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quantum parallelism
I C —

input

a, |00>
+

a, 01>
+

ay|10>
+

a,|l11>

@ Superposition for input created by Hadamard gates
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quantum parallelism
N E—
input
a, |00> a, F |00>
i +
a, |01> F a, F 01>
+ —> +
ay|10> a; F |10>
+ -
a,|l11> a, F|11>

@ Superposition for input created by Hadamard gates

e Functions are represented by unitary operators
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quantum parallelism

input output

a, |00> a, F 00> b, |00>
+ + +

a, 01> F a, F|01> b, 01>
- —> + = -

a;|10> a, F 10> b, |10>
+ + +

a, 11> a,F|11> b, |11>

@ Superposition for input created by Hadamard gates

e Functions are represented by unitary operators
e Quantum state tomography — but how to get a “real” result?
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Deutsch algorithm: table of truth
simplest example: 1-bit-to-1-bit function /: x — {0,1}
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Deutsch algorithm: table of truth
simplest example: 1-bit-to-1-bit function /: x — {0,1}

........................................................................................................................................................................................................

........................................................................................................................................................................................................
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Deutsch al gorithm: table of truth
|
simplest example: 1-bit-to-1-bit function /: x — {0,1}

case 1
A0) 0
A1) 0
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Deutsch al gorithm: table of truth
|
simplest example: 1-bit-to-1-bit function /: x — {0,1}

case 1 case 2
0) 0 I
f1) 0 1
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Deutsch algorithm: table of truth
I
simplest example: 1-bit-to-1-bit function /: x — {0,1}

case | case 2 case 3
£0) 0 1 0
A1) 0 1 1
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Deutsch algorithm: table of truth
I
simplest example: 1-bit-to-1-bit function /: x — {0,1}

case 1 case 2 case 3 case 4
A0) 0 1 0 1
A1) 0 1 1 0
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Deutsch algorithm: table of truth
I
simplest example: 1-bit-to-1-bit function /: x — {0,1}

constant
case 1 case 2 case 3 case 4
f(O) 0 1 0 1
f( 1 ) 0 1 1 0
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Deutsch algorithm: table of truth

simplest example: 1-bit-to-1-bit function /: x — {0,1}

constant balanced
case 1 case 2 case 3 case 4
A0) 0 1 0 1
A1) 0 1 1 0
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Deutsch algorithm: table of truth
simplest example: 1-bit-to-1-bit function /: x — {0,1}

constant balanced
case 1 case 2 case 3 case 4
A0) 0 | 0 |
A1) 0 | | 0

........................................................................................................................................................................................................
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Deutsch al gorlthm table of truth
simplest example: 1-bit-to-1-bit function /: x — {0,1}

constant balanced
case 1 case 2 case 3 case 4
A0) 0 | 0 |
A1) 0 | 1 0

........................................................................................................................................................................................................

real .
or |
alse? =
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Deutsch algorithm: table of truth
simplest example: 1-bit-to-1-bit function /: x — {0,1}

D. Deutsch, Proceedings of the

constant balanced
................................ casel ~~~case2 ~cased cased
1£0) 0 1 0 1
f1) 0 1 1 0
................................................................................................................................... Y
7 >/

real 1A~ I\ f£
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Deutsch algorithm: table of truth
|

simplest example: 1-bit-to-1-bit function /: x — {0,1}

constant tru e

........................................................................................................................................................................................................

........................................................................................................................................................................................................

real / IO\ 6273\
alse’? s / \ N =57
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Deutsch algorithm: table of truth
simplest example: 1-bit-to-1-bit function /: x — {0,1}

constant tru e

................................ casel ~~~case2 ~cased cased

£0) 0 1 0 1

A1) 0 1 1 0

....................................................................... rYy rYY rY
7 7 o/ 7
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Deutsch algorithm: table of truth
simplest example: 1-bit-to-1-bit function /: x — {0,1}

false true

................................ casel ~~~case2 ~cased cased

£0) 0 1 0 1

A1) 0 1 1 0

....................................................................... rY FY rY Y
g & & o

-
" :“ y v
\ ’ R J |
, + & y |
[ — /
. ’
F 4
o
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Deutsch algorithm: table of truth
simplest example: 1-bit-to-1-bit function /: x — {0,1}

false true

................................ casel ~~ case2 o cased  cased
1£0) 0 1 0 1
A1) 0 1 1 0
....................................................................... rYy rYY rY
>/ & >/ >/
f(0)®f(1) 0 0 1 1
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strength of quantum parallelism
E——— I

® calculate a function f(x) with x € {0,...,K} for all x at once
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strength of quantum parallelism

® calculate a function f(x) with x € {0,...,K} for all x at once

classical

function balanced(f:function)
a=1(0)
b=f(1)

returna® b
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strength of quantum parallelism
I | —

