>/d

- Expansion in cumulant form :

G(q,t) = exp{—qZW(t)} : [1 + non-Gaussian terms of O(q4)}
Small in fluid phase but:
dynamic heterogeneities

2 In colloidal glasses

~d/2 :
r,t)=(4nW(t exp — + non-Gaussian terms
gs(r,t) = (4nW (1)) p{ 4W(t)} .



Example: Quasi-2D dynamic structure factor of charged colloidal spheres

2 :
~— t=0.0s
t=01 s
4 -+ t=02=s
1.5 _
o -o =03 s

S(.1)

i
ATV
E

®

®

°

°

°

@

. h/2
a,;*Q;
0.5 . .hb' |
1 wm..‘
é ».\
0 .
2 10 18 26 34
qo

( Courtesy: J.L. Arauz-Lara, Univ. of San Luis Potosi )

S(q,t=0)=S(q)

S(q,t > ) =0 (in fluid phase) 44



0.8

S(q.1/S(q)

0.2

Example: Dynamic structure factor of 3D charge-stabilized dispersion

® EXP: 4,6 =0.60 g
0 EXP: ¢,6 = 0.69

S(q)

(Banchio, Nagele & Bergenholtz, J. Chem. Phys. 113 (2000)

 Density autocorrelation function S(q,t) decays monotonically in t

 Valid for any regular autocorrelation function at colloidal time scales

45




Example: Dynamic structure factor of 3D charge-stabilized dispersion

2.0
=0 t=0.1 ms
15 ¢ 1
1.0 3 ,m .
05 | MCT | .
o BD
\;3 0.0
%] .
=0.6 ms t=1.6 ms
15 | |
1.0
) j x@% |
0.0 . S |
04 04 0.8 1.2 1.6
qG

BD : Gaylor et al., J. Phys. A (1980)
Theory : Banchio, Nagele & Bergenholtz, J. Chem. Phys. (2000)



How to measure G(q,t) and W(t) using DLS ?

« Large-q measurement :

S(q,t) =G(q,t) +S4(q,t) * G(q,t)  (q>qy,)

S4(q,0) =S(q) -1

G(q,0) =1
Am
« Binary mixture of, w/r to interactions, identical tracer and host spheres

gr(q,t) o« G(q, 1) ® O (PT <Pn)
O

« DLS: typical resolution of correlation times

l usec < t < sec. to days 47



Example: Silica tracer spheres in index-matched PMMA sphere solution

— =
I 1. P
s /'
W(t)x10° (um)’ / ¢ = 0384 - -
770411
) -l " - < ) -
1 - >/ e
l -~ -~ r,..—‘"
- g '/' P e
| R - 0444
] / ‘./- ] - .
/o T
P 0.494
/-/ - R P o
z 'f'//‘-, —* _"j_—:._ ‘_-amt—-—‘ —xx HE T RET
[ 7T e 0.539
P L
e
i — I . ,
0 2 A [ 8 10
2
tx10" s

(van Megen et al., J. Chem. Phys. 85 (1986))

* Plot - log G(q,t)/q? versus g2 and extrapolate to g — 0 (then zero non-Gaussian contr.)

« Strong many-body influence of HI for ¢ > 0.2
48



4. Theoretical description of colloid dynamics

- Single particle dynamics in very dilute dispersions
- Colloidal time and length scales

-  Generalized Smoluchowski diffusion equation for dense systems

49



Single particle dynamics in very dilute dispersions

« Langevin equation for a single colloidal sphere :

M%V(t) —_Cov()+F() (1>,

Gaussian & Markovian

<Fot(t)> F~— 0 random solvent forces
v§ -
<Fa(t) FB(t ')> p=20 60‘[3 O(t—t") isotropic white noise <V2 (1) >F
_ —t/1 momentum
<V(t)> F= Vo© N g = M/ CO relaxation time 3kgT | . Y
M [

t ' 10"
v(t)=voe VB 4 Idu e ("W F(u)/M TBEIT 560

0

2 2 2t/ 30 2t/t 2\ 3kgT  equipartition

<V (t) >F—Voe B+M—Co(l_e b — \V >eq_7 theorem

I'=kgTC(, Fluctuation-dissipation relation 50



- Ensemble of independent particles in equilibrium — stationarity in time

v

3/2 _
1 M
<> = J.dl'oj.dVO Peq (I'O’Vo) <>F Peq (rO,VO) — v[znkBTj e 2kBT

1
o, ([t'-t") = H<V(t') -v(t"))  velocity autocorrelation function (VAF)

o, (1) = §<V(t) V) = %e_t/% single-sphere VAF

t | | 1 5 1‘[ 't . | )
r(t)—ro=£dt V() — WO = (r(0)-1) >=5£dt {dt by(t—t")

t
W(t)= Idu(t —u)9,(u) Ornstein-Fiirth formula for stationary system
0

kT
W(t):DO‘{ —T—B(l—e‘“‘B)}a M
t Dy(t—1p) (5 <1)

2 (1, <tk 1R)

Dy=—"— single-sphere translational Stokes-Einstein relation 51
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Single-sphere mean squared displacement (MSD)

W(t)

52



- Displacement Ar = r(t) — ryis central Gaussian random variable w/r to <...>

3 2
P(Ar,t) = H(zn Oax, )_”2 exp{_ (sza) } Gixa = <(Axa)2> =2W(t)

o=1 2 OAx,
~3/2 _(Ary’ _ 0y
P(Ar,t) =(4nW(t)) p{ 4W(t)} P(Ar,t=0)=35(Ar)

- Pdf is fundamental solution of diffusion-like equation:
(not a Fokker-Planck equation, since Ar Gaussian but non-Markovian)

0 * * N d _ —t/1g
aP(Ar,t):D (1) V2P(Ar, 1) D (t)—aW(t)—Do[l—e t ]

- Single-particle self-dynamic structure factor :

G(q,1) = [d(ARIT P(ar, 1) = 8 WO 5 ¢d Dt

N

At>1g & Ax>/Djtp
53



Overdamped (positional) Langevin equation for a single particle

- Time required to diffuse a distance comparable to a = 100 nm :

a —
rI:—z103sec > T >Tp
Dy

Momenta relaxed long before observable change in particle configuration

- Inertia-effects non-observable for times t >> 15 so that dv/dt ~ 0

1
v(t) :C—F(t) =vB3 (1) (At>1p & Ax>./Dytp)
0 \
B _ Gaussian & Markovian (i.e. local in time)
<V0€ (t)> =0 random velocity

<Vg(t) V[]?(t')> =2D 0, 0(t—t')  white additive noise

oy (t) =2Dg &(1)
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Overdamped (positional) Langevin equation for a single free particle

r(t)—-ry= jdt'v (t") = ArP(t) <ArB(t)> =
0

<ArB(t) ArB(t)> =2Dy15(t)

- Ar® is Gaussian of zero mean and variance 2Dg10(t) (Dgp =Sap
5 uw:=u-w'
-3/2 (Ar°)?
P(Ar®,t)=(4nDyt) P{— 4Dyt } (;W)aﬁ =Uu,Wp
W(t) _ <(ArB)2>/6 _ Dot MSD for t >> - dyadIC notation
0 B .\ _ 2 B . |
—P(Ar”,t)=Dy V°P(Ar",t) Smoluchowski eq. for free particle
ot statistically equiv. to positional Langevin eq.
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‘ delta

¢, (1) coarse-graining / distribution

@
4—
v
‘__
v

A

G(q,t)

P
<+
v
<_
=



Retarded free particle Langevin equation

M%V(t) =" duyt-wv@+FR@® (> 1)

Retarded solvent response
Friction force on sphere

R _
<Foc (t)> F— 0 by surrounding solvent

<F01§(t) Fé{ (t ')> F=kpT o, v(|t—t']) Gaussian & non-Markovian random force

- y(t) from linearized Navier-Stokes equation of incompressible fluid

< /

Ps 8ug;,t) =—Vp(r,t)+ nOV2u(r,t) Vou(r,t)=0 (t>1.=a/cx 10710 sec)
o(r,t) = —p(r, )1+ 1, [Vu 4 (Vu)T} Re — inertial force _ PG Vy, <
viscous force Mo
ou(r,t
( )=V -o(r,t) o(r,t) : Stress tensor of incompr. Newtonian fluid

S ot 57



F(t) = [ dSo(r,0) - A(r)
4 g

fluid force/area on sphere at element
dS at r exerted by surrounding fluid

t
F'(t) =- [ duy(t—u)v(u)

=N

Stokes-Boussinesq solution

o(r,t)-n(r)

o(q,t) = %I dr 97 V xu(r, t)

V- —iq

0 n
—[Vv t)]|=—"2A[V t 2
ALV xuc]= 4] xu<<>] A

vorticity (shear-wave) diffusion

due to unsteady particle motion
9, 0 B _
aw(q,t)=—2—0q o(q, t) g=a ' > w(q,t)/o(q,0)=¢ v

_ 42 Ps 91 ps T viscous hydrodynamic relaxation time
B for unsteady particle disturbances
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- Hydrodynamic long-time tails from Boussinesq solution for t = Ty

d? Lokt 1)
(t)=—W()= y
WO= e oNr M |1,

—1/2
W(t) ~ Dgt| 1-—= (ij 5 Dyt

Vr (1
d

Tail resolvable using DLS for micron-sized spheres

 Non-retarded Langevin-eq. applicable to colloids only for t > 15 = T

 Non-retarded Langevin-eq. applicable to aerosols for t = 15 > Tn
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Colloidal time scales

1078 10719 107 10°° 1073
—7 | | / | / | > t [sec]
T

TDLS T =a’ /D,

]

1

~ |
I

|

I

A I
1

1

|

I

|

I

|

molecular structural relaxation time
view
solvent compr. — quasi-inertia free (pure config.-space picture) :
matters: V-u =0 ;

Tc=alc - Many-particle Smoluchowski Eq.
- Overdamped Langevin Eq.

