I @4 B 000
lecture WS ’15

Quantum Computers

- how to make them work -
Shor’s algorithm

C. Meyer, C.M. Schneider
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prime factorization
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algorithm found by Peter Shor 1994
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prime factorization
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lecture Quantum Computers WS ’15 2

Tuesday, February 17, 2015 2




prime factorization
I -
algorithm found by Peter Shor 1994

generalized to an algorithm for order finding

key step 1s the quantum Fourier transform (QFT)
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discrete Fourier transform (DFT)
| E——

Lieven Vandersypen, PhD tt

DET
unitary transform that converts a string of N complex
numbers X; to a string of N complex numbers y,

N-1

1 o
YT IN jzz‘bxjezﬂlk/N

inverts periodicity (input string period r, output string N/r)
10001000 — 10101010

converts off-sets into phase factors

01000100 —10-10-1010
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quantum Fourier transform
I

number of qubits n = log, N (for N=8, three qubits)

001) the 2nd

7)

amplitude of ‘OOO} represents first complex number,

1), ...,

states |OOO>,

001), ...,

111) are labelled |0),

N-1
L el
k=0

01000100 —10-10-1010
(1) + I5)NV2 —— (0) - i[2) - 4) + i[6))2
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quantum Fourier transform

N-1

Nielsen/Chuang S. 218 ) 1N gizeilon [
ielsen/Chuang |J>ﬁ\>/F |>

: k=0
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quantum Fourier transform

N-1
Nielsen/Chuang S. 218 | ] > ﬁ\/l_ @i2njk/N |k>
: N0
j:j122+j221+j320 (short: ] :j1j2j3) O-j1j2j3 :jl/z +j2/4 +j3/8
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quantum Fourier transform

N-1
Nielsen/Chuang S. 218 |J> ﬁ\/l_ @i2njk/N |k>
: N0
j :j122+j221 +j320 (short:j :j1j2j3) O-j1j2j3 :j1/2 +j2/4 +j3/8

irjais) = 5L [(IO>+§”i D) 00+ ) (o) +> O-J'ﬂzjsm)]
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quantum Fourier transform

N-1
Nielsen/Chuang S. 218 i) —;71_ ei2N [[)
: N0
1=3122+ 5214 352°  (short: j = Jyjoi5) 00123 =11/2 + /4 +]5/8

reverse order of output qubits: jlin = j3°“t, j3in =] 1°ut

irjais) = 5L [(IO>+§“i D) 00+ ) (0} +> O-Jsmlm)]
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quantum Fourier transform

. B
N-1
Nielsen/Chuang S. 218 i) —;71_ ei2N [[)
: N0
1=3122+ 5214 352°  (short: j = Jyjoi5) 00123 =11/2 + /4 +]5/8

reverse order of output qubits: jlin = j3°“t, j3in =] 1°ut

irjais) = 5L [(IO>+§“i D) 00+ ) (0} +> O-Jajzilm)]

(G J
Y

1 (11
1 -1

\

\2

. Jj3in

H
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quantum Fourier transform

N-1
Nielsen/Chuang S. 218 i) —;71_ ei2N [[)
: N0
1=3122+ 5214 352°  (short: j = Jyjoi5) 00123 =11/2 + /4 +]5/8

reverse order of output qubits: jlin = j3°“t, j3in =] 1°ut

i inis) _’2}1/2 [(|O>+e2“i o.j1|1>)(|0> _I_ezm o.jzjl|1>)(|0> +ezm 0.j31'2j1|1>)]

. L J
Y Y
r N r N
A1 11
V2 -1,j3in V2 1 -1szin
H H
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quantum Fourier transform

N-1
Nielsen/Chuang S. 218 i) —;71_ ei2N [[)
: N0
1=3122+ 5214 352°  (short: j = Jyjoi5) 00123 =11/2 + /4 +]5/8

reverse order of output qubits: jlin = j3°“t, j3in =] 1°ut

i inis) _’2}1/2 [(|O>+e2“i o.j1|1>)(|0> _I_ezm o.jzjl|1>)(|0> +ezm 0.j3]'2j1|1>)]

