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FastNear-NeighbourSearchin MolecularDynamicsSimulation
UsingaHashedOct Tree

NikosElpidoforou

Universityof Athens,Greece,
Departmentof Chemistry,

Laboratoryof PhysicalChemistry

E-mail:®nwue@yahoo.com

Abstract:
Thetraditionalnear-neighboursearchesin moleculardynamicscodesrequireanO(N) com-

putationaleffort per particle.TreeAlgorithms canreducethis to O(logN) exploiting the tree
structureto obtainan initial list of neighbour'boxes'. The aim of this article is to explore a
fastnear-neighboursearchalgorithmbasedon theHashedOctTreedatastructure.Theparticle
coordinatesaremappedontoasortedlist of binarykeys,whichcanbeusedto rapidlydetermine
thelocationof theparticleswithin thetree.Theintroducedalgorithmis exploiting theproperties
of theparticlekeys to createanear-neighbourlist.

Intr oduction

Thebasicroleof acomputersimulationis to provide uswith approximatesolutionsfor aseriesof prob-
lemsconcerningStatisticalMechanicsor any otherdomainof sciencewhereweneedto studyasetof N
interactingobjects.This challengeis well known astheN-bodyproblem.Simulationcanbeeithera test
of theoryor a testof models.It is becauseof thatparticularconnectionthat it is oftencalled'Computer
Experiment'.In the �eld of StatisticalMechanicsthesimulationgivesus a straightforward connection
betweenthe microscopicandthe macroscopicpropertiesof a systemof N molecules.In otherwords
throughsomesimulationtechniqueswe can obtain propertiesof experimentalinterest(e.g. transport
coef�cients) from the moleculardetailsof a particularsystem.One of thosetechniquesis Molecular
Dynamics[1]. Wewill giveashortoverview of themethodin thefollowing chapter.

Molecular Dynamics

MolecularDynamics(MD) is thetermweuseto describethesolutionof theclassicalequationsof motion
for a setof N molecules.The aim is to generatethe moleculartrajectoriesas accuratelyas possible.
Consideringa setof N interactingmoleculeswith Cartesiancoordinatesr i andtheusualde�nitions of
kineticandpotentialenergy theequationsof motionscantake aquitesimpleandfamiliar form:

m•r i = f i (1)

This shows thatMD involvesthequitedif�cult taskof solvinga systemof 3N secondorderdifferential
equations.A standardmethodthathelpsour causeis the�nite differenceapproachwhich hastwo basic
algorithmicforms:



TheGearPredictor-CorrectorandtheVerletalgorithm

Thegeneralideaof theseapproachesis to try to getthepositions,velocitiesetcat acertaintime t with a
desireddegreeof accuracy usingthepositions,velocitiesetcof a previous time t-dt before.In this way
theequationsof motioncanbesolvedon a step-by-stepbasis.Thebasicformulasof thetwo algorithms
mentionedabove aregivenin brief in thenext sections.

Finite differencemethods

TheVerletalgorithm

TheVerletalgorithmis basedonthepositionsr(t) andtheaccelerationsa(t)of acertaintimestepandthe
positionsr(t-dt) of thepreviousstep.So,in orderto getthepositionof thenext time stepr(t+dt) we use
thefollowing equation:

r (t + � t) = 2r (t) � r (t � � t) + � t2 1
m

f (t) (2)

Having thenew positions,we canestimatethenew accelerationsthroughtheforcesthatareactingover
all moleculesandthusmove thewholesystemforwardfor anothertime step.Weobserve thattheVerlet
algorithmis time-reversibleandthat thevelocitiesdo not appearin thebasicEq. 2. The velocitiesare
givenby thenext equation:

v(t) =
r (t + � t) � r (t � � t)

2� t
(3)

Thereasonthatthey do notshow up is thatthey arebeingeliminatedby additionof thenext equations.

r (t + � t) = r (t) + � tv(t) +
1
2

� t2 1
m

f (t) + ::: (4)

r (t � � t) = r (t) � � tv(t) +
1
2

� t2 1
m

f (t) � ::: (5)

Eqs.(4-5)aretheTaylorexpansionsaboutr(t). Thereareseveralotherformsof thebasicVerletalgorithm
thathavebeenproposedto dealwith problemsthatoccurdueto numericalimprecision.Themostfamous
is thehalf stepleap-frogalgorithmthathasthefollowing form:

r (t + � t) = r (t) + � tv(t +
1
2

� t) (6)

v(t +
1
2

� t) = v(t �
1
2

� t) + � t
1
m

f (t) (7)

It is obviousthatif we eliminatethevelocitieswewill getthebasicschemeof Verletalgorithmwhich is
showing usthatthetwo formsaremathematicallyequivalent.

TheGearPredictor-Corrector

TheGearpredictor-corrector algorithmtriesto generatethetrajectoriesof themoleculesobtaining�rst
an estimateof the positions,velocitiesetc at time t+dt. The equationsfor sucha predictionaregiven
below:

r p(t + � t) = r (t) + � tv(t) +
1
2

� t2a(t) +
1
6

� t3b(t) + ::: (8)
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vp(t + � t) = v(t) + � ta(t) +
1
2

� t2b(t) + ::: (9)

ap(t + � t) = a(t) + � tb(t) + ::: (10)

bp(t + � t) = b(t) + ::: (11)

Afterwardsweapplyacorrectionstep.Thatis,wecalculatethe'correct' new accelerationsfrom thepre-
dictedvaluesof thenew positions.This is doneby evaluatingtheforcesoverall molecules.The'correct'
new accelerationsarecomparedwith the'predicted' new accelerationsandweobtainanestimateof the
errorin thepredictionstep.Thecomparisonis performedwith thefollowing equation:

� a(t + � t) = ac(t + � t) � ap(t + � t) (12)

Theerrorwe calculatein Eq.(12)is usedto correctthepredictedvaluesaswe canseethroughthenext
equations:

r c(t + � t) = r p(t + � t) + c0� a(t + � t) (13)

vc(t + � t) = vp(t + � t) + c1� a(t + � t) (14)

ac(t + � t) = ap(t + � t) + c2� a(t + � t) (15)

bc(t + � t) = bp(t + � t) + c3� a(t + � t) (16)

Thecorrectedvaluesobtainedby Eqs.(13-16)arebetterapproximationsto therealvaluesof thepositions,
velocitiesetc.If wewantwecanrepeatthecorrectionstepin orderto achieve a furtherre�nementto the
obtainedvalues.Thecoef�cients in Eqs.(13-16)dependon theorderof the differentialequationbeing
solvedandmany differentsetsof valueshave beenproposed[1].