- Quasi-static creeping flow Eq.

- velocity relax. resolved
- unsteady solvent flow:
- retarded Hl d/otu =0

T8 =M/Cy transl. momentum relaxation time ({o = 67t1pa)

2
Ty =2 Pg /Mo = 4.5(pS /pp ) TR viscous relaxation time (vorticity diffusion)

(for aerosols: 1., K g = non-retarded Langevin-eq. for t ~ R)

n

Interacting particles: a — £(9,...) (interaction/correlation length) 60



Generalized Smoluchowski diffusion equation for dense systems

* N torque-free colloidal spheres in unbounded and quiescent (!) solvent

* Assume spherically symmetric direct pair interactions u(r)

— translational degrees of freedom decouple from rotational ones

Probability conservation of configurational Pdf :

gP(rN t)+§:v- '(v-(rN) P(rN t)):O
ot R ’

Quasi-inertia free motion for t > 1 = 1

n
total forceoni = 0 = Fip +F* + FiH + FiB
N N direct N external forces
P_ _© _ N (r irec X — V.U
Fi =-V,U(r )= z Viu(r) forces K~ =-V;U~ (") (e.g. gravity)

1=1

N
H N hydrodyn. force on i
F' =-) (r)-v ydrody
1 Egll( )V (by surrounding fluid)

Brownian force
(drives diffusion)
61
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Solve for the v, using generalized hydrodynamic Stokes-Einstein relation :

N
> 6™ D) =kgT ;1 §(X)-D(X)=kgT 1 X=r")
=1

real, symmetric + pos. definite 3N x 3N matrix
S N H B S N N
vi= By D) B =B K —FP | =Y Dy (r™) | BEP +BF -V InP(rN, 1) |
1=1 1=1

Insertion in continuity eq. leads to generalized Smoluchowski equation (GSE) :

. . . . N /
PN, t) = 0PN, b) O(r )=Zvi'Dij'[Vj‘B(F}“foﬂ
ii=1

9
ot

. _ Smoluchowski differential operator
Choice of Brownian forces was such that :

O(rN)e_B[U+UeX]:O i.e. e_B[U+UeX]

is stationary solution

H-theorem of

N N -BU ex _
P(r=,t) > P (r)oce (t—=>0& U™ =0)  gmoychowski dynamics 62



For hydrodynamically non-interacting spheres is :

N
. N H H
Dij(rN)zDOSijl l.e. Vi :_ZBDil(r )Fl — _BDO Fi

N
O(rN) — DOZVi : [Vi —B (Fip +F™ )} Translational-trgnslatign_all (tt)
P hydrodynamic mobilities
(linear velocity-force relations
implied by linearity of hydrodyn.

For totally non-interacting spheres is : egs. for fluid motion)

N
OO(rN) = D()Z:Vi2 — (sum of) single-particle diffusion equations
i=1
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Irreversibility of overdamped Brownian dynamics (,H-Theorem®)

—BU(r™) —-BU™)
N C C
Peg(r) = —= equilibrium Pdf ; Uex =0
I dxNe BUGY) Z

Consider free-energy-type functional A[P] on solution space of GSE defined by
A([P],t) = j dr™ PN, t)[kgT InP+U] ——— A[P]=-kgT InZ

—jd { [kpT InP+U]+kpT ‘21:}

\
_de Zv D (VP+BPVU)[kBTlnP+U]+kBTZV D;;-(V;P+BPV,U)

L] PV, In(P/P,,) L] PV, In(P/P,,)

Integrate by parts : surface terms vanish for P = 0 and grad P = 0 on system boundaries (zero flux)

dA N D; =Dy
dt:_kBTjdr P Z[v In(P/Peg) |- Dy - VIn(P/Pyy) | <0 S0, £ 50
1) At e i
1]
A([P],t) decays monotonically in time until its minimum A[Peq] is reached where dA/dt = 0 64



More ,fundamental® derivations of GSE :

* Murphy & Aguirre, J. Chem. Phys. (1972) : from many-sphere Fokker-Planck eq.

* Roux, Physica A (1992) : from fluctuating hydrodynamics
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5. Hydrodynamic mobility problem of many spheres

-  General properties of hydrodynamic interaction
-  Method of induced forces

- Motion along a liquid-gas interface
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General properties of hydrodynamic interaction

* Hydrodynamic mobility tensors in GSE follow from associated creeping flow BV problem

* Quasi-stationary fluid flow for t > 1, = 1

) Linear Stokes® eq.
0=—Vp(r)+neyV-u(r)=V-o(r) for fluid flow field
(zero total force density)

V-u(r)=0 Incompressibility of fluid

6(r)=-p(r)l1+n, [Vu + (Vu)T} Stress tensor

u(r) =v; + o; X (r - ri) for r on sphere surface S, (stick inner BC)

u(r)—0, |r|—>ow outer BC for quiescent and unbound fluid

Helmholtz (1868) :

« Unique solution u(r) for given BC's on inner and outer fluid boundaries

» Stokes flow has minimal dissipation of all u(r) with div u(r) =0 67



- Hydrodynamic force and torque on surface of sphere i

F = [ dSe(r;r™)-a(r)

H = | dS(r—ri)xc(r;rN)-ﬁ(r)

- Forces and torques are transmitted through fluid since div ¢ = 0 within fluid

- Friction problem for quiescent fluid: linearity of Stokes flow implies that :

F' ) (0 ') .(v
™) &' X))

= j <——  Supervector / -matrix notation :
Q)]

v=(v},..,Vy) etcetera
3N x 3N each,
depend only on X

- Torque-free spheres: TH=0 — eleminate w in favor of v

FH _ _|;gtt _gtr _(grr)—l 'Qrt]V

g . 68
=1 8(X)




- Relate to inverse mobility problem since mobilities needed as input in GSE

tt tr H
(V)?B D"(X) D"(X)|[ F e v=—pD'(X).FY
® D''(X) D'(X)) (T =0

- Solving the hydrodynamic Stokes-Einstein relation for D" gives

rt rr . rt rr :kBT[ j
a a D D 0 1

o J
VvV~ Vv~

N

D(X) =D (X) = ky T ¢ )] = TE) T —— ase

symmetric & positive definite 6N x 6N matrices

- Symmetry follows from Lorentz’ reciprocal theorem of Stokes flow or Green-Kubo form of D

tt _ nyftt IT T rt _ ntr
—  D;jj=b;  Djy=Dy  Dj;=Dy
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- Without hydrodynamic interactions (very dilute system) is :

tt rr rt tr

Dy = kpT FiH =—67Npa v; (6 — 4 : perfect slip)
6mnpa

D(r) = kpT TiH = _87m033 o; (8 — 0 : perfect slip)
8mmnpa
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Positive definiteness of hydrodynamic mobility matrices

- Rate of heat-dissipated energy created by sphere‘s motion relative to fluid :

A(r) o(r,t)-n(r)

N
——Z [ dsu(r) [ [~o(r)-A(r)] > 0

/N

Vit x(r-n) force/area on fluid caused by surface element dS

dE N - - Ctt gtr v Dtt Dtr FH
St S (a2

- v and o can be chosen arbitrarily : D''(X) and D" (X) positive definite

- From Stokes equation follows additionally that, with : e(r) = [Vu + (Vu)TJ/z

3
2
(il—E—Zandre(r) e(r)= 2n0jdr aB) >0 rate of strain tensor
t v o o,p=l
71



Point-force solution

- Find solution of Stokes eq. for a point force F acting on quiescent & unbound fluid at r :

—Vp(r) + nyV-u(r) = —f(r) V-u(r)=0 f(r)=F3(r)
- The solution for outer BC u(r > «)=0and p(r > ) =0s: volumetric force density
on fluid
1
p(r) =Qq(r)-F Qo(r)= Arep2 r Oseen tensor
T0)F Ty =——(1+F) <T>‘</> Bt
= . r)= rr r)= +
u(r) =To(r) 0 8Ny I 07ap 8mn, r op r?