. AN J

Y J in=1 Y
r ) 3 r N

11 1o | L f11

V2 |1-1]). . 0 en?]. b (1-1].,
< > J31n leh/ < J J21n

90°
H R, H
lecture Quantum Computers WS ’15 5

Tuesday, February 17, 2015 5



QFT quantum circuit

5 || ——

i)

i)

17Ty
H=¢
1T
_ _h 2
17
h
C
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QFT implementation

Weinstein et al.: Phys. Rev. Lett. B @200 |
e 3C labeled spins of Alanine as qubits (T,>1.5s, T,>400ms)

e Preparation of pseudo-pure state |OOO>

|111) (000

000) (000
1000)¢000] |111) (111

|000) (111]
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QFT implementation

I
e 3C labeled spins of Alanine as qubits (T,>1.5s, T,>400ms)

Weinstein et al.: Phys. Rev. Lett. 86

e Preparation of pseudo-pure state |OOO>

e Preparation of input state |OOO>+|010>+ |IOO>+|110>

111) (000]

1000) (000

|111) (111

|000)(111] @
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QFT implementation

B
e 3C labeled spins of Alanine as qubits (T,>1.5s, T,>400ms)

Weinstein et al.: Phys. Rev. Lett.

e Preparation of pseudo-pure state |OOO>
e Preparation of input state |OOO>+|010>+ |100>+|110>

o Apply QFT =>|000)+|001) and SWAP => |000)+|100)
|111) (000]

000
|000) (000] [111) (111]

|000) (111]
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Order finding

Lieven Vandersypen, PhD thesi:
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Order finding

t-ph/0205193

® M rooms with one entrance and one exit

Lieven Vandersypen, PhD thesis:
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Order finding

® M rooms with one entrance and one exit

Lieven Vandersypen, PhD thesis:

@ Connected by subcycles
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Order finding

® M rooms with one entrance and one exit
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@ Connected by subcycles
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Order finding

® M rooms with one entrance and one exit

Lieven Vandersypen, PhD thesis:

@ Connected by subcycles

ml(5)=4, t3(5)=2, ...

¥
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Order finding
Lieven Vandersypen, PhD thesis:

® M rooms with one entrance and one exit

@ Connected by subcycles

e How often to change room until back at start?
! (5)=4, m*(5)=2,
- % A ¥

¥

y=1{0,1,3,7
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Order finding
Lieven Vandersypen, PhD thesis:

® M rooms with one entrance and one exit

@ Connected by subcycles

e How often to change room until back at start?
! (5)=4, m*(5)=2,
- % A b

o o o
G

¥

y=1{0,1,3,7
=4 .

0 N M T o)

E 4N 3 16,319 Mo

| % A G.J :
i,'c..‘. " = ',"‘ n
gL T4 i
| 2 7
Fodl J VR J
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Order finding: quantum circuit
Lieven Vandersypen, PhD s 2ZzZzZ00 |

%)= XX X9, X=4XyH2X X,
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Order finding: quantum circuit
se3
%)= XX Xp), Xx=4%,+2%,+x, M=4, ly,yo)=1ly). y € M-1
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Order finding: quantum circuit
Licven Vandersypen, PhD t 5193
%)= XX Xp), Xx=4%,+2%,+x, M=4, ly,yo)=1ly). y € M-1

X)y) = [X(y)) = [ (y)m ()l (y))
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Order finding: quantum circuit

Lieven Vandersypen, PhD tk Bess 20 |
|X>: |X2X1Xo>a X=4x,12x, X, M=4, |Y1Y0>: |Y>a y € M-1
X)y) — [X)(y)) =[xl (y)le (y)) o (y))
y=3
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Order finding: quantum circuit

Lieven Vandersypen, PhD tk Bess 20 |
|X>: |X2X1Xo>a X=4x,12x, X, M=4, |Y1Y0>: |Y>a y € M-1
X)y) — [X)(y)) =[xl (y)le (y)) o (y))
y=3

[Po)=/000)]11)
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Order finding: quantum circuit

s 0200
|X>: |X2X1Xo>a X=4x,12x, X, M=4, |Y1Y0>: |Y>a y € M-1
X)y) — [X)(y)) =[xl (y)le (y)) o (y))
y=3

Q) =(0)H 1)+2)+3)HA)HS)+6)+7)) 1)
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Order finding: quantum circuit

Lieven Vandersypen, PhD

%)= XX X9, X=4XyH2X X,

5193
M=4, ly,yo)=1ly). y € M-1

X)y) = [X(y)) = [ (y)m ()l (y))

y=3 xn!(3)=1, ®*(3)=3, ...