® calculate a function f(x) with x € {0,...,K} for all x at once

classical quantum

function balanced(f:function) function balanced(U;:function)
a=f(0) W), = H W), = H [0)]1)
b=f(1) W), = Ug|¥),

R W); = H, [¥),= [f(0)®f(1))R)

return |f(0)®f(1))
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strength of quantum parallelism
E—— I

® calculate a function f(x) with x € {0,...,K} for all x at once

classical quantum

function balanced(f:function) function balanced(U;:function)
a=f(0) W), = H W), = H [0)]1)
b=f(1) W), = Ug|¥),

R W); = H, [¥),= [f(0)®f(1))R)

return |f(0)®f(1))

® use quantum computing only if f(x) 1s “expensive” to calculate
(time, memory), €. g., spin dynamics for huge structures
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strength of quantum parallelism
E—— | —

® calculate a function f(x) with x € {0,...,K} for all x at once

classical quantum

function balanced(f:function) function balanced(U;:function)
a=f(0) W), = H [W), = H [0)]1)
b=f(1) W), = Us[W),

R W); = H, [¥),= [f(0)®f(1))R)

return |f(0)®f(1))

® use quantum computing only if f(x) 1s “expensive” to calculate
(time, memory), €. g., spin dynamics for huge structures

¢ problem: superposition cannot be read-out: it will always

collapse to an eigenstate
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Deutsch algorithm: principle

input

e1gen-
state

0)
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Deutsch algorithm: principle

B
nput super-
position
e1gen-
state
0) 0)+ [1)
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Deutsch algorithm: principle

I @
input super- ?
. position i
=15 function
state |
0 | | I+ | |
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Deutsch algorithm: principle

input super- ? transfer
eigen - test- gl ei;c)n-
state goctics 7/ state

0) 0)+[1) A )| [0)or)
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Deutsch algorithm: principle

B |
input super- ? transfer read-
position ST | to out
el function ﬂ R j\/ .
state state e1gen-
0) 0)+[1) o ) [)or[1) | state

lecture Quantum Computers WS ’15

Wednesday, February 11, 2015




Deutsch algorithm: principle

N |
input super- ? transfer read-
position ST | to out
el function ﬂ R j\/ .
state state e1gen-
0) 0)+[1) o ) [)or[1) | state

one run only!
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Deutsch algorithm: principle

N B
input super- ? transfer read-
position T | to out
ag j> j> funecstion ﬂ R J\
state state 7/ e1gen-
0) 0)+ |1) A )| [0or1) | state
W) ) v,) )
one run only!
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quantum circuit
(10) + 1)) data register
% f —
) = W), ) =
0) y  yOfx) .

Wget register

addition modulo 2
= f(x) for y=0
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quantum circuit

I
(10) + 1))
2 N
y- 110
0) 2

lecture Quantum Computers WS ’15
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data register
X >
). p) =
y@f(x) >

vWget register

addition modulo 2
= f(x) for y=0
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quantum circuit
| e
(10) + 1)) data register
\2 ) = (|OO>J|10>) U, V) =
0) - y  y&Ax) ~

vWget register

addition modulo 2
= f(x) for y=0

(0) + 1)) (0)+1)) o fory

2 2

=1-(100) +[01) + [10) + [11))

He2(00) =
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quantum circuit

(10) + 1)) data register

V2 i X" (040)) + |1, A1)
yy= 10 J”O)) U, )= >le >
0) = y  YOAX) .

vWget register

addition modulo 2
= f(x) for y=0

(0) + 1)) (0)+1)) o fory

2 2

=1-(100) +[01) + [10) + [11))

He2(00) =
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quantum circuit

(10) + 1)) data register
¢ C o - ) Dy
Ty- LDy, - ' le (o)
0) - y  y®Ax) .

vWget register

addition modulo 2
= f(x) for y=0

(0) + 1)) (0)+1)) o fory

2 2

=1-(100) +[01) + [10) + [11))

He2(00) =
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quantum circuit

N e
(10) + 1)) data register
= C o | - ) gy
o= LDy - |J2—| (o)
0) - y  y®Ax) .

vWget register

addition modulo 2
(10 +[1)) (|0) + 1))

= f(x) for y=0

1
He2(00) = —— — =— (|00) + |01) + [10) + |11))
00)= —— ——— =3-(100) +[01) + 10) + 1)
evaluation of function f(x) with n data qubits x and 1 target qubit
1—_2 X))
2" x
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quantum circuit

(10) + 1)) data register
= C o | - ) gy
o= LDy - |J2—| (o)
0) - y  y®Ax) .

vWget register

addition modulo 2
= f(x) for y=0

(0) + 1)) (0)+1)) o fory

2 2

=1-(100) +[01) + [10) + [11))
evaluation of function f(x) with n data qubits x and 1 target qubit