V.u(r):() — V.To(r):() includingr =0
- Superposition gives flow-field due to N pointlike particles at positions {r, } :
N N
' H ' ! ' '
f(r) ==Y F'8(r'-r) — u(r)=[dr'Ty(r—r)-f(r')=-Y Ty(r—r)-F"
i=1 i=1

fluid force on particle i 72



- Assume stick BC: particles move with same velocity as fluid in contact, i.e. u(r;) = v;

- To avoid unphysical divergence (drawback of pointforce appr.) assume pointforce solution
for particle i to describe additional velocity change due to (N - 1) particles - HI alone :

kgT
V? =PDo FiH (Do= 6Tc]13”| a)
0 (N-1) 0
Vi ® Vi +Av; N Y
N-1 H
AT =D T on) B el
1#1

- Comparison with gen. Stokes friction law for torque-free spheres identifies mobilities as:

N
N
vi=-Y BD;;r")-F' =  Dj(r’)=Dyl
I=1
3a

D;;(r") =kgTTy(r; —r;) =D, E[l—i_fij SHRCES)
i

valid up to O(a2 /r2)

- Real justification follows from considering finite-sized spheres of radius a
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Derivation of fundamental solution (Oseen tensor) for unbounded fluid

—Vp(r) + nyVu(r) = —f(r) V-u(r)=0

l l

iqp(q)-neq u(q@) =—f(q)  q-u(q)=0

iq-qp(q)—19q° q-u(q)=—q-f(q) =
=(

u(q) = I dre'" u(r) et cetera
V- —-1q

[dqe " A(q)B(q) -

= (27:)3 jdr'A(r —r")B(r")

p(q):iq-fz(q) ulq)=—— : -[1-44]-f(q) = use convolution theorem

q 110(]

u(r) =Idr'T0(r—r')-f(r')

To(r) =

Qy(r)= (2 )

( 110(1 8mMor

p(r) = [dr'Qy(r—r")-f(r")
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Point-force solution

- Find solution of Stokes eq. for a point force F acting on quiescent & unbound fluid at r :

—Vp(r) + nyV-u(r) = —f(r) V-u(r)=0 f(r)=F3(r)
- The solution for outer BC u(r > «)=0and p(r > ) =0s: volumetric force density
on fluid
1
p(r) =Qq(r)-F Qo(r)= Arep2 r Oseen tensor
T0)F Ty =——(1+F) <T>‘</> Bt
= . r)= rr r)= +
u(r) =To(r) 0 8Ny T 07ap 8nn, r op r?

V.u(r):() — V.To(r):() includingr =0
- Superposition gives flow-field due to N pointlike particles at positions {r, } :
N N
' H ' ! ' '
fr)=-) F3(r'-r) — u(r)= _[dr To(r—r)-f(r)=-> To(r-r)-F"
i=1 i=1

fluid force on particle i 75



- Assume stick BC: particles move with same velocity as fluid in contact, i.e. u(r;) = v;

- To avoid unphysical divergence (drawback of pointforce appr.) assume pointforce solution
for particle i to describe additional velocity change due to (N - 1) particles - HI alone :

kgT
V? =PDo FiH (Do= 6Tc]13”| a)
0 (N-1) 0
Vi ® Vi +Av; N Y
N-1 H
AP =D T om) B el
1#1

- Comparison with gen. Stokes friction law for torque-free spheres identifies mobilities as:

N
N
vi=-> BD;(r")-F' = Dj(r")=Dyl
1=1
3a

D;;(r") =kgTTy(r; —r;) =D, E[l—i_fij SHRCES)
i

valid up to O(a2 /r2)

- Real justification follows from considering finite-sized spheres of radius a
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Derivation of fundamental solution (Oseen tensor) for unbounded fluid

—Vp(r) + nyVu(r) = —f(r) V-u(r)=0

l l

iqp(q)-neq u(q@) =—f(q)  q-u(q)=0

iq-qp(q)-n9q° q-u(q)=—q-f(q) =
=(

u(q) = I dre'" u(r) et cetera
V- —-1q

[dqe " A(q)B(q) -

= (27:)3 jdr'A(r —r")B(r")

p(q):iq-fz(q) ulq)=—— : -[1-44]-f(q) = use convolution theorem

q 110(]

u(r) =Idr'T0(r—r')-f(r')

To(r) =

Qp(r)= (2 )

( 110(1 8mMor

p(r) = [dr'Qy(r—r")-f(r")
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- have employed that :

qu:,[dqqz .[ d€,
0 4m

[dQg e 1=47 jo(qn)1

l—jz(qr)f‘f‘}

Jp(x) =

351(%)

X

—Jo(x)
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Method of induced forces

Replace spheres by fluid in rigid-body motion according to stick inner BCs

Introduce config.-dependent induced force densities on fluid which enforce BCs

BV problem identical to original one outside of spheres

Assume incident flow field u, (non-quiescent unbound fluid)
a +
f(r;X)= Z fir) fi(r)=-3(r-r|-a")o(r;X) -n(r)

u(r) —u,y(r) = j dr' Ty(r—r")- f(r')+Zjdr Ty(r—r')-f;(r")

1#1 V+

u(r)=v; +o; x(r-r)

incident flow due to infinite (inside sphere i)
distant forces / boundaries)

u(r - o) =uy(r)
—Vpy(r)+ novzuo (r)=0 V-uy(r)=0 (homog. Stokes eq.) = Ap,(r)=0

= Vzvzuo(r) =(0 (bi-harmonic — mean value property)
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Important example : simple linear shear flow

0 1 0)(x

uy(r) =yr'r=790 0 O|-|y| = @yxr +ey:r
0 0 0)\z
m(r)—leu (r)—l'S'F——l'i
0 > 0 ZY - 2Y

eo(r) = %[(Vuo)(r) +(Vuy )T (r)} —~ %Tr(Vuo(r)) = %y[r + FT}

y
L ™ . \\ | //‘
N/ 77T\
TN
(Simple shear flow) (Pure rotation) (Extensional flow)
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Mean-value property of bi-harmonic functions

V-uy(x)=0 ViV, (x)=0

V-Ty(x)=0 V2V2T0 (x)=0 (all x)

2
s JaSu) =ug(n) + 5 (Vo))
S.

<u0 (r)>si =

1

( 2
i [1+a6V2jT0(r'—ri) \r'—ri ‘ >a
[asTy(r—r) =4
4ma’ 1
S '
i 1 Ir'-r;| <a
L 67tnpa
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,Proof* of mean-value theorem by Taylor expansion around center of sphere i :

0 e\ Vn
ug(r)= ), (r 1’11)1' © uo(r)|p=r, :“o(l‘i)+(r_ri)'vuo(1‘i)+;(r_l'i)("_ri)3Vvuo(l‘i)Jr---
n=0 )

V2V2UO=O V-u():()

j dS x..xx =0 since odd integrands (x =r-r;)

\_ﬁf_J
X=a odd factors

—

IdSuO(r):4nazu0(ri)+0+ ;dexx :VVuy(r;)+0
S. S.

1 1

4
—na41
6

2
IdSuO(r) = 4ma’ (1+2V2JUO(ri)

S
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- Integrate induced-force eq. over surface of singled out sphere i w/rtor

- Use mean-value properties and : _[ dS u(r) =I ds [Vi +ox(r —ri)] = 47ca2Vi
g+ g

- Leads to exact result for hydrodynamic force on sphere i :

2 : :
H a~ _» _ generalized translational
L} = =6y {Vi - (1 N Zvi J(UN—I (r;; X) +ug (rl))} Faxén law (stick BC)

uy_(r:X) = i J‘ dr' T, (r—r')-f,(r',X) Flow part due to N -1 spheres except sphere i
NARLAT r 0 R But: f,fullfills full N - sphere stick BCs
#1 Vl+
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Applications of generalized Faxén law

H a’ _, - Single-sphere Faxén law
K =—-6mnea) vi —| 1+ ?V uo(r=r) - Stokes friction law when u, = 0

f.(r;X)—> —FiHS(r -r;) 6mnga — Gy
I H <~ H
vi—uy(r)=——F; - ZTO (ri—1)-F - Point-particle limit with incident flow
0 1#i

- Dilute suspension where : |r; —r;| >a, fi(r')—> ~F / Vsp

Expand Ty(r'-r;) around |1 —r;| to leading order

1

47n,r

Use that : V>Ty(r) = [1-3¢F

3
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leads to Rotne — Prager approximation for t - t mobilities :

vi —(up(r))g :_BZDO 18, +(1- 511)TRP(1‘1—1)}

: BN

N RP
D (r7)=Djy (1))

2 3
Typ(r) =&, [1+2-a6V2]TO(r) - j(aj(1+f~f)+l(aj (1-3¢F)

Note that in Rotne — Prager approximation is : - HI pairwise additive
- Neglect of reflections

Vi Dgp(r;)) =0

‘ Multipole expansions including reflections & more-body Hl
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Motion along a liquid-gas interface

super—paramagnetic
particles
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Calculation of hydrodynamic quasi-2D mobilities :

—> assume ideally flat and thin interface (valid to very good accuracy)
—> spheres touch interface in single point; only lateral motion

—> creeping flow :

nAu(r)-Vp((r)=0, V-u(r)=0 (re th)

ur)=V,+Q,x(r-r,), (res,, stickBC)

‘ liquid Free surface BC's :

z=0

O / 0ha =0
O 0., (r)|Z:0 =0= Gyz (r)
| gas

(zero tangential stress)

( Cichocki, Ekiel-dJezewska, G.N., Waijnryb, JCP 121 & Europhys. Lett. 67 (2004) ) 87



® Free surface BC’s accounted for by method of images

real:

N-sphere system 5 @ @ —
: : ! » fictitious:
| &

————————

* .. % i unbounded 2N-sphere system

___________________

u(r)—u,(r) = inF{TO(r -T)+To(r—T)-(1-222)}-£,(F)
JoF N

/N
incident flow 3D Oseen tensor reflection at z=0 force density on S;
(+ reflection)

le le
* Only 3 degrees of freedom due to lubrication Vi, F,
le 1z
\/iz - O ¢ : — u .
! : :
Q,=Q, =0 Vi Fux

L : N-sphere quasi-2D mobility
88

y / VNy FNy
Q T
%t X free surface Nz Nz



* Construct p in form of multiple scattering series

* Use symmetry-adjusted multipole functions for spheres + images

—> numerical results for N > 2 spheres using truncated multipole expansions

—> analytic results for widely separated spheres

* Form of quasi-2D mobilities for two spheres :

17
I

VIL] tt (FIL] tt (F2L]
=Ny, + W) +llnT +u12T22
(VIT Fir For

{:
1 [R—
ﬁ¢fh y

Fip 5% I
Q,, =pn + 1) +un T, +uy Ty, X7
Fir For
self mobilities: 1-1 Longitudinal (x -x): || ﬁ:(rz —1,)/r
distinct mobilities: 1-2 Transversal (y-y): || R, =2xR



* Self-mobilities for R = r/(2a) >> 1 D2P ~1 11D{;3D

0 ~ 1.
" 1 (1.3799544... 0 : R g __________
Hip = +0(1/R") | i
67n,a 0 1.3799544... 5 ;
1.10920983... i ( ) i
T — +0(1/R) =
8mn,a

* Distinct mobilities for R >> 1

tt 1 1(3/2 0 1 (1.159862... 0 s
Q-2D:  Hyp = — - +0(1/R")
6mm,a R\ 0 3/4 R 0 0.111686...