H

H

H

Q) =(0)H 1)+2)+3)HA)HS)+6)+7)) 1)
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Order finding: quantum circuit

Lieven Vandersypen, PhD

%)= XX X9, X=4XyH2X X,

5193
M=4, ly,yo)=1ly). y € M-1

X)y) = [X(y)) = [ (y)m ()l (y))

y=3 xn!(3)=1, ®*(3)=3, ...

H @
H ®
"

T(y)| |TAy)  |TTH(y)

[W,)=(10)+2)+4)+H6)) 1)+ 1)+3)+H5)+7))3)
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Order finding: quantum circuit

Lieven Vandersypen, PhD

[X)= [x,X,X,), X=4X,+2X,1X, M=4,

X)y) — RO (y)) = [l ()l (y)la*e (y))
y=3 w!(3)=1, m3(3)=3, ...

e 0000
|Y1Y0>: |Y>, y € M-1

H

H

H

1

QFT ——

T(y)| |TAy)  |TTH(y)

[W3)=(10)+4))1)+(10)—[4))[3)
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Order finding: quantum circuit

Lieven Vandersypen, PhD

%)= XX X9, X=4XyH2X X,

X)y) — RO (y)) = [l ()l (y)la*e (y))
y=3 w!(3)=1, m3(3)=3, ...

5193
M=4, ly,yo)=1ly). y € M-1

0> —_— H o— I
0| — H . QFT —
0> —_— H _T I

T(y)| |TAy)  |TTH(y)

[W3)=(10)+4))1)+(10)—[4))[3)

lecture Quantum Computers WS 15 | measurement YICIdS multlple of 20/r =>r=2
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Order finding for n qubits

5193
reglsterl number of transitions between “rooms”
register 2 number of starting room
blojoy
e LS o
JHen—s 2 «[110)
3) f(G)=mw(0) > —— & |j)|f(j
oI . iMEG))
4)QFTrl — e2uk/N k) f(j)) — e 2uk/N k) f(j)
V2" j=0 =0 IG) V2" k=0 j=0 If0

J=0 10
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Shor’s algorithm
| —

L. Vandersypen et al.: Nature

number to factorize: N one factor is ged(a”?+1,N)
(e.g. N=15) (probability >0.5)

integer a does NOT divide N
(a=2,4,7,8,11,13,14)

f(x,y)=m*(y)=a*y mod N
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Shor’s algorithm

L. Vandersypen et al.: Nature

number to factorize: N
(e.g. N=19)

one factor is ged(a”?+1,N)
(probability >0.5)

integer a does NOT divide N
(a=2,4,7,8,11,13,14)

/

\
“easy”

f(x,y)=*(y)=a*y mod N
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Shor’s algorithm

L. Vandersypen et al.: Nature ¢

number to factorize: N
(e.g. N=19)

one factor is ged(a”?+1,N)
(probability >0.5)

integer a does NOT divide N
(a=2,4,7,8,11,13,14)

/

\
“easy”

“easy?”

f(x,y)=n*(y)=a*y mod N f«—
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Shor’s algorithm

L. Vandersypen et al.: Nature

number to factorize: N
(e.g. N=19)

(a=2,4,7,8,11,13,14)

integer a does NOT divide N

f(x,y)=*(y)=a*y mod N

one factor is ged(a”?+1,N)
(probability >0.5)

/

\
“easy,’

“easy?”

<=

a2mod 15=1,a € {4,11,14}
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Shor’s algorithm

B
number to factorize: N one factor is ged(a”?+1,N)
(e.g. N=15) (probability >0.5)
integer a does NOT divide N /
(a=2,4,7,3,11,13,14) T “easy”
f(x,y)=n*(y)=a*y mod N [« “easy?”