Neighbourlists

Thealgorithmspresentedin thetwo previoussectionsshow thatthemostcrucialpartin aMD simulation
is wherewe evaluatethe forcesandhencethe new accelerationsobtainedfrom the new positionsof
the molecules.That is true as long as we considerthat the greatestamountof computationaltime is
spentexaminingthe setof the pairsof moleculesandidentifying thosepairsseparatedby lessthana
given radiusandcomputingthe forcesfor this subset.For eachmoleculethe setof neighbourswithin
this speci�c radiuschangeswith time andthe taskof identifying andrejectingmoleculesis very time
consuming.Our goal is to reducethetime neededto build a certainnear-neighbourlist usinga Hashed
Oct-Treedatastructure.In thenext sectionswe will presentthebasicneighbourlisting techniquesthat
areusedandthebasicsof theHashedOctTreealgorithm.

Wehavealreadymentionedthepresenceof acertainradiusaroundamolecule.Thatradiusis actuallythe
distanceupto whereweconsiderthatthismoleculecan'sense'thepresenceof adifferentonedueto their
pairwiseinteraction.If a moleculelies outsideof this radiuswedo not take into accountany interaction
with the certainone.This radiusis calledthe potentialcut-off. Physicallythis is justi�ed becausethe
interactionsatgreatdistancesbetweenneutralmoleculesarenegligible. A quitesimpleapproachin MD
simulationis for acertainmoleculei to loop over all moleculesj searchingfor theoneswhich lie inside
thecut-off. This is very time consumingproportionalto N 2 andit slows down our simulation.To avoid
this therearetwo methodsof building neighbourlists for eachmolecule.TheVerletalgorithmandthe
cell structuresandlinkedlists method[1].
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TheVerletAlgorithm

The ideabehindthis algorithmis to createa thick 'skin' aroundthe cut-off sphereof a molecule.The
moleculeis now sitting in thecentreof two spheresat thesametime. Theonespherehasa radii equal
to thecut-off andthesecondspherehasa radii r(l) which is greaterthanthecut-off. Thena largearray
NEIGHBOUR is constructedwhich containsall of the neighboursof eachmoleculeinsidethe r(l). In
orderto �nd theneighboursof agivenmoleculeweneedanindex andthatis satis�edby ananotherarray
INDEX which pointsto thepositionof thearrayNEIGHBOURwherethe �rst neighbourof thegiven
moleculelies. The codelocatesthe neighboursof a molecule(i) by checkingthe arrayNEIGHBOUR
from thepositionINDEX(i) to INDEX(i+1)-1. This neighbourlist is thenupdatedat intervalsof 10-20
timesteps.

Cell structuresandlinkedlists

Thepreviousneighbourlisting failswhenwearedealingwith setsof morethan1000molecules.Thesize
of thearrayNEIGHBORbecomestoo largeandcreatesstorageproblems.Soanalternative methodhas
beenproposed:thecell index method.Wedivide thesimulationbox into a latticeof cells.Thesideof the
cell is greaterthanthecut-off radius.Wecreateaseparatelist of moleculesin eachof thosecellsandwe
canspeedup theneighbouringsearchcheckingonly thecellsweareinterestedin. Thewholeprocedure
is carriedoutby themethodof linkedlists.We�rst sortthemoleculesinto thecellswhile wecreatetwo
arrays.The �rst arrayHEAD hasoneelementfor eachcell that containsthe identi�cation numberfor
oneof themoleculesin thatcell. This numberis usedto addresstheelementof thesecondarrayLIST
which hasthenumberof thenext moleculein that cell. After that theelementfor that moleculeis the
index of thenext moleculein thecell andsoon.Finally afterseveralindexing numbersof moleculeswe
will reachanelementof LIST which is zero.Thatmeansthatwe have checkedall themoleculesof this
cell andwecanmove forwardto thenext cell throughthearrayHEAD.

The HashedOct TreeAlgorithm (HOT)

Introduction

Oneof themotivationsfor usingatreedatastructurefor theneighboursearchingproblemis thatwehave
theopportunityto rejectlargesetsof moleculesor particlesquickly andeasily. Thatis dueto theoct-tree
datastructurethat 'distributes' theparticlesinto cubicalregionscalledfrom now on 'cells'. Thereis a
greatcube,representingthewholesimulationbox,calledthe'root'. Wecandivideeachof thedimensions
of the root into half andproduceeight subcellsinside the root. This 'cutting' procedureis continued
for every subcell,until eachcell is eitheremptyor containsonly oneparticle.This operationcanbe
optimisedby constructingbinarykeys to mapthe3-dimensionalspatialcoordinatesof theparticlesonto
aonedimensionalcurve.Thekeysdonot replacetheparticles'coordinates,but giveusarapidmeansof
sortingthemandbuilding theoct-treestructurearoundthem.Thekeysareconstructedfrom thefollowing
operation,if we arereferringto anoct-tree(3d):

key = placebit+
nbits� 1X

j =0

8j (4 � BIT(i z; j ) + 2 � BIT(i y ; j ) + BIT(i x ; j )) (17)

ThefunctionBIT ( ) selectsthej-bit of theintegercoordinatecomponentswhicharegivenfrom:

i x =
x
s

; i y =
y
s

; i z =
z
s

(18)
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where:

s =
L

2nlev (19)

andL is thelengthof thesimulationbox.Actually nbitsis thelengthof thedimensionsof the'root'. nlev
is themaximumre�nement level. That meansthats is referringto the lengthof thedimensionsof the
subcellsin themaximumre�nementlevel. Theplacebitis de�ned by:

placebit= 2D � nlev (20)

whereD=3.

Weaddthisplacebitto avoid any ambiguityamongkeysatdifferentlevels.Thisplacebitis alsocalledthe
place-holderbit andrepresentsthe'root'. Theconstructionof thekeys, if wearereferringto aquad-tree
(D=2) is thesame:

key = placebit+
nbits� 1X

j =0

4j (2 � BIT(i y ; j ) + BIT(i x ; j )) (21)

Theparametersarede�ned thesamewaylike in Eqs.(18-20).Figure1 showshow atreestructureis built
in 2 dimensions.

ROOT
NLEV=1

NLEV=2

Figure1: Treestructurein 2 dimensions.