1 2 :

1 r 1

D (“tt)m_ 1 1(3/4 0 _1 1/8 0 :@ @ ‘.
| 12 /re RLUO 3/8) R\ 0 -1/16 we—— F

61N,
Mrt O urr 1
tr _ Ho 3 rro_ 0 t_ 2\
Hia _E( 1j+0(1/R) r M —_Qﬂ)(l“‘g) ;= (4mna’)

M;rl =o(1/R") ,



Accuracy of long-distance approximations for 2-sphere mobilities

1.45 ' ' ' ' 1'5\ | " two spheres, exact
1.4¢ transverse - \ ~ . two spheres, O(1/R?)
= s — = - B — s \\ ___ two Spheresj O('I,."F{)
1.35§; P 1 Y two points, full expression
u;tl 13l longitudinal

11k ____ lwo spheres, exact
' - - - two spheres, O(1IR3) (single—sphere)
1.05} two points, full expression
I > | 4 5 6 0 ' ' ' '
R=r/c 1 2 3 R 4 5 6

* Include also results from point-particle model (PPM)

T T T
Q Q = | I IZEL dist(tp—p)=2a=c
| 2 9 ]
|____1_____________________2.____'

* PPM not pairwise additive for N > 2 due to vertical constraint forces
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3-body mobilities for equilateral triangle

self-mobilities

1.4 I '
—— three spheres, exact
1o} - - - two spheres, exact
I - three points, full
\
0 TR, tt
2 i (19 2, 3)
= 0.8}
ia] tt
2 Ho
..é 0.6}
—— three spheres, exact £ '
- - - single-sphere % 0.4}
~ three points, full
1 R 0.2t
(xy), shifted up by one X
1 2 3 4 5 6 1 2 3 4 5 B
R R
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* o(R-3) asymptotic form works well for R = r/(2a) > 2.5



Particles at free planar interface :

— quasi-2D mobilities salient input to simulation and theory

— experimental test of rotational constraints ?
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6. Basic properties of Smoluchowski dynamics

-  Fundamental solution and time correlation functions
- Backward operator and eigenfunction expansion
- Brownian dynamics simulations

- Projection operators and memory equations
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Fundamental solution and time correlation functions

N
C)(rN): V:-D;:-| V. —B(FP +F*
%P(rN,t):O(rN)P(rN,t) [ g::l J[ ] (J j )}

= V-D(X)- [V - BFT(X)}
jdrN PN, 0) =1 real operator

* Conditional Pdf P(rN,t|rN,,0) of finding config. rN at t given system was earlier in rN, at t=0 :

P( = 0|r0 ,0) = 8(1‘ —r&\l) system is with probability 1 in config. rN,att=0

2
PN, t|r)',0) = Ot SN - = {1 +tO0+ ;02 + } 8(r™ —rg') formal solution

P( ,t,ro ,0) = P(r t|r0 0) P (r(%\]) joint Pdf for systemin rNattand rN,att =0

- Knowledge of conditional & initial Pdf suffice to determine all relevant dynamic properties

- Example : equilibrium MSD for P, (rN) = P (r")

(5O -1OF )= [ar™ [arg P, e, 0Py () [, ~1i0 05



Example: fundamental solution for single particle under constant external force

0

aPl (r,t)= DOV2 P/ (r,t)—BDyF-VP/(r,t)  (unbound quiescent fluid)

(l‘ — ro — BDoF t)z
4Dyt

Pl(r,t|r0,0):(47'CD0t)_3/2 exp{ } Pl(l',0|l'0,0):6(r—r0)

(r(t)-r(0))=(BDyF)t

<(r(t) - r(O))2> = 6D, t + (BD,F)* 2

- Uniform diffusion in co-moving system with drift velocity BDF

- PS(r) = P(r,t > 0) =V
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* Equilbrium time correlation function of two configurational functions A(X) and B(X) :

Cap(®) = (A N () BEN(0)):= [dr™ [drg’ A" ™) B ) PN, €11 ,0)Pog (1)

- Very often: A is Fourier component of a conserved density variable

N
A=Ay Jdr e'1a(r;X) a(r;X) =) a;8(r-r;)

=1 T
| N — conserved property
Aq=¢Cq= ﬁZelq'n —VNJq0 a;=1 : collective diffusion
- aj=0;: self-diffusion of 1
A =a, =e9" —3

q~— “q q.0
S(a.1) = lim {c_q (0)eq (1)) G(a.t) = lim(a_g(0)aq (1)
Dynamic structure factor Self-dynamic structure factor
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Backword operator and eigenfunction expansion

- Define two unitary products on space of configuration variables

(A1B)=[arNAT(BIY)  (AIB)= [N R () AT B =(ATB)

T T

unweighted product weighted product

- Define backword Smoluchowski operator as adjoint operator w/r to (..|..) :

A ) . N
(OpA|B)=(A|OB) =  Op™)= Y| V;+B(FP +F™)|-D;;-v,
i,j=1

- [v +BFT (X)] D(X)-V
- Some useful properties of real backward Smoluchowski operator :
(a) <©BA | B> = <A | OB B> self-adjoint w/r to weighted inner product

b) O (A Peq) = PerBA for arbitrary A(X) taken at same X
98



- More on useful properties of backward Smoluchowski operator

N
(c) <A | OB B> =— Z <(ViA* ) : Dij(rN) -VjB> for arbitrary A and B
i,j=1 “q

real and positive definite 3N x 3N matrix

(d) <A | OB A> <0 negative semi-definite w/r to <..|..>

- Equilibrium time correlation functions are very conveniently expressed as :

@ Cap®=(A10 B)=(A"(On'B)) = [ar Py™)A"w™)(O2 B
eq

\

- This allows formal definition : A(t) == eOntA (A = A(0)) | acts like
time-evolution operator

A - OB A
- Example: coarse-grained drift velocity of particle i due to DI and HlI :

N

I, Ny, A T T

vi(r )3=OBI’1=Z(BD11'F1 +V1‘Dil) — BDy K
=1
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- Backward op.is also very useful to express conditional or non-equil. averages :

((-))peq O =[N PN, 0)(..) (())x, =[N Pa, x5, 0)(..)

arbitrary non-eq.
pdf solution of GSE

<A(rN)> (0= [drN PN, t=0)e% AGY)
(e) neq
(AGN)) (=D AN

0

- Application to position vector of particle i :

A N
<ri >Xo (At) = eOB(I’ )At I

0,A (N
X,=h +O0p(r)r;

x, At+O(At?)
(KA -1,(0)y =(Ar;(A))y =Vvi(rg N(At)+O(AL)

(Ar;(AD) Ar (At)> —2Dij(X0)At+O(At2)

Brownian Dynamics
Simulations
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- How is V!(X) related with velocity appearing in continuity eq. form of GSE ?

N
%P(X, t)+ Zvi '(Vi(X,t) P(X, t)) 0
1=1

< H_ T wBl_\ T
Vi, ) =—B Dy '[Fl =-F -F ] =Dy '|:BF1 —Viln P(X,t)}
1=1 1=1

|

(Vi(X,)peq (0= [dX PO v;(X,0 =(v](X)) (©)

neq
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Calculation of backward operator:

D(X) = D' (X) is areal 3N x 3N matrix

(A|OB):=[dX A" v-D(X)-[V—BFT(X)]B = —jdX(VA*)-D(X)-[V—BFT(X)]B
partial integration
- jdX[BBFT(X).D(X).VA*}—jdX(VA*).D(X).VB

partial integration /‘(VB) ’ D(X) VA

*

= [dX B[ V+BF"(X) |- D(X)- VA" = jdXB( V+BFT(X) |- D(X): VA)

=(0RA |B) Op(X)

- surface integrals are assumed zero by appropriate outer BCs (U®* may include wall potential)
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Eigenfunction expansion

~

- Oy, is real, self -adjoint and negative - semidefinite w/r to <\> —

- Assuming completeness, C)B has ONB of real eigenfunctions {d)k (X)} , with eigenvalues {-7»} <0

Ond=—htr  Op(h=D=0¢ (016)=80  Xflt)ienl=1

et = P81 = ZIC_M\%X%‘ = |9 (90| + ZIG_M\%X%\ Spectral

A=>0 1>0 representation

P(X,t]X,0) = QXX ~ X) = e XX —X) = Py (X)| 1+ 3 [, (X) by, (X)
A>0

Conditional Pdf evolves monotonically
P(X’t|XO’O) = Peq(X) e = e towards equilibrium Pdf

P(X,t]Xy,0) Poq (Xg)=P(Xy,t] X,0) Py (X) Detailed balance relation (t > 0)

- Integration of detailed balance relation w/r to X shows that O Py =0 103



- Consequences for equilibrium time correlation functions in Smoluchowski dynamics :