I—ZXX "
> LW - BUT:
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Deutsch algorithm: quantum circuit

|O> — H X X H —
Uf
1) — H y yeAx)
lecture Quantum Computers WS ’15 7

Wednesday, February 11, 2015 7



Deutsch algorithm: quantum circuit

0) — H X X H —
Uf
1) — H y yeAx)
|1PO> |‘Ij1> |\Ij2> |le3>
W) =101)
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Deutsch algorithm: quantum circuit
I | ——

|O> —— H X X H ——
Us
1) — H y yeAx)

T

|1PO> |‘Ij1> |‘P2> |qj3>
o) =101)
0y + 1)) (o) - |1)
\2 \2

W) = He2jo1) = =1-(/00) - [01) + [10) - [11))
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Deutsch algorithm: quantum circuit

|O> —— H X X H ——
Us
1) — H y yeAx)

T

|1Po> |‘P1> |‘P2> |1P3>
|1Po> = ‘01>
10y +11)) (|0) - 1))

\2 \2
|1P2> = Uf |‘P1>
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Deutsch algorithm: find U,

B 000
Uf |X!Y> = |X,y@f(X)>
case 1 case 2 case 3 case 4
A0) 0 1 0 1
A1) 0 1 1 0
Uy
lecture Quantum Computers WS ’15 8

Wednesday, February 11, 2015 8



Deutsch algorithm: find U,

U; [x,y) = [X,y®f(x))
............................... casel .|..casez ...cased ...oaed .
fiol o 1 0 1
fin 0 1 1 0

.....................................................................................................................................................

..................................................

U;: 10,0) — [0,0), 0,1} — [0,1), ]1,0) — |1,0), |1,1) — |1,1)

_|0

lecture Quantum Computers WS ’15

Wednesday, February 11, 2015



Deutsch algorithm: find U,

B 000
Uf |X!Y> = |X,y@f(X)>
case 1 case 2 case 3 case 4
A0) 0 1 0 1
A1) 0 1 1 0
Uy
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Deutsch algorithm: find U,

B 000
Uf |X!Y> = |X,y@f(X)>
case 1 case 2 case 3 case 4
A0) 0 1 0 1
A1) 0 1 1 0
U ID
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Deutsch algorithm: find U,
N B
Uf |X!Y> = |X!y@f(x)>
................................ casel | case2 | case3 ~ case4

floy 0 1 0 1
fiH 0 1 1 0
............... e

U;: 10,0) — ]0,1),]0,1) — [0,0), |1,0) — |1,1), |1,1) — |1,0)

/01 0 0)
u.=|1 000
10 0 0 1

\0 0 10
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Deutsch algorithm: find U,

B 000
Uf |X!Y> = |X,y@f(X)>
case 1 case 2 case 3 case 4
A0) 0 1 0 1
A1) 0 1 1 0
U ID
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Deutsch algorithm: find U,

I @ 0000
Uf |X’Y> = |X,y@f(X)>
case 1 case 2 case 3 case 4
A0) 0 1 0 1
A1) 0 1 1 0
U ID NOT
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Deutsch algorithm: find U,

B -
Uf |X!Y> = |X,y@f(X)>
................................ casel .casez . .|cased ..ot .
floy 0 1 0 1
A 0 1 1 0
U ID NOT

=
o

|
S O
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Deutsch algorithm: find U,

I @ 0000
Uf |X’Y> = |X,y@f(X)>
case 1 case 2 case 3 case 4
A0) 0 1 0 1
A1) 0 1 1 0
U ID NOT
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Deutsch algorithm: find U,

Uf |X’Y> = |X,y@f(X)>
case 1 case 2 case 3 case 4
A0) 0 1 0 1
A1) 0 1 1 0
U ID NOT CNOT
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Deutsch algorithm: find U,

Uf |X!Y> = |X,y@f(X)>
................................ casel ..casez ..cased .l.eased .
floy 0 1 0 1
A 0 1 1 0
U ID NOT  CNOT

U=
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Deutsch algorithm: find U,

Uf |X’Y> = |X,y@f(X)>
case 1 case 2 case 3 case 4
A0) 0 1 0 1
A1) 0 1 1 0
U ID NOT CNOT
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Deutsch algorithm: find U,

Uf |X’Y> = |X,y@f(X)>
................................ f R .
floy 0 1 0 1
fH) 0 1 1 0
U ID NOT  CNOT Z-CNOT
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Deutsch algorithm: find U,

B -
Uf |X!Y> = |X,y@f(X)>
................................ f R .
floy 0 1 0 1
A 0 1 1 0
U ID NOT  CNOT Z-CNOT