All particlesare�rst attachedto the'root'. The'root' is divided into 4 sub-squaresandtheparticlesre-
attachedaccordingly. A sub-squarecontainingonly oneparticleis de�ned asa ' leaf', while sub-squares
with morethanonearede�ned as' twigs' andsubsquareswith noparticlesarediscarded.Thisprocedure
is continueduntil eachparticlesits in its own square.Eachkey identi�es the locationin the treeof a
particularcollectionof data.To retrieve thedatacorrespondingto any key, we musttranslatethekey to
a pointerthatshows thememorylocationcontainingthedata.So,obviously anindexing problemarises
becauseof thevery large numberof possiblekeys. To overcomethis, we mapthevaluesfrom thevery
largesetof possiblekeys into a smallersetwhich is usedasanindex into a hashtable.This mappingis
calledhashing.For moredetailsabouttheHashedOctTreealgorithmthereadercanreferto [2].
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TheHOT NeighbourSearch

We have alreadymentionedthatwe want to build near-neighbourlists exploiting the treestructureand
basicallythepropertiesof theparticlekeys.Theinitial goalis to inventafastbit operationin orderto �nd
theneighbouringkeys of a speci�c particlekey. This key is actuallyrepresentinga sub-cell(a box) in
thetreestructureandmaycontainmorethanoneparticle.Sowewill try to �nd awayof calculatingthe
neighbouringsub-cellsfrom thegivenkey (sub-cell).This is clearin Fig.2 wherewegivea2D example.
We considera maximumre�nementlevel of 2 andfor a givenparticlewe �nd its key (sub-square)and
try to calculatefrom thattheneighbouringkeys (sub-squares).

Figure2: 2D example.

Moving insidethesameparentbox

The constructionof the tree structuredealswith a very simple operation;getting the parentand the
child keys of a particlekey in a speci�c level of re�nement.Theparentandthechild keys canbefound
by simplebit shifting operations[3] and representthe directly lower and higher levels of re�nement
respectively. So,for a given level of re�nementwe have to consider�rst how to move insidethesame
parentbox.Wewill considera2 dimensionalexample(Fig.3) to illustrateourdiscussion.

10000

11000                  11001                 11100            11101

11010                 11011              11110            11111

10010                   10011                10110            10111

10001                 10100            10101

Figure3: Moving insidethesameparent.

Whenwe want to get the squarethat lies on the right of the given squarewe will usethe phrase;"to
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moveright". Equalexpressionswill beusedto getthesquaresthatlie ontheleft andsoon.Moving right
insidethesameparentboxmeansthatwehave to addone(+1) to thekey andmoving left meansweneed
to substractone(-1). Moving up we addtwo (+2) andmoving down we substracttwo (-2). Diagonally
movementcanbeachieved with linearcombinationof thosetwo simpleoperations.So,a �rst form of
neighboursearchingcanbethefollowing:

K(ij) = particle_key + c(i) + c(j) (22)

wherec(i) determinesthe movementon the x direction and c(j) determinesthe movementon the y
direction.

Thosetwo componentsaregivenby thenext equations.

c(i) = |i| sign(i) , i=-1,0,1 (23)

c(j) = 2 |j| sign(j) , j=-1,0,1 (24)

Crossingtheboundariesof theparentboxes

A problemariseswhena neighbouringbox lies in theneighbouringparentbox (Fig.4).So, in orderto
get it we have to crosstheboundariesof theparentbox to which our particlekey belongs.As onecan
see,crossinga right boundarywe needto addthree(+3) andcrossingthe left onewe have to substract
three(-3). A top boundaryforcesus to addsix (+6) andthe oppositemake us substractsix (-6). That
meanswe mustthink of a way to extendtheEqs.(23-24)in thecaseof crossingtheboundariesof the
parentboxes.We formalisethisprocedurewith thefollowing logic:

Moving rightwardswe have to addoneor three.

c = 1 AND same-parent OR 3 AND not-same-parent
c = 1 x sp + 3 x nsp
c = 1 x (1-nsp) + 3 x nsp

c = 1 + 2 x nsp (25)

We considersp andnsp being logical variableswhich take the values1 or 0 if they aretrue or false
respectively. Proceedingthesameway for moving left weendup in thefollowing.

c = -1 - 2 x nsp (26)

How canwereplacethelogicalvariablensp whichis only known a posteriori? Wecandothisby setting

nsp = BIT (particle_key, 0) (27)

whenwemove right and

nsp = 1 - BIT (particle_key, 0) (28)

whenwe move left. This bit operationis just picking the0 bit of theparticlekey. If this is 0 we know it
is at theleft edgeof theparentbox; if it is 1, we know it is at heright edgeof theparentbox.So,if we
substituteEqs.(27),(28)into (25),(26)we endup with:

7



10000

11000                  11001                 11100            11101

11010                 11011              11110            11111

10010                   10011                10110            10111

10001                 10100            10101

Figure4: Crossingtheboundariesof theparentboxes.

Right

c = 1 + 2*BIT(particle_ ke y, 0) (29)

Left

c = -3 + 2*BIT(particle_ ke y, 0) (30)

WemustcombineEqs.(29)(30)to getageneralform for themovementin thex direction.Thiscombina-
tion givesusthenext equation:

c(i) = |i| sign(i){1 + 2[ w(i) + sign(i)BIT(parti cl e_ke y, 0)] } (31)

where

i = -1,0,1 and w(i)=(1-i)/2

Whenweusei=1 we endup in Eq.(29)thatis valid for movesto theright. Whenweusei=-1 weendup
in Eq.(30) thatis valid for movesto theleft. Thevaluei=0 doesnotmove theparticlein thex direction.
Extendingthis argumentto they directionweendup with aquitesimilarequationto Eq.(31).

c(j) = 2 |j| sign(j){1 + 2[ w(j) + sign(j)BIT(part ic le _k ey ,1) ]} (32)

where

j = -1,0,1 and w(j)=(1-j)/2

Theonly differencebetweenEqs.(31)and(32) is thatwecheckthe2ndbit andthatwemultiply by two.
But whathappenswhenwe have to crossboundariesof grand-parentboxesandsoon?Clearlywe must
generalisetheintroducedEqs.(31)(32)for any givenlevel of re�nement.

Crossingtheboundariesof thegrand-parentboxes-General formulation

Wecanseein Figure5 theproblemarisingwhencrossingtheboundariesof agrand-parentbox.Wesee
thatto crossboundariesontheright onehasto addeleven(+11)andontheleft onehassubstractseleven
(-11).Theseincrementsaredoubledfor they direction.Thusmoving to theright is now expressedby:

c = 1 + 2 x nsp + 8 x nsgp (33)
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1000000 1000001          1000100           1000101

1000010            1000011           1000110         1000111
1010001

1010000

11001011100100

1001010         1001011           1001110        1001111

1001000          1001001           1001100          1001101

Figure5: Crossingtheboundariesof thegrandparentboxes.

andmoving to theleft is:

c = -1 - 2 x nsp - 8 x nsgp (34)

wherensgpsigni�es thatwe have crosseda grand-parentbounding.