Can)=(A1e% B)= 3" [ ah(Al0y)(,B) = (), (B), /08 unconeacd
A>0 t—o0

- Regular autocorrelation functions C, , (t) = C, (t) are strictly monotonically decaying :

Ca(=X [e[(Alh)"2 0 (—1>“a—nCA (=3 [ (Al = 0
| tn

A>0 T A>0
0<p,(A): spectral density of C, (t)

- Largest eigenvalue of Smoluchowski operator is non-degenerate,

since all eigenfunctions to A = 0 must not change sign for all X
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and <A> =0

- Example: normalized dynamic structure factor with A =c¢ eq

q

Pe(qA)
i . ~ /0% (o =572
0<¢c(q t)—s(q’ = [dr e pe(g: ) <1 : (a )
S(@ |
- A
0 ~0(q,0)

0 fluid

be(q,t = 0) = {fc(q) >0 ,glass*

- Consider Laplace transform of ¢ (q.t) : (|)C (9,2) = Jdt e 2! d.(q,t) ~ L@, regular part

/-

2t Pe(9,0) develops 1/z pole at glass point
Z+ A

de(q.2)=[dh e
0

|

singularities only on negative axis in complex z-plane:
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Example: Dynamic structure factor of 3D hard-sphere dispersion

$=0.5
N qo=9.8
08 { — MCT
\{- + BD
\F N ——— CEA
N
—~ 0.6 |
5 N
~ +
“2 +
= N ¥
2 N
+
'E’-;O.4 | \\ ++++ -
~ + 5
\\ + F -
'\.\\ + ¥ + 3
~a
0.2+ S~ |
0 I I I I ! \ ! \

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5
2
g D,t

(Banchio, Nagele & Bergenholtz, J. Chem. Phys. 113 (2000))

» S(q,t) decays strictly monotonically in t
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Brownian dynamics simulations

o GSE: ArN(At) = rN(At) N (0) multivariate Gaussian random process to first order in At :

(A (At))y =Vi(rg At +O(At?)
0 (T KAt K 19)
(Ar;(At) Arj(At)>X = 2D} (X, )At+ O(AL”)

® Stochastic finite difference equation for translational motion of torque-free spheres :

N
Ar (A1) = " (BD} (Xo) B (Xo) + V1 - D} (X)) At + Ax;(At)

] |

DI Near-field HI Central Gaussian
displacement
<AX1(At) AXj(At)> = 2DitJF(X())At Point particles w/o DI (obey Oseen-HI):

<Axi(At) > -0 Ar; (At) =Ax; (At) Gaussian now

e For D = D(X), care needed for limit At — 0 (lto vs. Stratonovich) 07



Stokesian dynamics of non-Brownian spheres

N
Ar;(At) =B DI (Xo)-F' (Xo) At+O((At)*)
1=1

N b N
vi=BY. Dy ()| B+ | PR GUORD NS (vie™) parN,p)=0
1=1 1=1

® First-order Stokes-Liouville equation of overdamped motion

0., N A N N A N 3 PLF™

5 P 0 =05 (TP, 1) Ost (™) ==p 3. Vi Dy (I + K )
i,j=1

U(X)

Particles come to rest without external forcing at a
configuration X, where U(X) has a local minimum

P(X,t >"00")=08(X-X,) may depend on

start configuration

1 X
Xm

P(X,t) = const stationary solution for constant external forcing (sedimentation)

only when V-D(X) =0 (i.e., for point particles only) 108




Example: Stokesian dynamics simulation of Q2D system

Ar=Ry (r")- F At +k,TV R, (rM)At+AX (AX AX) =2k, TR At
x

< \ 7 7/

translational-rotational DI near-field Hl GauBian mobility matrix
N-sphere displacement random step (5N x 5N)

F" =-R.,(r")-U HI: multipole expansion + lubrication

2
* Only mid-plane diffusion considered | ———— y
2® o © o @
h . ........ . .......... .
* Superposition of single-wall geometry (stick BC) sz y
N
hyd _ pp \(V pp \® pw \(D) pw \(?) .
F™ = Z;{(Rij Joo + (RY ) | (RE), + (REY), ) J35- U
J_
particle-particle Hi particle-wall HI
& first wall alone & first wall alone

109
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Self-diffusion using Chang-Hone screened Coulomb potential

Task: assess individual relevance of p-w and p-p HI for dynamics

r(t)—r(0
| W(t):<[<>4<>]>
W(t)
a’ [ 1, =a’/D,
Q=100 , p-w HI h=2c
_ T fullHE D, (h) ~0.4D
Q=1000 o-w Hi 0 0
0 & | x'(h)~09¢c
0 2 t/t, 4

* Small hydrodynamic enhancement by p-p HI for strongly charged spheres

* Self-diffusion lowered for moderately charged or neutral spheres 110



Space-time correlations: van Hove functions

Conditional pdf:  G(r,t) = < Z [r-r(t)+r, (0)]/N> = G(r,t) + G4(1,1)

i,j=1
Distinct part : G4(r,0)=ng(r), n=N/A
I

Self part : G4 (1,0)=0(r) , G (r,t) = ! exp{_ }
4TW(t) AW (t)

t=3.51,
C=0.063
h=2c
Q=10°

SD: Pesché & Nagele
PRE 62 (2000)

* Collective diffusion dominated by p-p HI and self-diffusion by p-w HI AL



Projection operators and memory equations

® Evolution of conserved variable A(X) = Aq (X) in Brownian system :

N
A=Aq o [dré¥ Y a;5(r-r)
j=1

—A =0pAy =iq-J3 >0 ,q—>0

ot
L slow, at least for q small
.0
{ N ) ° o .
—2n/q —
A A)(A
PAE‘ >< ‘ QAEI—PA

projects on E;
(slow-variable subspace)

projects on E,
(fast-variable subspace)

E=E; ®E,

:l>
III

Z a \/—Sqo

S(q,t)—hm< Cq |eOBt q>

T

dynamic structure factor

G(q,t)—hm< aq |eOBt >

T

self-dynamic structure factor

<Aq >eq =0 112



® Memory equation for time evolution of C, (t) :

. A A t . A A
eOBt _ eQA Ogt + J-du eOB (t—u) P,Op eQA Ogu

0
t A
2 A =—0\Ca()+ JduM, (t-u) Calw) or =—(A|OpA) /CA(0)
o . CA(0)
T T fA — QAOB A
short-time memory function
frequency

_ Q,05Q,t - force — force ACF in fast-variable subspace
1 ()= <fA e fa - non-negative & strictly monotonically decaying

reduced time evolution operator

Ca(t) _ {exp{—oaAt} (g <t 1q)

CA(0) |slower & non-exp. in general (t ~ 1)
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® Application: memory equation for dynamic structure factor :

0 H(q) S(q,u)

—8(q,t) =- ¢°Dy——5(q,t) + duM (q,t-u) -
g <t<rT, t>>1:I cage relaxation

£e=C (q) =iq- J—Zv +0(q%)

® Hydrodynamic function describes short-time dynamics 1, <t < 1,

ND

od 1j=1

H(q) = 1i0£n< > Z q: Dlj(rN) -q exp[iq - (T, —rj)]> H(q)=1 wioHI

HG) = =~(d-D, () -d) +Di<qu Dy, () - expliq- (rl—rz)]>

0 - ~ 0 1]

- J
'

L Dy : short-time self-diffusion L H,(q)—>0forq—>o 114



Methods of calculation

Hydrodynamic function

Sedimentation

Smoluchowski equation with incident fluid flow
Collective and gradient diffusion

Rotational self-diffusion

115



Methods of calculation (of short-time properties)

« Brownian/Stokesian dynamics and Lattice-Boltzmann computer simulations

» Leading-order (i.e. zeroth-order) 6y-method (Beenakker & Mazur, 1984, for HS)

- expansion in renormalized density fluctuations &y
- approximate inclusion of many-body HI (ring-diagrams only)
- truncated 1/r expansion of propagators

- HS: works rather well for ¢ < 0.35
- CS: works well with ext. input for D (Banchio & Nagele, 2004)

—> + Truncated hydrodynamic cluster expansion (systems with prevailing far-field HI)

Di.(l'N) ~ DOIS.. + ADg.‘Z) (I‘N) + AD?) (I‘N) <«— static pair- &

j ij ij ij ) o :
\ ~ /N ~ / triplett distribution functions
2-sphere HI  3-sphere HI (charged systems)

O 116



Truncated hydrodynamic cluster expansion :

D (r")=D,13, + LADfJ.Z) (rN2 - LAD?) (er +.

j
NV ' 4y . 1
2-body Hi 3-body H \ {O(r ) 1#]

Or™): 1=]

N
ADi(jz)(rN) =D, Sijz(’oll(rlj)+(I_Sij)(olz(rij)

1#])
Long-distance multipole expansion of 2-body HI : pairwise-additive
3

3 a A A 1 a A A _
o,(r)==|— [1+rr]+— — [1—3rr]+ O(r7)

4\ r 2\ r 7

~ s <N ~ “  back reflections

Oseen term dipole term

- /

~
Rotne—Prager part

4
o, () = —{75(3] i+ 0(r)
r

first self reflection

Rotne-Prager (RP) part suffices for dilute charge-stabilized dispersions ! 117



Hydrodynamic function

= p=7Faat
: @L F‘ﬁ = n=2.29'10°
ﬁ f' ! * =458
) =
f f i Jll | RN SA-it 50
74 L i affective tharges
S.(q) "t E[ ‘L\ ;
e ﬂ