W) = Ui |¥)) = —(|o A0)) - 10,1® A0)) + |1, A(1)) - |1,1® £(1)))
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Deutsch algorithm: find U,

Uf|X!Y> = |X,y@f(X)>
................................ f R .
floy 0 1 0 1
m o ialse] 1 )
Uy ID NOT  CNOT Z-CNOT

W,) = Ug[W)) = 2-(10, /0)) - 10,1® A(0)) + |1, A1) - 11,1@ £(1)))
W,) = Ug[W)) = 210) + [1) (I(0)) - [1© f(0)))
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Deutsch algorithm: find U,

S E—— -
Us [x,y) = [x,y®AX))
................................ O e SBC 2SS
A0) 0 1 0 1
« otalsej | true
U ID NOT GNOT Z-CNOT ...........

W,) = Ug[W)) = 2-(10, 0)) - 10,10 /0)) + |1, (1)) - 11,1® A(1)))
W,) = Ug[W)) = 210) + [1) (I(0)) - [1© f(0)))

W,) = Ug[W)) = 210) - 1)) (I1(0)) - 11® £(0)))
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Deutsch algorithm: find U,

U; |X!Y> = |X!y@f(x)>
................................ 3 —C S Gl —— S Ol — Sl —
A0) 0 1 0 1
m o ialse] | true
............... I T
W,) = Ug[W)) = 2-(10, 0)) - 10,19 /0)) + |1, (1)) - 11,1® A(1)))
W) = U W) = 5 (I70)) - 11® A(0)))
W) = Ug[W)) = 3 10)) - 11 £{0)))

information encoded in phase of x-qubit
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Deutsch algorithm: get the answer

|‘P3> = Hx |qu>
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Deutsch algorithm: get the answer

|‘P3> = Hx |qu>

1 -1
1L pyv=L|ro)y®r@
@|0> €|f() £y

false. Hw,) =H ;_(|O> N |1>):\/%[1 1]5_[1]
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Deutsch algorithm: get the answer

|‘P3> = Hx |qu>

false . Hw,), =H3(0) + |1>)=%[1 i ];—[i]
=_L |oy=_L_]r(0 1
@|0> ﬁlf()@f( )
1 1]1[1
1 -12]-1

=1L n=_Lifroyorn
@” @\f() ()
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Deutsch algorithm: get the answer

| E—
W,)=H,|¥,) = | £(0) @£ (1)) 1£(0)) - 1@ £(0))
 § \2
| rea:-out 0
false :Hiw), (0 + |1>):€[1 B ]2_[1]

~ 1L ipv=_L|Fr0)®r@1
A=10) Vrz_If() £()

1 1)1 (1
1 -1(2 |1
=1 =L |ro)®r(
@” @\f() (1))
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Deutsch algorithm: summary
EE———  ——

e cvaluates a global property of a function f(x) with a single run
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Deutsch algorithm: summary

e cvaluates a global property of a function f(x) with a single run

Example: {(x) — {(0) =1, f(1) =1

0) — H X X H ——
Uf
1) — H —y y&f®
Wy ¥ W) %)
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Deutsch algorithm: summary

e cvaluates a global property of a function f(x) with a single run

Example: {(x) — {(0) =1, f(1) =1

0) — H X X H ——
Uf
1) — H —y y&f®
Wy ¥ W) %)
W) =101)
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Deutsch algorithm: summary

e cvaluates a global property of a function f(x) with a single run

Example: {(x) — {(0) =1, f(1) =1

0) — H X X H ——
Uf
1) — H —y y&f®
Wy ¥ W) %)
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Deutsch algorithm: summary
S I

e cvaluates a global property of a function f(x) with a single run

Example: {(x) — {(0) =1, f(1) =1

|0> —— H X X H ——
Uf
1) — H y  y®Ax)

|1PO> |qj1> |\Ij2> |le3>

(10) + (1)) (|0) - 1))
\2 \2
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Deutsch algorithm: summary

e cvaluates a global property of a function f(x) with a single run

Example: {(x) — {(0) =1, f(1) =1

0) — H X X H ——
Uf
1) — H —y y&f®
Wy ¥ W) %)
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Deutsch algorithm: summary

e cvaluates a global property of a function f(x) with a single run

Example: {(x) — {(0) =1, f(1) =1

|O> — H X X H —
Uf
1) — H I y yOfx)

W) W) wy (W)
w)y=U|¥)=1 1(1)80 T -1 (-[00) +01) - [10) + [11))
) = f| 1>—2—0001 -}_2__} -