Werecallthat:

nsp=

(
BIT(K; 0) (right)

1 � BIT(K; 0) (left)
(35)

andonecanshow by inspectionthat:

nsgp=

(
BIT(K; 2) � BIT(K; 0) (right)

(1 � BIT(K; 2)) � (1 � BIT(K; 0)) (left)
(36)

WemustensurethroughEqs.(36)thattheboxweareexaminingis placedontheboundariesof thegrand
parentbox.Thealgebrainvolvedwith replacingin Eqs.(33),(34)theEqs.(35),(36)is simpleandweend
up to thefollowing for thex dimension.

ci = ji jsi f 1 + 2[wi + si � BIT(K; 0)] � [1 + 4(wi + si � BIT(K; 2))]g (37)

Thesamelogic leadsusto theequationfor they dimension:

cj = 2jj jsj f 1 + 2[wj + sj � BIT(K; 1)] � [1 + 4(wj + sj � BIT(K; 3))]g (38)

Thesimilaritiesanddifferencesareobviousandsimple.We cancontinuetheprocedurewhenwe cross
greatgrandparentboxesandbuild new equationsfor any given higherlevel. Thoseequationswill con-
tain thealreadymentionedcharacteristicsfor the lower levelsbut canalsogive us thenumbersneeded
crossingthehighestboundariesat there�nementlevel weare.Thegeneralformulafor any givenlevel is
�nally thefollowing:

ci = ji jsi

2

41 +
nlev-1X

� =1

22� � 1
�Y

� =1

[wi + si � BIT(K00 ; 2� � 2)]

3

5 (39)

cj = 2jj jsj

2

41 +
nlev-1X

� =1

22� � 1
�Y

� =1

[wj + sj � BIT(K00 ; 2� � 1)]

3

5 (40)
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Implementation

Codingthealgorithm

We have usedFortran-90programminglanguageto codethealgorithmof theneighboursearchingin 2
dimensions.Thecodehastwo inputs:thenumberof particlesandthesearchradius.Thelengthof the2
dimensionalsimulationbox is �x edasis �x ed themaximumnumberof particles.Themaximumlevel
of re�nementwe reachis de�ned by thesearchradiusinsidethecode.We give randomcoordinatesto
theparticlesandwe constructtheparticleskeys for themaximumre�nementlevel aswe have already
explained.Thatmeansthateveryparticlehasakey whichis pointingto aboxinsidetheroot.Weperform
asimplesortingof theparticlesinsideeverybox justbeforetheneighboursearchingstarts.After thatwe
arereadyto startthesearching.We pick oneparticlefor which we know its particlekey. Thereforewe
know insidewhichbox it is sitting.Next, weapplythebit operationswehave just introducedand�nd all
theneighbouringboxes.Wecannow checkwhichof theparticlesthatarecontainedin theneighbouring
boxesareinsidethe searchradiusof the given particle.The corepart of the algorithmis given in the
Appendix.

Timescaling

Is it working properly?This is the �rst questionthat arises.We mustcheckif the algorithmis �nding
thecorrectneighboursor producingmistakes.Thecheckson several particlesfor differentradi proves
that it doesindeed�nd theneighbourscorrectly. We show � ve examplesof this below. Figure6 hasa
2 dimensionalsimulationbox which contains1000particlesrepresentedasdots.The crossrepresents
a randomlychosenparticle.In �gures 7 and8 we canseetheneighboursof this particlein a radius5,
10,15 and20 percentof thesimulationbox lengthrespectively. Theseneighbourshave beenidenti�ed
correctlyby ouralgorithm.

The next questionthat arisesconcernsthe time scalingof the algorithm.We have measuredthe time
neededfor ourmethodandthetimeneededfor thenaivemethodloopingoverall particlesj for aspeci�c
particlei. We have madetime measurementsfor thealreadygiven radiusandfor a numberof particles
that vary from 1000up to 8000.We canseethroughthe �gures 9 and10 that the time neededfor the
naivemethoddoesnotdependonthesearchradius,asexpectedandshowsatimescalingproportionalto
N 2. Ournew algorithmon theotherhandhasastrongdependency on thesearchradius.For shortradius
comparedto the simulationbox lengthit is muchfasterthantheclassicalsearchandit is proportional
to N. As we grow thesearchradiusour methodis slowing down andlosesits lineardependency to the
numberof particlesdueto theincreasein boxsize.

Conclusions

We have investigateda new algorithmfor thefastnear-neighboursearchin MD simulationusinga tree
datastructure.The algorithmhassatisfyingtime scalingfor shortsearchradius.Furtheroptimisation
is necessaryin order to speedup the neighboursearchingin longerdistances.This could be possible
throughfurtherre�nementof theboxesinsidethesearchradiusandthusautomaticallycapturinga large
proportionof particlesthat lie by de�nition insidethegiven radius.In thatcasewe just needto search
througha numberof boxesthat containa small amountof particlesandlie on the edgesof the circle
de�ned by our radius.We canalso�nd a way to replacesometime consumingintrinsic functionswe
have appliedin the detailedsearchalgorithminsideevery box. During this projectwe have found the
generalisationsto theEqs.(39),(40)thatshouldbeappliedin a 3 dimensionalsimulationbox andmake
the algorithmvalid for 3 dimensionalneighboursearching;this will be testedin future work. Finally,
we notethata detailedtime comparisonbetweenour algorithmandthecell index methodhasstill to be
performed.
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Appendix

Fortran-90form

do z=1,npart
p=0

do i=-1,1
do j=-1,1

c(i)=0
d(j)=0
do lam=1,nlev-1

proti=1
protj=1
do g=1,lam

proti=proti*(( (1 -i )/ 2)+ si gn(1 ,i )*i bi ts (p ke y(z ), 2* g- 2, 1))
protj=protj*(( (1 -j )/ 2)+ si gn(1 ,j )*i bi ts (p ke y(z ), 2* g- 1, 1))

end do
c(i)= c(i) + (2**(2*lam-1))* pr ot i
d(j)= d(j) + (2**(2*lam-1))* pr ot j

end do
c(i)=abs(i)*si gn( 1, i) *( c( i)+ 1)
d(j)=abs(j)*si gn( 2, j) *( d( j)+ 1)
K(i,j)=pkey(z) +c( i) +d(j )
p_key = K(i,j)

do w=1,nei(p_key)
di=sqrt(((x(bo x_ li st (p_ ke y, w) )- x(z )) ** 2) +( (y( box_ li st (p_ ke y, w) )- y(z )) ** 2) )
if ((di.LE.radius) .A ND.(d i. GT.0 )) then

p=p+1
list_neigh(z,p ) = box_list(p_key,w )

else
p=p+1
list_neigh(z,p ) = 0

end if
end do

end do
end do

end do

12
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Figure7: 5%and10%of thebox length.
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Figure8: 15%and20%of thebox length.
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Figure9: Timescalingsfor 5%and10%of thebox length.
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Figure10:Timescalingsfor 15%and20%of thebox length.
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Abstract: The FastMultipole Methodis advantageous,if onewantsto examinelarge num-
bersof particlesbecauseof its O(N ) scaling.However, generalizingthismethodto continuous
charges,correspondinglycalled ContinuousFast Multipole method,leadsto new problems.
Especiallythe treatmentof the arisingnon-zeroextentsmustbe studiedcarefully. For s-type
distributions one can calculatethe extent analytically. However, suchan analyticalsolution
doesnot exist for higherangularmomenta.For thatreasononehasto estimateanupperbound
for theseextentsthat re�ects the real extent very well sinceit affectsthe performanceof the
ContinuousFastMultipole Method.