22mod 15=1,a € {4,11,14}
a*mod 15=1,a€ {2,7,8,13} = 2% mod 15=1,k>2
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Shor’s algorithm

B
number to factorize: N one factor is ged(a”?+1,N)
(e.g. N=15) (probability >0.5)
integer a does NOT divide N /
(a=2,4,7,8,11,13,14) T “easy”
f(x,y)=n*(y)=a*y mod N [« “easy?”
a’mod 15=1,a€ {4,11,14} f(x) needs x, only

a*mod 15=1,a€ {2,7,8,13} = 2% mod 15=1,k>2
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Shor’s algorithm

L. Vandersypen et al.: Nature B
number to factorize: N one factor is ged(a”?+1,N)
(e.g. N=15) (probability >0.5)
integer a does NOT divide N /
(a=2,4,7,3,11,13,14) T “easy”
f(x,y)=n*(y)=a*y mod N [« “easy?”
a’mod 15=1,a€ {4,11,14} f(x) needs x, only

a*mod 15=1,a € {2,7,8,13} = a* mod 15=1,k>2
f(x) needs x, and x,
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Shor’s algorithm

|
number to factorize: N one factor is ged(a”?+1,N)
(e.g. N=15) (probability >0.5)
integer a does NOT divide N /
(a=2,4,7,3,11,13,14) T “easy”
f(x,y)=n*(y)=a*y mod N [« “easy?”
a’mod 15=1,a€ {4,11,14} f(x) needs x, only

a*mod 15=1,a € {2,7,8,13} = a* mod 15=1,k>2
f(x) needs x, and x,

register 2 needs 4 qubits m=(log,N)
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Shor’s algorithm

|
number to factorize: N one factor is ged(a”?+1,N)
(e.g. N=15) (probability >0.5)
integer a does NOT divide N /
(a=2,4,7,3,11,13,14) T “easy”
f(x,y)=n*(y)=a*y mod N [« “easy?”
a’mod 15=1,a€ {4,11,14} f(x) needs x, only

a*mod 15=1,a € {2,7,8,13} = a* mod 15=1,k>2
f(x) needs x, and x,

register 1 needs 2 qubits (take 3) n=2m
register 2 needs 4 qubits m=(log,N)
lecture Quantum Computers WS ’15 11
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Implementation of Shor’s

a @ ) (2) (3)
"’ |0) oo [ . ' Inverse
' ' ' QF1
m 1)
J 1 a modN
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Implementation of Shor’s
B |

R F
-
S — i
F —
Fea F
"~CO
0
a (0) (1) 2) (3)
'J |0) Lyon | ' Inverse
, X X QFT
m 1)

1 amodN
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Implementation of Shor’s

a (0) (1) (2) (3) (4)
n - |
. 10) yo |11 . Inverse |
QFT
m 1)
4 1 a modN
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Implementation of Shor’s

a (0 0 2) (3) (4)
n . : I
¢ 10) yoo LU : Inverse |
QFT
m 1)
4 1 a modN
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Measurement
I B

- thermal spectra

L A ka8

effective pure state

Spin 1
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Measurement

effective pure state

S TR S
|0) l 10) “ 10), 11)
JUL , JKJL . o ) "_‘g]'
>—-‘L~'\ A P—
MW ‘V*-'“—N I '
__JAL,LL LLm ._,-—) — S \-——\k — '
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Measurement
B

effective pure state
a=11 ' ' ' ' ' ' -
|0) u 10) “ 0), |1)
M M calculated

poe? L "\ e
measured ‘ w , K "
" LLm simulated _,J , L,.; ' .
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Measurement

effective pure state
Ao P adh __JI\A == e L W RN W —_—
a=11 ' ' ' ' ' ' |
10) u 0) U 10), |1)
B ¥ e
measured v« , B

_JLL_‘.JL simulated _’J \.« S

X,=0 X1=O X2= 0)-+1)
x=]000)-+/100)
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Measurement

effective pure state
Ao P adh __JI\A == e L W RN W —_—
a=11 ' ' ' ' ' ' |
10) u 0) U 10), |1)
B ¥ e
measured v« , B

_JLL_‘.JL simulated _’J \.« S

X,=0 x,=0 X2= 0)-+1)
x=[000)+/100) =|0)+4)

lecture Quantum Computers WS ’15 13
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|
ﬁc
-
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Measurement

effective pure state

a=11 .
|0) 10) U 0), |1
M )l calculated 7
H‘L " Ay
measured w | l s

I H simulated _,_) , \_k Y

X,=0 x,=0 X2= 0)-+1)