0010)J{1
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Deutsch algorithm: summary

e cvaluates a global property of a function f(x) with a single run

Example: {(x) — {(0) =1, f(1) =1

0) — H X X H ——
Uf
1) — H —y y&f®
Wy ¥ W) %)
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Deutsch algorithm: summary
S I

e cvaluates a global property of a function f(x) with a single run

Example: {(x) — {(0) =1, f(1) =1

|0> —— H X X H ——
Uf
1) — H y  y®Ax)

|1PO> |qj1> |\Ij2> |le3>

(=[00) + |01) - [10) + [11))
iy <UD 10 1)y

(0} + 1)) (-[0) + [1))
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Deutsch algorithm: summary

e cvaluates a global property of a function f(x) with a single run

Example: {(x) — {(0) =1, f(1) =1

0) — H X X H ——
Uf
1) — H —y y&f®
Wy ¥ W) %)
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Deutsch algorithm: summary
S I

e cvaluates a global property of a function f(x) with a single run

Example: {(x) — {(0) =1, f(1) =1

|0> — H X X H —
Uf

1) — H —y Y&
|\PO> |11]1> |‘P2> |IIJ3>
a1 1)1 [
), H O+ = H ]

=_L |0)
lecture Quantum Computers WS ’15 \/2> 10
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Deutsch algorithm: implementation

Roos et al: Phys. Rev. Lett. 83, 4713 —
4 +
°Ca 4Py,
N
2p,, ) 54 nm
2 1
g 866 nm ¥y |1
§ o _ 3°Ds),
S [ | po7 S
o nm =
£ 2| 729 nm
S g
\/ > 0)
2 -
4*512 "V ised Tor Laser cooling
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Deutsch algorithm: implementation

B
40Ca* 08} redsideband 08} Dblue sideband
(a) after
Q; 06! Doppler cooling Q; 06
2 S
5 0.4 §¥ 5 0.4
S ¢ ® 3
3 1Y 3
= 02 I S 0.2
0
‘M
0 0

-4.54 -452 -45 -4.48 448 45 452 454
Detuning &w (MH2) Detuning 8w (MHZz)
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Deutsch algorithm: implementation

o
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Deutsch algorithm: implementation

Gulde et al: Nature 421, 48 (2003)

[ ——————————————————— —

|

| ' |

o4 Ry, ——1 FE

| '

; | H U, |

. : —!

1> 1 By [Hw wafla)fl R [1

: |

SRR TR TR LT |
' ] '
law la.w la.w
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Deutsch algorithm: implementation

Gulde et al: Nature 421, 48 (2003) ' B
case 1: Uf= ID

| |
\ ' |
10>4 R, : H* . L
: | !
; I ' U, : l<tia>J
H | H |
AR e wetal R |1
! | : |
s e mafdns A i e s i ) . e |
' ' '
law>, W, la,w>, la,w>,
! ' | — Table 3 Implementations of R;,_U, R,
05 .-'. V.O.'.M -°.’ﬂ 4 Logc Laser pulses
0U~ L - fy R R, No pulses
0
%
L7
k"
-
:
:
o
lecture Quantum Computers WS ’15 12

Wednesday, February 11, 2015 12



Deutsch algorithm: implementation

Gulde et al: Nature 421, 48 (2003) . B 0000000
case 1: Uf= ID

R <o ot = Ty m o B e By N e i 1] |
: [
=4 R, f—H" "
: | !
! : U, : l<tla>
: |
b 1 B2 4 U walallT| % IT case 3: U= CNOT
D e e e [
' ' '
law>, law>, la,w>, la,w>,
! ' I ' Table 3 Implementations of R;,_U, R,

o Cane _— — ~
os b .~. V.O.O.M -..& y Logic Laser pulses
O‘JN L -, s R R, No pulses

0
%
'.
-
%
é l. * Case ]
Tl | L fa R; CNOTR, R*(%.0)R" (x.3)R*(%.0)R" (v.3)
5 0 1 1 v v
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Deutsch algorithm: implementation

Gulde et al: Nature 421, 48 (2003) . B 0000000
case 1: Uf= ID

PUED S SPTPEraTERTY T ThEPTDTY D TS - l
|
: [
0>+ R, h @ 8 H Ry
' |
! : U, : l<tla>
" ' ' _
W15 [l wafa)f'| R; [T case 3: U= CNOT
D e e e [
v ' ' case 4: U,= Z-CNOT
'a w>‘ b.w)v l"w;.: “.W), f
! ' I ' Table 3 implementations of R,_U, R,
o Cane _— — ~
os b .~. V.O.O.M -.ﬂ ) Loge Laser pulses
O‘JN 1 - !y R R, No pulses
0
.
A
'.
k"
-
® 1
é | . Case 3
05 - e - .
5 v fa R, CNOTR,_ R*(%.0)R" (x.3)R*(%.0)R" (v.3)
o 0 1 1
,0
Cane 4
05
f' fa R, Z-CNOTR,,_ R(r, 07" (%.0)R" (x §)R* (5,0)R* (x.3)Ax,0)
0025 50 75 100 125 150 176 200 226 2% 278
Time (us)
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Deutsch algorithm: implementation
B