In computationalphysicsoneoftendealswith largeensemblesof particlesandtheirpairwiseinteractions.
This is known asa N -bodyproblem.Especiallyin presentmoleculardynamiccalculationsonehasto
evaluatethepairwiseinteractions,known asCoulombinteraction.

Ec =
N � 1X

i =1

NX

j = i +1

qi qj

r ij
(1)

Thisequationsumsup theCoulombenergy for N particles,with centerr i andchargeqi . However, for a
largeensembleseveralproblemsarisefrom thisequation.Becauseonehadto take every interactioninto
accountthecomputationalcostscalesO(N 2). For millions or evenbillions of particlesthedirectcalcu-
lation of this potentialis not reasonablebecauseof large computationaltimes.Also, it is not a helpful
approximationto introduceacut-off to thesystemandneglecttheinteractionbetweenparticlesfar from
eachother, becausethe coulombpotentialis a long-rangepotential.To overcomethe O(N 2) scaling
anotherapproachshouldbe used.Onemethodis the FastMultipole Methodintroducedby Greengard
[1]. The basicconceptis to groupdistantparticlesandtreat themlike a singlecharge. If we usethis
approach,wecanachieve O(N ) scaling.

Fundamentals

Considertwo chargeslocatedat positionsr 2 = (r2; �; � ) and r 1 = (r1; � ; � ). The inversedistance
betweenthesetwo chargescanalsobewritten asanexpansionof theassociatedLegendrepolynomials
Plm undertheconditionr 2 < r1. Thebottomline is that1=jr 1 � r 2j factorizes.

1
jr 1 � r 2j

=
1X

l=0

Pl (cos( ))
r l

2

r l+1
1

r2 < r1 (2)

1
jr 1 � r 2j

=
1X

l=0

lX

m= � l

l � jmj
l + jmj

r l
2

r l+1
1

Plm (cos(� ))Plm (cos(� ))exp(� im (� � � )) (3)
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Figure1: left: direct interaction;eachline labelsan interactionbetweentwo particles,sincewe have
(e.g.)15 particlesthereoccur105interactions,right: scaledFMM box,all light-grayboxescaninteract
via multipoleswith thewhitebox.

Therewith onecande�ne momentsof amultipoleexpansionandcoef�cients of aTaylorexpansion.This
implicitly de�nesOlm andM lm aswell.

! lm = qOlm = qal 1
(l + jmj)

Plm (cos(� ))e� im� (4)

� lm = qM lm = q
1

r l+1 (l � jmj)Plm (cos(� ))eim� (5)

Usingthelastthreeequationsonecanwrite theinversedistanceas:

1
jr 1 � r 2 j

=
1X

l=0

lX

m= � l

! lm � lm (6)

Thein�nite sumin Eq. [6] canbeapproximatedto any givenprecisionby a �nite sum.

FMM TranslationOperators

TheFMM needsthreeoperators(A; B ; C) to performtransformationson themultipoleandTaylor ex-
pansions.If we want to shift a multipole expansionlocatedat point a to point a + b we useoperator
A.

! lm (a + b) =
lX

j =0

jX

k= � j

A lm
j k (b)! j k(a) (7)

OperatorA is de�ned as:
A lm

j k (b) = Ol � j;m � k(b) (8)

The B operatoris usedto transforma multipole expansioncenteredat the origin into a local Taylor
expansionaboutanothercenterwith shift b

� lm (a � b) =
1X

j =0

jX

k= � j

B j k(b) lm ! j k(a) (9)
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Figure2: 2D FMM, everyparentboxdividesinto 4 child boxes,level 4 contains256child boxes.

OperatorB is de�ned as:
B lm

j k (b) = M j + l ;k+ m (b) (10)

Thethird operatoris requiredfor translatinga Taylorexpansionat a point r abouttheorigin to a Taylor
expansionaboutpointa

� lm (r � a) =
1X

j =0

jX

k= � j

C lm
j k (a)� j k (r ) (11)

OperatorC is de�ned as:
C lm

j k (a) = A j k
lm (a) = Oj � l ;k � m (a) (12)

The FastMultipole Method

Buildingup theFMM tree- initial step

Every particle is representedby its charge qi and its coordinatesx i ; yi ; zi . First we have to scalethe
particlecoordinatesto �t into a box with coordinaterange[0::1; 0::1; 0::1]. This parentbox is divided
into asetof 8 equalchild boxes.Eachchild box is subdividedrecursively to build up thetree.Thedepth
of thetree,respectively thenumberof divisions,is chosento keepthenumberof particlesin thelowest
level boxapproximatelyindependentfrom thetotalnumberof particlesin thesimulationbox.A depthd
leadsto 8d child boxes.

GeneratingandTranslatingmultipoles- Pass1

Having sortedall particlecoordinatesinto the lowest level child boxes onecan build up a multipole
expansionin eachlowestlevel box aboutits center. Now we canshift themultipoleexpansionof each
lowestlevel boxto thecenterof theassociatedparentboxusingoperatorA. Thesetranslatedmomentsare
summedandstoredin theparentbox.Theprocedureis continueduntil we reachlevel 3. This down-top
shiftingmakesall childrenmultipoleexpansionsavailablein theirparentboxes.