T T T T T
a2 0.4 a8 0R 1.0 1.2
qa
= y=7HIn’
1.2 IS
. o M=229'0

P f}& = w=d.5810°
" f‘fz‘? ¥ \; —— thearet Q)
Y of Naget et al,

T
qa

HRP<y>=1—15¢¥+18¢jdxxh<x>(jo<xy)—jlf{?”+jz(xyj, (v =40)

1.28

Dilute charge-stabilized dispersions

¢ ~10*-10"
(input: RMSA — g(1))

(G. Nagele, general ref. 4 on page 4)

H(q,) ~1+1.5¢"
H(0) ~ 1-1.8¢""

2
6x 118



» Peak height H(q,,) vs. concentration

107 107 107
18 —
o —— 1+150™7 )
H [ x 2-body HI X
() 1al e EXP: Hirtl et al. ('99) X,x’x/ ]
: . X_/.x*
12t "
o
0 B
08 |
06 1-135® e
04 % 2-body HI ® ]
T ® EXP: Segre et al. ('95) o]
oo L o . e L
0.0 0.1 0.2 b 0.3 0.4 05
1-1.35¢ (HS: ¢$<0.5)
H(q,) =

1+p,0"* (CS: $<0.05and p, =0.5-1.5)

119
(Banchio, Nagele & Bergenholtz, J. Chem. Phys. (1999))



H(d,,)

09

08

07

06

05

04t

03

» Peak height H(q,,) for hard spheres

Banchioéand Naegeleé(’gg): 1-135¢ —

Behrend ('95): LB-fit for ¢ > 0.1

0 01 0.2 0.3 0.4 05

¢

Behrend et al., PRE 95 :
Lattice-Boltzmann-fit for ¢$>0.1

_ D 1-2¢9+589°-220¢° +347¢*
D.(q.),,

combine with:
S(q,) =1+0.6449.-(c";9)

=

IH(,),, ~(1-1.350)| < 4%

* LB simulations of Ladd in PRE "95: H(q,,) above H; (q,,) for ¢ > 0.4
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» H(q) of concentrated charge-stabilized protein dispersions (Apoferritin)

SD simulation vs 8y - calculations

_ symbols: SD
0.0m 1 dashed : &y
0 > 10 15 20 solid:  hybrid - &y
o

(Gapinski, Banchio, Nagele et al.,

submitted, 2005)
H(q)=D, /Dy +Hy(q)

L Input from SD in hybrid - oy
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Sedimentation

« Slow (initial) settling of colloidal Brownian spheres starting from homog. state

o _©O
OOOO
@)

OOO
! @ o

Uy = BDOF

diffusion time 1, =6 /D,
Pe = = <1
sedimentationtime 1, =c/U,

P (r')=P_(r') noor pairwise-additive HlI

N st eq

Pin (r 9t = O) :)/_J N N
>t |P(r)=P (r") 3 - and more-body HlI

equil. distribution for
zero ext. force F =0

(%rc% r fixed for 2-body HI
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- Find stationary & homog. Pdf solution of GSE under constant external force F

8
0=" St(X)_Zlv D [v BFP}P —Zlv ;- [BFPy]
L)= T 1,]= T
solution : Peq (X) non-eq. drift term

P (X) ocexp{ BU} exp{-BZu(rij)} is homogeneous

i<j
N
without Hl is : driftterm =BD F- > V.P, =0
i=1
P (r +X,....1y +X) =Py (ry,....,1y) = ZViPst =0
1

N
with pairwise additive Hl is : driftterm =BF- ) V,-D{’ P, =0

1,j=1
(2)(r1 +X,...,I'y -I—X):ngz)(rla---arN)

- Pyq is homog. solution of GSE for pairwise additive HI and DI 123



- Assume pairwise additive HI :

N
Dg)(rN) = D0181j +AD§?("N) = D018ij +D, |:6ijzmll(r1j)+(I_Sij)mlz(rlj):|

1]

V.-DY =V, 0, -r)=-V, @, -r)=-V,-DIY (i=j), D =D

N N
driftterm =B F - ZVi -ngz) P, :BPeqF.{ZVi °ij2) +BZD(2) Fp} _

1,j=1 1,j=1 1,j=1

- Reason for zero drift term :

ZV D(2) _

_Z (Vi .ngz) _|_Vj ,Di(jz)) Zv D(2)

i,j=1 21 1S M

J= = -0

N , N ] &

Zvi 'Di(i) = Z'Vi -0, (r, — 1) :gzv(vi o, (1 -1)+V, -0, —rl)):()
i=1 i,1=1 L,1=1

ZD(Z) Fp =(0 <« zero macroscopic current since pair forces with actio = - reactio

1,j=1
F} :_Zvju( 1) = Z il > =—1;) 124

1#] 1#]



- Calculation of mean sedimentation velocity U4 at small Peclet numbers :

St(X) 0= Zv (vi(X) Pg(X)) P, =P (X;F)
1=1

1 N
Uy _< Zv (X)> = ZBDi| B —kgTVilnRy(X)+F |} K ==V U(X)

1,1=1
st ! T st

long-time (memory) part of U
vanishes for PA - Hl where P, = Peq

- Since Pe <<1, find from GSE stationary Pdf to linear order in external force :

P (X)= Pq(X)[l BF- {dueOBuJZ;V}+O(F2) 0% = O (F=0)

Used = Used q

:C)%rl

. , memory-part (zero for PA-HI)
H(q =0) : short-time part (Green-Kubo-type formula) 125




Short-time transport property < Long-time transport property

- Smoluchowski‘s paradoxon :

H(g=0)=1+ pjdr g(r)q- mﬁp (r)-q +regular part

— 0
- Resolution : macroscop. solvent backflow due to container boundaries
- consider container bottom explicitly (Mazur & van Saarlos, "78)

O g - use zero volume flux condition for planes L to F (Batchelor, "72)

(@)
O OO J‘ dr<u(r;X)>St =0= deL <u(1‘;X)>St rest frame of container

/ Ve(u), -V <p>sa =—pF  drives backflow
ug(r;X), reVy

v, reV, ~ use that: U, —(u(r;X))=Uj lim limH(q) # Uy H(q=0)

/ qg—0 o

relative to ensemble averaged volume flow velocity, then
container-shape & position independent (c.f. intrinsic convection

)126



Assume spatially periodic weak external force is acting on each sphere :

FjeXt = q F(q) exp[-iq-l’j] weak external force on sphere |

N
<V(q)> <iz Vjexp[iq'rj}> mean (short-time) response

- e
Uy(q)

lim (V(9)) = US, fg-"-? P 2
B DO N

2)

Uy(q) = byF(q) = BDyF(q)

« no macroscopic backflow for non-macroscopic q-! (no regularization necessary)
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Ul =02 — AUSLed : long-time part usually small (needs regularization, too)

sed sed

hard spheres (HS): AU, | / U < 6% (at$=0.45)
comparably small (no lubrication)

charged spheres (CS):
truncated 2-body HI sufficient for $ <5—-15 %

ed = ] - ¢ |5+ IZIdXX (1 - g(x;0))+ lgsj‘dx
| 1

(Short-time) sedimentation on Rotne - Prager level (zero volume velocity frame) :

g(X;d)) x =r/2a
X

o /

known aﬁalytically
for hard spheres in PY

(Uidj _ {(1'¢)3/(1+2¢) ~1 - 50+5¢° in RP-PY

U, 1-6.5460+21.918¢° +? exact (Cichocki et al., '02)
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0.9
% 0.8
U, 0.7
0.6

0.5

0.4

0.3

0.2

0.1

Hard-sphere short-time sedimentation coefficient

¥

--------------------------------------------------------------------------

| Sfy—approx.l

RP-approx.

g

Simulations of Ladd ]

n( irder virial exp.

....................................................

......

» near-field HI less important for sedimentation
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10 I I I

* charged spheres : ® B. Ackerson, 97
hard spheres
(Nagele & Watzlawek, PRE "97) 08 —— Charged spheres

U, /U,~1-18¢"

* neutral hard spheres :
(Batchelor 72, Cichocki et al. "02)

U, /U, ~1-6.550+21.92¢"

0.00 0.02 0.04 0.06 0.08
=NV /V

* charged particles sediment more slowly (sweet-water river delta)
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* Charged colloids : non-linear density-dependence of transport coeff.

o(r)

Radial distribution function

neutral

Solvent backflow

Aiis
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* Rough model of effective hard spheres :

1/3

g(r) ~ ®(r _ Geff) cSeff = I.m oC d)_
2
U, z1+¢{—6(%j +..}z1—6¢1/3
U, c

|

Oseen point-force approx.
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Smoluchowski equation with incident fluid flow

—P(X t)+ZV (vi(X) P(X,t))=0
1=1

- Force balance in presence of incident flow u, compatible with homog. Stokes egs.
- Assume hydrodynamically torque-free spheres

~Vie(X;[uo) ‘—BZD [(X)| B =B - -] |

L indep. of U,

velocity of force- and torque-free sphere i advected by surrounding fluid (linear functional of u)
Vie = () + [ dr' € (r':X) - wg (') = wg (1) + C;(X) - ¢
convection kernel linear flow 3rd rank shear mobility tensor: O(r-3)

—P(X t)—ZV D;j-| V;—BEP |P Zv Dy BE P |- Zv

i,j=1 1]1

v

drift term (e.g. gravity) ’ convective term 133




- Convective term vanishes in constant flow field vz for homogeneous system

- Mere system translation with constant velocity does not affect Pdf (,Galilei“-invariance)