Gulde et al: Nature 421, 48 (2003) _

R/ S R NI IS Rt VM O S e
' !
) ' '
I0>4 Ry I +H® " H R;
| E Uy :
| '
' [
1> Ay [Hw woafla)| R [T
| i |
i e . a0t B . S 2. . A g S Mol O S |
' ' ' '
la,w>, la,w>, la,w>, a,w>,
1
| ® | Case |
; Jﬁt‘% V.o.'.M -°ﬂ
0 1 1 -
0
1
u:T | Case 2
= 05
v
§ ot
® 1
| . Case 3
) 0D5¢ P -~
S bl
40
Cane 4
05 f'
0 A s

0 25 S5 75
Time (us)
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100 125 150 175 200 225 250 275

case 1: U,= ID
case 2: U,= NOT
case 3: U,= CNOT
case 4: U = Z-CNOT

Table 3 Implementations of R, _U, R, _

LOgC

- R

e Ve

R, SWAP™' NOT, SWAP R,_

Ry, CNOTR,,

R;, Z-CNOTR,,

Laser pulses
No pulses

A= 0)R (&

\ s f \
Ewswe R %5,0)
\ V3

Fi%.0)R %, §)R(E x)

s i \ese 2 Ve [ )
Y (5% |H l-}':-t teswae || S50 :'

R*(%.0)R" (x.3)R*(%.0)R" (v.3)

Rix,0)R* (g;.o)fr (x 3R (45 o)R+ (x.%)Ax,0)
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Deutsch algorithm: Fidelity
O

Table 2 Expected and measured results of the complete Deutsch-Jozsa algorithm

Constant Balanced
Case 1 Case 2 Case 3 Case 4
Expected |(1 | a)|? 0 0 1 1
Measured |(1 Ia)l 0.019(6) 0.087(6) 0.975(4) 0.975(2)
Expected |(1 | w)|? 1 1 1 4
Measured |(1 Iw)l - 0.90(1) 0.931(9) 0.986(4)
Table 5 Implementations of Ry U, R,
LOgic Laser pulses
fy R; R, No pulses
fo Ry, SWAP 'NOT, SWAPR, R (:-*/-.0)9' (25 eswar ')R' (-0)

RI' O)R(=.% \R(- %)

AR? (:’-)17)[? (?—- %+ c;-;w,xp)F?' (—'—7:)

fa Ry, CNOTR,_ R*(%.0)R* (x.3)R* (%.0)R* (=.3)
fa R; Z-CNOTR, R(x.0)R" ({‘;.O)R (x.Z)R (—,. 0)R* (x.5)R(x.0)
leCture Quantum Compu[erswéla ...................................................................................................................................................... 13
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Needle 1n a haystack
O

Grover algorithm: search in an unsorted database

Lov Grover,
Bell labs

“Quantum mechanics helps in searching for a needle in a haystack™
Phys. Rev. Lett. 79, 325 (1997)

lecture Quantum Computers WS ’15 14
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Search 1n a database

Example: search for a specific number in a phonebook

We need:
e N = 20 entries with index x =0...N-1.

A “detector” function f(x):

- Entry x is no solution: ~ f(x) =0

- Entry x is a solution: f(x) =1

lecture Quantum Computers WS ’15 15
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The oracle

Grover’s algorithm minimizes calls to “oracle”

Classical: on average N/2 calls to oracle.

Quantum: number of calls o YN.

f(x)=1 1f entrance 1s solution

00) [01) [10) [11)  |x): addresses of data register

lecture Quantum Computers WS ’15 16
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depicting Grover’s algorithm

Brickmann et al: Phys. Rev. A. 72, 050306(}

End || measure

lecture Quantum Computers WS ’15
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depicting Grover’s algorithm

Brickmann et al: Phys. Rev. A. 72, 050306(1

End

measure
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17

Wednesday, February 11, 2015




depicting Grover’s algorithm

Brickmann et al: Phys. Rev. A. 72, 050306(1

End || measure

lecture Quantum Computers WS ’15
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depicting Grover’s algorithm

Brickmann et al: Phys. Rev. A. 72, 050306(1

End || measure

Start

|00o...0»

(b)
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depicting Grover’s algorithm

Brickmann et al: Phys. Rev. A. 72, 050306(1

End || measure

A

pO—==[xp{0)
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Quantum circuit

Data register: superposition of n=2 qubits |x) [¥,) = |0)

(10) + 1)) (0) + [1))

He2{00) = ——

0) - He

1) — H

W)

W,

=2-(100) H[01)]+ [10) + 1))

N2

R 1iterations |‘P3>

Target register: oracle qubit |q) prepared in [W,) =|1)

lecture Quantum Computers WS ’15
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Oracle operator
I | —

Uo |X> |CI> = |X> | (—Df(x)) |a) is flipped, if [x) points

to register with solution

(10 - 1))
190) = %) = H|1)= ——
(|0) = [1))°
) [(O>_1>)]i:()()=0: |X>h 5
2 1: 10 _dl)w'()»‘ __|X>[<o> |1>>]
Uo [x) [9p) = (-1)™ [x) [qp)

Wednesday, February 11, 2015 19



Grover’s algorithm
I I

Oracle qubit does not change: Look at data register only.