X=|OOO)+| IOO) =|O)+|4) =>1r=20/4=2
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Measurement

effective pure state

P St A . _/L iy - — L WL WS S—

a=11 _
10) 0) U 10), |1)
M )l calculated j{
B T .
measured w | l R

1 | LJL simulated _,J , \A | Y

X,=0 x,=0 x2= 0)-+1)

x=|000)+/100) =[0)+4) =>r=2/4=2  gcd(1122£1,15)=3,5
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Pulse sequence

I T
total ~300 pulses

tjuluﬂﬂnmmuuum LI | I_LLLI_.[IJJlLlLlUJ_,
sl Hiu 1 7 0 T N 8 11 Y |..|||1| mL..
" __u_lum WL 0 Gl EL UL A 'IJJI_lL.JLlLJ

- e e b s e - -
R
S
R
—

o e v e e’ W’ W - eke

_____ J L I_IJlllllJ_ 0 i 5 b o O A ) ]

E l LI.IJJ-J__LILLJIIIIJIIJI_Illll_III_J__LLI_IlI_IJJ_II

ol I Uulm Lallll L0LL 1| WAE |

T S T

\j
-
_..—I_..=....J..__.
—
'y
)

(©)
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Pulse sequence

I T
total ~300 pulses

J0"pulse T]uluuﬂimmuuum LLLL LI ] I_LLLI_;[HJLLlLlUJ_:
m Hiu 1 O O 0 N 5 11 |..|||]| mL..
; __u_lum WEL L RILEE LU W 'IJJI_lL.JLlLJ
4;“ Ll el b w10 o . 1
pl W ol 1 {1 ] O
RS T TR N [ MRt
L T A A Ll.. THNTE
(0 = (1) (2) : @
lecture Quantum Computers WS ’15” l | 14

Tuesday, February 17, 2015 14




Pulse sequence

I T
total ~300 pulses

J0"pulse T]uluuﬂimmuuum LLLL LI ] I_LLLI_ILULLlLlUJ_:
m Hiu 1 O O 0 N 5 11 |..|||]| mL..
. __u_lum T A 11T 'IJJI_lL.JLlLJ
. 5 |
4;“ Ll el b w10 L1 ni
pl W ol 1 {1 ] O
RS T TR N [ MRt
L T A A Ll.. THNTE
© |k (1) : @
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Pulse sequence

I B
total ~300 pulses

90°pulse — ! ! |
Y 1:]u|uMLLuumum_nm LLLLLLLL | l__LLLLlIJJLLlLlLIJ_,
m Lﬂu 1 O O 0 N 5 11 |..||n]| nn..
" h|u||n||| | hlu._illlmmmu'un_nﬂLul
X 180°refocusing pulses | |
X N : |
t“ llILdeJLhmmmmmm_JLLUMMHI o L Y 5
S | R T UJ_l_l_i L/
RS T TR N [ MRt
T ¢ w3 l | d | i o b i
(0) (1) : @
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Pulse sequence

I T
total ~300 pulses

90°pulse — ! ! |
Y 1:]u|uMLLuumum_nm LLLLLLLL | l__LLLLlIJJLLlLlLIJ_,
m Lﬂu 1 O O 0 N 5 11 |..||n]| nn..
. hn L0 0L 1 WACRL L W uun_JL.Juul
X 180°refocusing pulses | |
homion S s 0
4;“ a0 S T TV T O T N
S | R T UJ_l_l_i L/
RS T TR N [ MRt
P | L 3 l | IJ | LI- i B
(0) (1) : @
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Pulse sequence

I T
total ~300 pulses

90°pulse — ! ! |
Y 1:]u|uMLLuumum_nm LLLLLLLL | l__LLLLlIJJLLlLlLIJ_,
m Lﬂu 1 O O 0 N 5 11 |..||n]| nn..
. hn L0 0L 1 WACRL L W 'IJII_JL.JLlLl
X 180°refocusing pulses |
homion S s 0
4;“ a0 S T TV T O T N
S | R T UJ_l_l_i L/
RS T TR N [ MRt
P | L 3 l | IJ | LI- i B
= 7 rotatlon ' @
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