N N
D Vi-[vgP]=vg-D V;-P=0
i=1 i=1

T

translationally invariant system

- Application: uniform backflow does not change form of stationary homogeneous Pdf

%P(X, t) = (O +0,4 ) P(X,t) Opay ==Veve(X)

Of = Vev (X)

adv

- Flow-perburted (advective) part of Smoluchowski-op. not self-adjoint w/rto < | >,

contrary to the unperturbed part

134



Collective and gradient diffusion

H(q) S(q,u)
S(qg,t duM (qg,t-u
S(q) (qt) +j uM.(q,t-) =g =

<t > 1, @CE rdlaxaion

—S(q, )=-

M, (1) = <f(§ e O%Qctf;>

H(q)
S(q,t) = S(q) exp[—q2 D} (q)t} (T Kt K1) Di(q):=Dy——=
S(q)
. H(q) S(q,t) 2
S _ L] _ 5 _ 1
D, 1113(} S@) exp{ q°D } 1221115} S (q"t=0(1))
short-time collective long-time collective or
diffusion coefficient gradient diffusion coeff. hydrodynamic
limit
1
—1q \/72V +0(q%) — lim —Mc(q,t)=0
q—0 q
T ij = Di pairwise-addtive DI & HlI
zero mean drift velicity
135

for pairwise-addtive DI & HI
(no external force)



» Green-Kubo relation from memory eq. & definition of gradient diffusion coefficient :

L_ S Q.0%Q, t c_ 1 B
D; =D, qh_r)r;o—s Idt<Jq|e q> Jq_iq Op ¢q
« Comparison with Green-Kubo relation for U, shows that : I _
Fourier-comp. of microscop.
density fluctuations
L L
Dc Used DL DO Used
C
Dg Used S(0) Uy

« Macroscopic phenomenological “derivation” from zero total flux balance in steady-state :

. . L . L
0= jsed t Jdift =PoUsead — DcVp

Gpoj . A
\V Vp =BS(0)pnF
p= (ﬁp » p=BS(0)poFq

o
N o
Fq 0’—\ ° sMs T
7 o\
A - \o /
o ' _
—se g% gt small gradients, osmotic equil. pressure gradient due
i P to container bottom
~ o 6/

[ ° 136



Gradient diffusion

* Gradient diffusion: q << q,

S(q.t) *S(q)exp[ —q” D t]

H(q) Uy, /U,

D. ,
— = lim = —
D, 920 §(q) kBT(ap/ap)T

7

osmotic pressure

Hydrodynamic interaction : U, /U,

!

Osmotic compressibility

p(r,t)

S Ly eyt S
/

1

oy e he e e e S

0 005 01
| S0

(G.N., Phys. Reports "95)

015
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Rotational self-diffusion

ﬁl - ﬁV .
Laser 1 kiR N iqr A oA .
Polarizer Eg(q) o 2R EOZe ng-(1-k¢ke)-By(q)-n;
1=1

By () o {(th — ot it + (e —ot )(1— )}

B= oy —0 particle anisotropy
(solvent-indep.)

From depolarized DLS in VH-geometry one determines electric field ACF :

gy (q,t) o B G(q, 1) G, (1) G, (t) = (P (i, (t) - 11, (0))

N Pz(x):(3x2—1)/2

H ro__ T
rotat.-transl. decoupling approx. for t ~t; =1/Dj rotational self-correlation function 138



- Hypothetical case : spheres interacting only by isotropic DI (no HI)

ey . —6DF kxT kxT
gp (q,t) oc B’ [e WV (1 4 non-gaussian corr.)}e 6Dyt D=8~ =B
Co 8mnga
independent spheres rotation
2/5)Ma’
. .72 _2t/1 4Dgt, Ty <t <1 TfB:M:_
([a-a@]) =2[1-¢72%]- PR
0 r
2, t»g ' =1/D} = (4/3)1,
3 By — N
- Totally non-interacting spheres (very low concentration) : (Piazza & Degiorgio, 199.4/)/--
1.8}~ ;
Ty, x10° (™) L
2 r e A
(¢ D,+6DE )t .
aVH (g 0)oc p2e (4 P eOP0) -
A
1.2F //’/
. d i
- Initial decay rate : I'yy(q)=—- lim —In gEH (q,1) LA
t—"0" dt 0.8-
. 2 r |
= 4" Do +6Dy T e e e

— hydrodynamic sphere radius a




- Spheres with DI and HI : short-time rotational self-diffusion :

—6D; 1.. olnG,(t
Gr(t):e 6Dst, 'CI]; <<'[<<’C§ Dg:——hmn—r()

<D,
6 t—0 ot

- From Smoluchowski equation for spheres including rotational degrees of freedom :

%P(rN,uNt) = [O“(rN,uN) +O N, u™M)+ 0 (kN uM) +©rr(rN,uN)]P

v [D(X) DY(X)| (F
D <q .D] 1(1' ) Q> oq (ij[Drt(X) Drr(X)J(Tj

:BD{{(X)TI , (FJ:O:TJ fOI'j -751)

H 3 1 generalized rotational
T, =-8mnpa” | ®;: ——V; x(u r; X)+uy(r
1 o [ oot (un-1 (15 X) + wo( 1))} Faxén law (stick BCs)

D'(r")=Di1+ AD”(z)(r )+ AD”(3)(rN) +...

2- body HI 3- body HI

140



Irr rr _9
AD"? (r") = D] Zco (r;) AD"P (M) =0(r")

1#]

Long-distance multipole expansion of 2-body HI :

o,(r)= - %5(3)6 [l—f‘f'] +O(r‘8)

r

%/_/
first self-reflection
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Charged spheres versus hard spheres

20 ..

rot
DS

rot
D 0

[ DDLS

0.8 —— charged (CS)

- == neutral (HS)

0.7

1-0.63—0.73¢°

0.2

- DDLS: Bitzer, Palberg & Leiderer (Konstanz, "97)

0.3

- CS with 3-body HI: Nagele, Watzlawek & Zhang, Physica A 97 & JCP 02

- HS with 3-body HI: Cichocki et al., JCP 99
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- Flow field u, (r) of single sphere in origin with transl. velocity v, and rotat. velocity m

- Stick BC on sphere surface and quiescent unbound fluid

/

143



-  Generalized hydrodynamics
-  Mode coupling approximation of memory functions

- Application: non-exponential decay of dynamic structure factor

144



Generalized hydrodynamics

« Phenomenological starting point :

0 ~ 1
B(r,)+V-jr,t)=0 p(r,t)=—/1d ,t
8tp(r ) j(r,t) p(r,t) AVI xp(x,1)

t
f(r,t):—J‘dt'J‘erqu—r' Lt—t)-V'p(r',t")
0

Ax > /Dyt

\Y% (' —E) )

S(a,0) = [dr=m)e ™™ {p(r,0)p(r,v) At T

_ o0 S( ) t .

S(q.2)=[dte ™' S(q.t)=—5 ] D.(q.2) = [dte™ [drel™ §-D(r,t)-§ >0
0 z+q°D.(q,2) 0

L spectrum of relaxation frequencies z

Dg =D.(q—=>0,z—>0) +~—— S(q<q,t>1)x E:Xp{—q2 D% t} hydrodyn. limit

DJ(q)=D.(q,z—>®) +—> S(qt<T)c eXp{—q2 D2 (q) t} short-time IliTSit



~ ~ H M
- Split D; (q,z) in instantaneous & relaxational part : D.(q,z) =D, @ _ (q’z) > ()
S(q) q S(q)
gS(q, )—— q°D, A(q) S(q,t) +IduM (q,t-u) () approximation of M_ might violate
ot S(Q) S(q) positivity for strong coupling
=:1/15(q)

- Define generalized friction kernel function Z;C(q,z) through :

- kpT
Foqr)=BTS@ g 2B (o)
DC (qa Z) DO
- Again, split in instantaneous and relaxational part:  C.(q,2) = HQ(O ) +AC.(q,2)
q
- Define so-called irreducible memory function by : )" (q,2) = (;(q) AL.(q,2)
0
~ S 0 1 95(q,
S@o=— Y s L5qu=- ——s(q jdum (,t-u) &Y
T (q) ot T T5(q)
Z+
1+ mlrr(q, Z) ‘
/ - best suited for memory approximations
y
renormalizes short-time lifetime - can preserve positivity of f)C (9,2) 146

of density fluctuations



Mode coupling approximation of memory functions

» Microscopic expression for irreducible memory function : Nagele & Baur, Physica A (1997)

. 1 Qirrt o ) ) )

m; (q,t)= <f°|e : fc> Q" =0 {O e Vel

" ’DoeH@ T SO i [
=M (q,t)

irreducible Smoluchowski op.
for collective diffusion

A Ao A
- for comparison : M (q,t) = <f§ 19 O8 Qctf(‘;>
A0

M:"(q,t) = <f(‘1’ e 8 tf(‘;> «— unreduced force-force ACF

» Relations among various force ACFs :

. -1
~ 1T "y un
¥ (qz)= T (@2) :Mgn(qu){H VIICRD }

1+m"(q,2) 2S(q) + 4Dy H(q)

* Provided ACFs are expandable in smallness parameter ¢ and are of O(¢ ) :

M(q,t) = M{"(q,t) =M{"(q,1) + O(e”)  Example:e =u(Pp |,



Lowest order mode coupling approximation

0 A . e o:°. ° A=c
gcquch:m-Jq—)O ,q—0 ° q
—2r/q —

L slow, at least for g small

- What about "slowness" of density products AA, AAA, ... ?