ERECHOR U
W)= H200) = ——— ——— =2-(00) +[0D)}+[10) + 1)

lecture Quantum Computers WS ’15 20
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Grover’s algorithm
 ——

Oracle qubit does not change: Look at data register only.

(o) @y
W)= He00) = ———— ———— =7-(00) +[01)}+ 10) + 11)
W, ) = U [W,) = 2(]00) - [01) + [10) + [11))

lecture Quantum Computers WS ’15 20
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Grover’s algorithm

Oracle qubit does not change: Look at data register only.

(10 + 1)) (0) + 1))
N
W, ) = Ug [W,) = 2-(|00) - [01) + [10) + [11))

W) = He/00)= =2-(100) +[0T}}+ [10) + 1))

;3,0 = HE2 W, )= —(|00> 01) + [10) +[11) =[00) +]01) - [10) + |11)
4 1100) + [01) - |10) - [11) +00) - [01) — [10) ~ [11))

—2-(/00) + [01) - [10) + [11))

lecture Quantum Computers WS ’15 20
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Grover’s algorithm

Oracle qubit does not change: Look at data register only.

(10 +[1)) (|0) + 1))
IR
W, ) = U [W,) = 2(]00) - [01) + [10) + [11))

W) = He/00)= =2-(100) +[0T}}+ [10) + 1))

;3,0 = HE2 W, )= —(|00> 01) + [10) +[11) =[00) +]01) - [10) + |11)
4 1100) + [01) - |10) - [11) +00) - [01) — [10) ~ [11))

= 2(100) + [01) - [10) + [11))

W, )= C,JW,,)= (-1 W, )= - (|00) - [01) + [10) - [11))

lecture Quantum Computers WS ’15 20
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Grover’s algorithm

Oracle qubit does not change: Look at data register only.

(10 + 1)) (0) + 1))
N
W, ) = Ug [W,) = 2-(|00) - [01) + [10) + [11))

W) = He/00)= =2-(100) +[0T}}+ [10) + 1))

;3,0 = HE2 W, )= —(|00> 01) + [10) +[11) =[00) +]01) - [10) + |11)
4 1100) + [01) - |10) - [11) +00) - [01) — [10) ~ [11))

= 2(100) + [01) - [10) + [11))
W, )= C,JW,,)= (-1 W, )= - (|00) - [01) + [10) - [11))

|‘P3.4> — H®2|\P3.3> —
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Grover’s algorithm

Oracle qubit does not change: Look at data register only.

(10 + 1)) (0) + 1))
N
W, ) = Ug [W,) = 2-(|00) - [01) + [10) + [11))

W) = He/00)= =2-(100) +[0T}}+ [10) + 1))

;3,0 = HE2 W, )= —(|00> 01) + [10) +[11) =[00) +]01) - [10) + |11)
4 1100) + [01) - |10) - [11) +00) - [01) — [10) ~ [11))

= 2(100) + [01) - [10) + [11))
W, )= C,JW,,)= (-1 W, )= - (|00) - [01) + [10) - [11))

|‘P3.4> — H®2|\P3.3> =|01 >

lecture Quantum Computers WS ’15 20
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Grover’s algorithm

=

= O

T

||
Sl

(@)

=

|

= - o

e

=, o

e C oS
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Geometrical analysis
C_=-1+2]0)X0]| with |¥,) = H®"|0) and (¥,|= (O[H®"

G=HerC_HonU = Hen(2|0)(0]-1)HenU,=(2|W, W, |-1)U,

|o)= > (1-fx))[x) Superpostion of “no-solutions™
N M x
1B)= V 2. fx)[x) Superpostion of solutions
X
15) 4
N M
@ W)
= COS —|oc) + sin — |[3) .
2
lecture Quantum Computers WS ’15 IO(> 22
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Geometrical analysis

IB)

>

Q) . 0O
U, [W,) = cos 7|oc> - sin 7”3)

lecture Quantum Computers WS ’15 23
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Geometrical analysis
I  —

® 4
U, |W,) = cos 7|oc> - sin g|ﬁ> B)
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Geometrical analysis