ConvertingMultipoleExpansionsinto Taylor Coef�cients - Pass2

Thegeneratedbox structureis usedto determinewhetherparticles(or boxes)caninteractvia multipole
expansionsor not. Interactionis only possibleif the consideredboxes are "well separated".Thusall
particlesin the �rst box mustbe well separatedfrom all particlesin the secondbox. The mostdistant
particle in a box can be positionedin one of eight box corners.Thereforeone hasto draw a sphere
aroundtheboxcenterwith radius

p
3d. SuchasFig. [3] shows 2d is de�ned asthebox length.Sincethe

sphereoverlapswith neighboringboxes,only interactionbetweenparticlesin boxeswhicharenotnearest
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Figure3: The sketch shows the minimal distancefor two interactingboxes.The shadedbox is well-
separatedfrom the box B1, thus ws = 1. The lengthof eachbox is chosento 2d. The mostdistant
chargesin thecornersof boxB1 have adistanceof

p
3d to thecenter.

neighborsare allowed. Now we can convert the distantmultipole expansionsinto Taylor expansions
aboutthe centerof box B1. Therewith we createa local expansionrepresentingall distantboxes.To
achieve linearscaling,we only transformmultipoleexpansionsfrom boxesat thesamelevel which are
well separatedfrom B1, but arenot well separatedfrom B1's parentbox. The remainingchild boxes
interactvia theirparentboxes.To take theneglectedinformationinto account,weneedthethird operator
C.

LocalTaylor Expansionsof Full Far-Field Potential- Pass3

Thethird part is responsiblefor thetransferof neglectedinformationfrom a parentbox to a child box.
It translatestheparent's Taylorexpansionto thecenterof all parent's children.This top-down shifting is
repeateduntil wehavereachedthelowestlevel boxesof theFMM tree.Now all boxescontaintheTaylor
expansionfrom all "well-separated"boxes.Pass3 is theconverseof pass1, whereweshift themultipole
expansionsup thetree.

Particle Far-Field Interaction- Pass4

This passcalculatesthefar-�eld potential.Eachlowestlevel box containsa Taylor expansionrepresen-
ting all "well-separated"particles.By summingup the box energies

P
lm ! lm � lm we get the far �eld

energy.

Particle Near-Field Interaction- Pass5

Theremainingnear�eld interactionof particlesnot"well separated"is donein the�fth pass.All remain-
ing neighboringparticleswhich did not contribute their chargeto thecurrentbox interactdirectly. Now
all interactionhadbeencarriedout andthetotal potentialcanbecalculatedby summingup thefar and
near�eld parts.

Parametersof theFMM arethelengthof themultipoleexpansion,the"well-separated"index ws andthe
depthof theFMM tree.
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GaussianBasisSets

So far we canonly treatpoint charges.But ab-initio calculationson Hartree-Fock or DFT level deal
with chargedistributionsinsteadof point charges.Within thenext sectionwe wantto clarify theuseof
Gaussianbasissets.Historically, the ab-initio calculationsfor moleculeswereperformedwith LCAO,
i.e.LinearCombinationof Atomic Orbitals.Thus,molecularorbitalsareformedasa linearcombination
of atomicorbitals:

 j =
nX

i =1

cij � i (13)

where j is thej -th molecularorbital,cij arethecoef�cients of linearcombinations,� i is thei -th atomic
orbital,andn is thenumberof atomicorbitals.SolvingtheHartree-FockequationsoneobtainsMolecular
Orbitals (MO), describingthe wavefunctionfor a single electron.SomeimplementationsuseSlater-
Type Orbitals(STO's) dueto their similarity to atomicorbitalsof the hydrogenatom.With spherical
coordinatesonecandescribethemasfollows:

� i (�; n; l ; m; r; � � ) = N r n� 1e� �r Ylm (� ; � ) (14)

whereN is normalizationconstant,� is theSlaterexponent,r; � ; � aresphericalcoordinates,andYlm

is theangularmomentumpartandis describedby sphericalharmonics.Thevaluesn,m andl represent
theprincipal,angularmomentumandmagneticquantumnumbers.Unfortunately, functionsof this kind
arenot suitablefor calculationsof two-electronintegralsneededby theCFMM. For this reasonGaus-
sianTypeOrbitalsareused.By summingup a certainnumberof GTO's with differentexponentsand
coef�cients onecanreproducetheshapeof theoriginalSTO, however with amucheasierhandlingwith
respectto integration.Evenwith tencontractedGaussiansthetwo electronintegral canbesolvedfaster
thanby theoriginalmethod(Fig. [4]). TheGaussiantypeorbitals(GTO's)canbewrittenas:

Glmn (x; y; z) = N e� �r 2
x l ymzn (15)

whereN is a normalizationconstant,� is called"Gaussianexponent".Thex,y,z areCartesiancoordi-
nates.Notice that in this formula, l , m andn arenot quantumnumbersbut integral exponents.These
basisfunctionsor primitivescanapproximates, p, d, f orbitals.PossibleCartesianGaussianfunctions
areshown in Fig. [4]

The sum of the exponentsat Cartesiancoordinates(l + m + n) is usedto mark functionsass-type
(l + m + n = 0), p-type(l + m + n = 1), d-type(l + m + n = 2), etc.

The GaussianProduct Theorem

The GaussianProductTheoremshows that a productof two arbitrary angularmomentumGaussian
functionscanbewrittenasaGaussianfunctionagain:

G1G2 = G1(� 1; A ; l1; m1; n1)G2(� 2; B ; l2; m2; n2)

= exp
�
� � 1� 2(AB )2=

�

�

"
l1+ l2X

i =0

f i (l1; l2; PA x ; PB x )x i
P e�  x2

p

#

�

2

4
m1+ m2X

j =0

f j (m1; m2; PA y ; PB y )yi
P e�  y2

p

3

5

�

"
n1+ n2X

k=0

f k(n1; n2; PA z; PB z)zi
P e�  z2

p

#

(16)
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z

dxx = N e� �r 2
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Figure4: left: possibleCartesianGaussianfunctions,right: a Slater-Typeorbital (STO) is approximated
by severalGaussianorbitalsformingacontraction.STO-1Gcontainsasinglegaussian,STO-3Gcontains
3 gaussians,etc.

Thechargedistribution � 1� 2, aproductof two gaussianbasisfunctionscanbeexpressedin cartesianor
sphericalcoordinates:

� 1� 2 = N1N2x l1+ l2 ym1+ m2 zn1+ n2 e� (� 1 + � 2)r 2
(17)

� 1� 2 = N1N2r l1+ m1+ n1+ l2+ m2+ n2 sinl+ m (� )cosn (� )cosl (� )sinm (� )e� (� 1 + � 2 )r 2
(18)

If weneglectall angular-dependentpartstheproduct� 1� 2 simpli�es to

� 12 = N � r l1+ m1+ n1+ l2+ m2+ n2 exp
�
� (� 1 + � 2)r 2�

(19)

with anormalizationconstantsN1, N2 is

N1 =
�

2� 1

�

� 3=4 (2
p

� 1) l1+ m1+ n1

p
(2l1 � 1)!!(2m1 � 1)!!(2n1 � 1)!!