- Basic idea : - project fq into sub-subspace of slowest of fast variables
spanned by binary products of density fluctuations

- expected to dominate long-time decay of M!™(q, t)
at least for dense systems with strong caging

- Introduce projector on bilinear density variables :

Péz) _ Z‘Cq—k k) (Ck Cq k)

K 25(k)S(lq-kJ)

- 1. Approximation : ngrt X P((lz) tecrrt P(gz)
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5o {Tilews e ew ety | Sy

1
Ck Cqk |€°
4q FS00SA)S(Iq-kS(g-k'D)

Vo

miT (q, t) o

~S(k,t)S(|q—k |,t) |:8k‘,k * 8k',q—k]

- 2. Approximation : — use Gaussian factorization of 4-point corr. function

— replace exp{f!i“t} by exp{@Bt}

e MCT result for miff (g,t) with HI neglected (Gotze, Fuchs et al., Szamel & Léwen) :

mi (a0 = 52D°)3 [ Ak [V, (.10 Sk, )S(1g Kk |,)20

Vo(q.k) =4 -ke(k)+4-(q-k)c(lg-k|)+qpc? (k,q—k)

\ usually neglected
(convolution approx.)

— self-consistent non-linear integro-differential eq. for S(q,t)

— single static input required is : S(q) = 1/(1 - pc(q))
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N
3pg =D, =N = \/ﬁcq
1=1

SOk, k)= %@Pk 8P 3p_k—k) = VN (8cy ey Se_y 1)

S®)(k, k") =S(k)S(k")S(| k —k' |)[1 + p2c<3>(k,k')} ~S(k)S(k")S(| k—k'|)

e Static convolution approximation (CA) :

(® does not vanish when centers of two particles coincide

® becomes exact to linear order in p and to linear order in u(r) (WCA)
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OO ® ®6 66

e MCT applied to irreducible memory function :

gives exact limit of weakly interacting point particles

preserves strict monotonicity of (irreducible) memory function

becomes exact for point particles to linear order in u(r) (WCA)

correct functional short- and long-time asymptotics for HS w/o HI,
including g-dependence

consistent idealized glass transition scenario

not exact at small times or densities

non-systematic approximation (no smallness parameter)
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@® consistent idealized glass transition scenario

S(q.t)/S(q)

S(q,t > )
- f(@>0  (¢>9,)
S(q) ‘ :
1.0
Hard spheres :
0.8 -
CXp o
d)g ~(0.57
06 -
by ~0.525
04 -
0.2 -
0.0 Lo
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Extension: approximate inclusion of far-field HI on Rotne-Prager level

OB(r )= DOZ[V +BFP} Vi +DOZ TRP j);[BFiijJrViVjJ
1=1 . 1,]

J
v

Vo

K i

oL (rM) Od Ny

5 )5

f((l? — f((l:)p + f(i,hyd Qirr _ Qc {OB_FI

f

— use same 4-point factorization approximation
— same static convolution approximation (needed for collective diffusion only)

— extended to mixtures and linear viscoelasticity (Nagele et al., 1997 - 2000)
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e Example: MCT with far-field HI for self-dynamic scattering function G(q,t) :

0 t i 0G(q,u
£.6(a,1) = - 4D,G(q, 1) - [ dum (g, t -u) LHEY
ot . ou
irr 1 s QMt s nir A | A 1 s\ /es| | A
me (9, 1) = D, <fq e fq> Qf =Q, |:OB * 2D, )5 :|Qs

irreducible Smoluchowski op.
for self-diffusion

D.=1-|a. \(a
- Apply MCT approximation with RP-HI : Qs q>< q

i D

— =0 [dk[V, (K)]* Sk, ) G(|q =Kk |,t) >0
2(2m)"p

Co

Vs(k) = {1

- H(k)}
S(k)

Input is now S(q) and H(q) 154



MCT results for long-time self-diffusion

* hard spheres

1.0
BD simulation w/o HI -
0.8 1 |, A Exp: van Megen "89 -
DL/DO J
06 - A\ A_
A\ A
04 f
| . HI
02 | A
A
' A
0.0 : ‘
000 010 020 030 040 050 0.60
: Q0

( G.N. & Banchio et al

1.0

0.9

0.8

0.6

0.5

0.4

0.3

* charged spheres

0.7

: )
|
I MCT w/o Hl -
I —— MCT with HI ]
\x“"‘«____ . HI
1x10°  2x10°  3x10°  4x10° 5x10°

., Europhys. Lett. '97 & JCP "00 )

155



VAF: general behavior

- From memory eq. for G(q,t) = exp[- q>W(t)] + O(q4) follows :
t .
W(t) = Dst—jdu(t—u)<q-v{ VB4 g v{> > Dyt (t>1)
0

- Comparison with generally valid Ornstein-Furth formula (requires only stationarity) :

oy (t) =2Dgo(t) = Ady (1)

t
W(t)=[du(t—u)¢,(u) — .
0 Dy =Dg— [ dtA¢, (1) <Ds
0

except HS

negative configurational
long-time tail 156



MSD: general behavior

W(t) =Dy t+1,, (D —DL)—jdu(u—t)Aq)V(u)
t
T, . mean relaxation time of corresponding VAF (regular part)

T, = (j) dttAd, (t) / j dt Ad, (t)
0

Dst /, l
Y -1/2 .
W(t) / =T ~1 (in 3D : HS + WCA)
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Application: non-exponential decay of dynamic structure factor

 Global measure : non-exponentiallity factor 1 SS(?,;)
q
_ TS ,t w/0 memory
(@)= a2
A(q)El—%q)) 0 W@ e
q -1 ; -

H T

rs<q>=(q2D0 L‘”j T
S(q)

A(q) <1 :weakly non-exp.

A(q)~1 :strong non-exp.

- from memory eqs. for S(q,t) follow :

g (q,2=0) _ M(q,2)
1+my"(q,z=0) q°DyH(q)

A(q) = — 0<A(q)<1

S L
— - zero for no or PA-HI
lim A(q)=2e—De.  ~Z

q—0 D>

. - smaller than 0.06 for dense hard-sphere systems
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» Measured non-exponentiallity factor for charge-stabilized dispersions

0.8

Am(q)

0.6

04

0.2

"
‘1 ST
\ ' WX —
\m -
Voo
- - ——-YZ
\mm ‘ =
l'l .\_/I'.'..' \ — S
. -. n ll
\ !)l ] -.I N - [ ]
% ° L R N
@O\J \Q o -l [ ..—. \‘ |
\.‘C' D"'O-U-'" -Q ™ ] u \""‘-\-..
Bl .019‘ - -l. "7
O g o O{}- o - u 4
[&)] o oM = ..
o, O o] F |
— __G"O |
0o C{?Of?@““u..
O{-}O ] Cb"‘-—.._._
1 3
q/qm

0~10"* =107

<02>—62/6= 0.05

<+—— zero added salt

| = little added salt

A(qQ>qp)>1-Dy /Dg

Puzzle : - reason for strong ,non-exponentiallity“ near q =0 ?

- can‘t be due to many-body HI !

Exp.: Muller & Schatzel, Kiel (1993)
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Theory: Banchio, Nagele & Bergenholtz, J. Chem. Phys. (2000)



» Resolution : tiny amount of size-polydispersity is sufficient

DLS-measurable dynamic structure factor for polydisperse system :

Sm(@t) e D (x4xp)" by (Q)bg(q)Sep(ast)
o,pB=1

Small polydispersity s <1 = decoupling approx. |

2.0

Sni(qyt) € X(q) Gig (0, O +[1-X(@)] Sia(q.) PO |

b 2 1.0 +
X(q):l—< (q)jp ~9s* (qo<1.5)
(b(a)”)

05 +

0.0

M 0.0 05 ‘1_‘0‘_ B
AM(q—>0)=1—Tj’v{(q) >0 since: /G
T (q)

Sv(@<qy,t)oc(1- 932)8(0) exp {—qz D, % t} +9s? exp{—q2 W(t)}
<1 y

decays fast

decayz slowly 160



» Influence of polydispersity s on A,(q=0)

AD (Q:O) YZ e e e

0 0.02 004 006 0.08 0.1

( Baur & Nagele, Physica A (1997))
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« Measurable non-exponentiallity factor for charge-stabilized dispersion with ¢ = 0.06

Am(Q)

06

04t

e EXP
-------------- A(q): MCT (s=0)

Theory:

0.5 1

Banchio, Nagele & Bergenholtz, J. Chem.
Exp. + BD: Hartl et al., J. Chem. Phys. (1992)

q9/qp,

1.5

2.5 3

Phys. (2000) o



» Time-integrated collective and self-dynamic irreducible memory functions

14—

Hard spheres w/o HI

=
@)
-

1.2 L o

Theory: Banchio, Nagele & Bergenholtz, J. Chem. Phys. (2000)
Simulation: Cichocki & Hinsen, Ber. Bunsenges. Phys. Chem. (1990) 163



p(0;0;s)

Schultz distribution of particle sizes

L] T T
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I
I
\
; | — 5=03
|
f 1 - Oy]
' |
I |
I |
I |
| \
Yoo\
/] \!
al

1

25
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Colloidal dispersions: grand variety of dynamic properties

Transport properties are determined by a delicate interplay of

hydrodynamic and direct particle interactions
Theoretical methods extendable to colloidal composites and polymer solutions

There is an intensive & fruitful exchange between theory + experiment :

quantitative theoretical predictions for colloidal model dispersions
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