N B
Q) . O
Ug [¥,) = cos 7|0‘> = SIn 7|B> Py
_ %)
(2|‘I‘2><‘P2|-1i)—|11‘2><‘1’2| - (1|' |IP2><‘P2|)
=P, —P,* Bl "l
Uo|W,)
lecture Quantum Computers WS ’15 23
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Geometrical analysis

B B
o n © +  GW
U, |W,) = cos 7|o¢> - sin 7”3) IB) %)
W
(219, )W, 1) =[P, )XW, | - (1- [ W)W, ) )
“PhaoPy - "|or)
reflexion at |\V,)
Uol'W,)
lecture Quantum Computers WS *15 23
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Geometrical analysis

© A
U, |W,) = cos 7|oc> - sin g|ﬁ> IB) G|¥,)

(212, W, |-)= W, - (1- [W,)W, ) %)

=P, —P,"

reflexion at |\V,) U [,
ol

G |W,) = cos —Ia> + sin 3®II3>

lecture Quantum Computers WS ’15 23
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Geometrical analysis

IB)

>

© . 0
U, |W,) = cos 7|oc> - sin 7”3) G|¥,)

y
(2|‘P2><‘P2|'1.):|1P2><‘Pz| - (1|' |IP2><‘P2|) l 2>
=P, —P," "
reflexion at |\V,)
UolW,)
G|¥,) = cos —|OL> + sin 3®“3> cos® -sin®
G =
sin © cos ©
lecture Quantum Computers WS *15 73
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Geometrical analysis
 ——

I
Q) . 0O
U, [W,) = cos 7|oc> - sin 7”3)

(2|1P2><‘P2|'1.):|1P2><‘P2| - (1|' |‘P2><‘P2|)
=P, - PzJ_

reflexion at |\V,)

G |W,) = cos —Ia> + sin 3®II3>

Gk |W,) =cos %@ |o) + sin K1 ®|[3)

lecture Quantum Computers WS ’15

IB)

>

G|¥,)

W)

Uol¥>)

G =

cos © - sin ©
sin © cos ®
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Iterations

Necessary number R of iterations 1s closest integer (CI) to

G

2 2 @m-0 = 1
— 0 20 207 72

1 T 1 T
R :=CI — = -—— | < — 4 /D
20 2 4 arcsin 4 [M 2] 4 M
N
with LN/[ <<1 error probability p < sin? 5 = I\I:I[

» For more iterations than R, error increases

=> (One needs to know number M of solutions.

lecture Quantum Computers WS ’15 24
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Implementation quantum circuit

Brickmann et al: Phys. Rev. A. 72, 050306

1) | H—*

Toffoli gate:
marks the state

‘ amplification of marked state ‘

How to do this with ions?
1. use hyperfine states of '''Cd* ions
2. use microwaves to rotate spin states

3. Oracle qubit does not change: use vibration

lecture Quantum Computers WS ’15 25
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Brickmann et al: Phys. Rev. A. 72,

Real implementation

Rz : phase rotation about the z axis

lecture Quantum Computers WS ’15

Gwms : Melmer-Sgrensen entangling gate
(developed for 10ns 1n traps -> phase shifts of lasers are compensated)

_
Controlled phase gate-‘
HR(r/2,0{R, (-m/2) HEICAY
Gys
HR(/2,0)fR(-/2)

Amplification

R : global microwave rotation combined with off-resonant laser pulses
(induce Stark shift that leads to a phase shift & between the 10ns)

26
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Grover algorithm: Fidelity

Brickmann et al: Phys. Rev. A. 72, 050 —
a 0.7 0.7
o o |
00> 2 01) 2 |
ol — = o | WM
00 01 10 11 00 01 10 11
0.7 average over 500 trials
o | o |
10y g | 111) & i
" oo 01 10 11 Y 00 01 10 11

e time needed for the algorithm: ~ 380 us (20 pulses)
e classical probability 1s 50% (1 query only)
e Grover should give 100%

lecture Quantum Computers WS ’15 27
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ion trap quantum computing: a summary

» qubit representation
— hyperfine states (°Be*, ¥ Ca®)
— electronic states (4°Ca™)
— vibrational modes
« qubit manipulation: laser irradiation
* Initial state preparation:
— Doppler and sideband cooling
« read-out: fluoresence

lecture Quantum Computers WS ’15 28
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relaxation and operation
B -

* electronic states:

— energy relaxation time T, ~ 1s

— phase relaxation time T, ~ 10 ms
— gate operation time T . ~ 200 us
— Ty/Type ~ 50

* hyperfine states:

gate

— phase relaxation time T, ~ 10s

— gate operation time T, ~ 10 us
— 6
T/ e ~ 10
lecture Quantum Computers WS ’15 29
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