N2 =
�

2� 2

�

� 3=4 (2
p

� 2) l2+ m2+ n2

p
(2l2 � 1)!!(2m2 � 1)!!(2n2 � 1)!!

The ContinuousFastMultipole Method (CFMM)

DifferencesbetweenFMM andCFMM

Theclassicalpoint chargeFMM systematicallyorganizesmultipolerepresentationsof local chargedis-
tributions,sothateachparticleinteractswith localexpansionsof thepotentialdueto all distantparticles.
To groupparticlesthey areplacedin a box which is repeatedlysubdivided to createlocal collectionsof
point charges.Local anddistantdistributionsaredistinguishedby theglobalwell-separatedindex (ws),
de�ned asthenumberof boxeswhichmustseparatetwo collectionsof chargesbeforethey maybecon-
sidereddistant,andcaninteractthroughmultipoleexpansions.However, thismethodfails for continuous
distributions,becauseasingledistribution cancover thewholebox.

CFMM is a generalizationof the FastMultipole Method,which allows oneto calculatethe Coulomb
interactionsof a collectionof �nite extentdistributionsrepresentedby continuousfunctionsscalinglin-
earlywith systemsize.A linearscalingmethodbasedon theFMM approachrapidlyhandlesthedistant
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distributionsby collectingchargedistributionsandexpandingtheminto multipoles.Theremaininglocal
contributionsmustbeevaluatedexplicitly, but their numberis only linear, scalingasO(N M ) whereM
is aneffective numberof neighboringchargesTheCFMM takesaccountof theextentof distributionsby
assigninga "well-separated"index valueto eachdistribution basedon thefollowing equation:

wsCFMM = max(2[r ext=l]; wsref) (20)

wherel is the lengthof a box, andwsref is the ws valuechosenfor point charges.Thusthe ws index
and hencethe numberof interactingneighborboxes is determinedby the extent of the distribution.
Distributionscovering theentirebox, cannotinteractvia multipolesandhave to be computeddirectly.
In comparisonto theFMM, wherewe have to sumup over all particlesin a box to gain themultipole
moment,CFMM requiresintegrationoverchargedistributions.

FMM: ! lm =
X

j

qj r l
j
Plm (sin (� j ); cos(� j ))

(l + m)!
(cos(m� j ) � i � sin (m� j )) (21)

CFMM: ! lm =
Z 1

0

Z �

0

Z 2�

0
� i � j r l Plm (sin (� ); cos(� ))

(l + m)!
(22)

� (cos(m� j ) � i � sin (m� j )) r 2sin (� )d�d� dr (23)

Therestrictionto pointchargesmeanstheFMM is not immediatelyapplicableto problemsin which the
chargedistributionshave signi�cant extent.But within a givenerrorboundit is possibleto treatcharge
distributionsaspoint charges.

Computingthetwo-Electron Integral

A chargedistribution is composedof two Gaussianbasisfunctions.For s-typebasisfunctions(l + m +
n = lmn = 0) onecansolve thetwo electronintegral analytically. For agivens-typeGaussian

� s =
2�
�

3
4
e� �r 2

(24)

theintegral with four s-typefunctions(two distributions)canbewrittenas:

h� s1� s2j� s3� s4i =
�

2� 1

�

� 3
4

�
2� 2

�

� 3
4

�
2� 3

�

� 3
4

�
2� 4

�

� 3
4

Z Z
e�  r 2

1 e� � jr 2 � Rj2

jr 1 � r 2j
dr 1dr 2 (25)

in which � 1 and� 2 aretheGaussianexponentsof the�rst chargedistribution, � 3 and� 4 theexponents
of thesecondchargedistribution,  is thesumof � 1 and� 2, and� thesumof � 3 and� 4. R is de�ned as
thedistancebetweenthesetwo distributions.

h� s1� s2j� s3� s4i =
erf

� q
 �

 + � R
�

R
(26)

erf(x) is theerror-functionandde�ned as:

erf(x) =
2

p
�

Z x

�1
e� t2

dt (27)

For large R, increasingseparationrespectively, the two charge distributionscanbe treatedasclassical
point charges.Thuswe cande�ne anerror:

� ( ; � ; R) =
1
R

�
erf

� q
 �

 + � R
�

R
(28)
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Figure5: Gaussiancharge distribution: a) two distributionshaving non-zeroextents,every distribution
contributesto R, b) onechargedistributionandonepointcharge,only thechargedistributioncontributes
to R

Usingtherelationerfc(x) = 1 � erf(x) wecanwrite:

� ( ; � ; R) =
erfc

� q
 �

 + � R
�

R
(29)

By de�ning oneof thesecharge distribution asa point charge, the two-electronintegral Eq. [25] can
be usedto calculatethe extent of the remainingcharge distribution. Thereforetwo of four Gaussian
exponentsarechosenin�nite. Treatingfor exampletheseconddistribution asa point chargewith � 3 !
1 , � 4 ! 1 Eq.[30] givesustheextentof the�rst chargedistribution.

� ( ; R ) =
erfc

� p
 R

�

R
(30)

For higherangularmomentadistributions the two electronintegral cannotbe solved analytically. For
this reasonwe have to estimateanupperlimit for theextentof thesedistributions.Sincewe cansolve
the two electronintegral analyticallyfor s-typecharge distributions,it would behelpful to usetheses-
typedistributionsto estimatetheextentfor higherangularmomentafunctions.As a �rst stepwe tried to
approximatethebasisfunctionsby s-typebasisfunctions.A givenarbitrarybasisfunction

� =
�

2�
�

� 3
4 (2

p
� ) l+ m+ n

p
(2l � 1)!!(2m � 1)!!(2n � 1)!!

r l+ m+ ne� �r 2
(31)

is estimatedby as-typebasisfunction

� s = c
�

2�
�

� 3
4

e� � r 2
(32)

Satisfyingthefollowing conditions,we �nd a optimals-typebasisfunctionfor a givenarbitrarytypeof
basisfunctionwith theproperty� s > �

� = � s (33)
d�
dr

=
d� s

dr
(34)

d2�
dr2 = 0 (35)
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Theseequationscanbesolvedanalyticallyandonegets:

� =
� (

p
8(lmn) + 1 + 1)

2(lmn) +
p

8(lmn) + 1
(36)

c =
(2(lmn) + 1 +

p
8(lmn) + 1)e� 1=2(lmn )

� p
8(lmn )+1 +1

2(lmn )+1+
p

8(lmn )+1

� 3=4 p
(2l � 1)!!(2m � 1)!!(2n � 1)!!

(37)

where(lmn) is theshortenedsyntaxfor l + m + n We cannow estimatetheextentof higherangular
momentabasisfunctions.

� l + m + n � c
1 1 0.666666 2.013709
2 1 1.333333 2.013709
3 1 1.999999 2.013709
1 2 0.561553 2.987065
2 2 1.123105 2.987065
3 2 1.684658 2.987065

Table1: calculatedparameters� andc for agiven� andlmn, asmall� denotesalargeR andviceversa.

Sincewearetreatingchargedistributionsandnotonly basisfunctions,theresulting� is not necessarily
thebestsolution.Thus,it wouldbebetterto estimatetheextentof aproductof basisfunctions,compared
to only onebasisfunction.This idealeadsus to the following equationfor arbitraryangularmomenta
distributions:

� 1� 2 = N1N2r (lmn )1+( lmn )2 e� (� 1 + � 2 )r 2
(38)

Ours-typechargedistribution now lookslike:

� 1s� 2s = c
�

2� 1

�

� 3=4 �
2� 2

�

� 3=4

e[� (� 1+ � 2 )r 2] (39)

Theconditionslook similar to thebasisfunctionestimate.

� 1� 2 = � s1� s2 (40)
d(� 1� 2)

dr
=

d(� s1� s2)
dr

(41)

dR
d� 1

= 0 (42)

dR
d� 2

= 0 (43)

At thispointwewantto emphasizethat� 1 and� 2 musthave thesamevalueto obtaintheminimalR. So
wecansimplify a little andset� 1 = � 2 = � . The�nal equationcanbewrittenas:

erfc(
p

2� R(� ))
R(� )

=
1

N �

�
2
�

� 3=2 �
2e
n

� n=2

"� 3=2 [(� 1 + � 2) � 2� ]n=2 (44)

whereR is the extent of the charge distribution, N � the normalizationconstantand� the given error
bound.Unfortunatelythereexists no analyticalsolution for R and � , so onehasto �nd the solution
numerically. To simplify theexpressionwecanwrite:

erfc(
p

2� R)
R

= g(� ) (45)
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R implicitly dependson � . However, usingtheconditions dR
d� 1

= 0 and dR
d� 2

= 0 leadsto

R =

vu
u
u
t

ln
� p

2p
� � (� dg

d� )

�

2�
(46)

UnfortunatelytheattainedR(� ) dependency is not really helpful. If oneputsthis equationinto the�nal
equation[44] to eliminatetheR dependency, onehasto dealwith alot of discontinuityproblemsinstead,
especiallyfor higherangularmomenta.Several attemptsto solve the resultingequationwith a simple
newtonalgorithmfailedbecauseof thesediscontinuities.For thatreasonwechoseanotherapproach.

Anotherapproach for furtherdecreasingR

ConsideringEq. [45] again:
erfc(

p
2� R)

R
= g(� ) (47)

We canimplicitly plot theR = R(� ) dependency (Fig. [7]). Fromthis equationwe canalsoderive the
limits � 1; � 2 in-betweentheminimalR canbefound:

lower limit: � i 1 =
3
2

� 1 + � 2

n + 3
(48)

upperlimit: � i 2 =
1
2

(� 1 + � 2) � i 1 < � < � i 2 (49)

Performinga binarysearchon thegiveninterval [� 1; � 2], we can�nd a � anda correspondingminimal
R within a given precision.However, binarysearchconvergestoo slowly. Treatingmillions or billions
of distributionspossiblyslowsdown theentirecalculation,sincewehave to calculateanextentfor every
chargedistribution.To improve theperformancethebinarysearchis replacedby a Fibonaccisearchthat
scalesonly O(log(n)) .
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Figure7: left:usingconditiondR=d� = 0 our function f dependson � only, however discontinuities
occur. right: implicit plot R(� ). Betweenthe consideredlimits this function is unimodal,andthusthe
minimumdR=d� = 0 canbedeterminedby aFibonaccisearch.

FibonacciLine Search

The FibonacciLine Searchalgorithmallows to �nd a maximumof a unimodalfunction f (x) over a
giveninterval [� i 1; � i 2]. A user-de�ned precisionallows to limit thetotalnumberof iterations.This limit
is de�ned as:

Fn > (� i 2 � � i 1)=eps (50)

whereFn is then-th Fibonaccinumberand� i 1, � i 2 the given searchinterval. The Fibonaccinumbers
arede�ned in thefollowing manner:

F0 = 0

F1 = 1

Fn = Fn� 1 + Fn� 2 for n � 2

The searchconceptinvolves placing two testpoints in-betweenthe interval limits [� i 1; � i 2] usingthe
ratioof Fibonaccinumbers.Thetestpointsarepositionedat:

� 1
i1 = � 0

i1 +
Fn� 2

Fn
(� 0

i2 � � 0
i1) (51)

� 1
i2 = � 0

i2 +
Fn� 1

Fn
(� 0

i2 � � 0
i1) (52)

Now thefunctionis evaluatedat thesetwo new points.Sincewewantto minimizeour function,wekeep
thesmallerfunctionalvalueandtheoppositeinterval-limit. After all requirediterationshavebeenpassed
through,a �nal interval is theanswer. Theprocedureis alsoillustratedon Fig. [6].

DeterminingR bya Newtonalgorithm.

To choosethenew interval limits weneedthefunctionalvaluesR(� n
i1) andR(� n

i2). Thesearedetermined
by aNewtonalgorithm.

f (R) = erfc(
p

2� R) � g(� )R (53)

Rn+1 = Rn �
f (Rn)
f 0(Rn )

(54)
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Theinitial valuefor this iterative Newtonalgorithmis R0 = 0.

Comparisonof thedeterminedextents

Obviously the secondalgorithm �nds a lower upper limit for the extent of higher angularmomenta
distributions.Especiallyfor large distributions with small � the latter methodallows minimizing the
costsfor adirectinteractionof thesechargedistributions.(Tab. [2])

� l + m + n � 1stalgorithm R1 1stalgorithm � 2ndalgorithm R2 2ndalgorithm
1 1 0.666666 0.608559 0.821384 0.570837
2 1 1.333333 0.260212 1.579524 0.247564
3 1 1.999999 0.144235 2.327489 0.138089
1 2 0.561553 0.649036 0.696932 0.618961
2 2 1.123105 0.221573 1.279649 0.216687
3 2 1.684658 0.100091 1.859443 0.098656

Table2: obtainedextentsfrom approximatedbasisfunctionsandapproximatedchargedistributions.The
estimatedupperboundcanbereducedby usingthesecondalgorithm.

Conclusions

We have introducedan algorithmto performextent estimationsof high angularmomentacharge dis-
tributions.It wasshown that the upperboundfor thesedistribution extentscanbe reducedpreferinga
combinedFibonacci-Newton algorithmon thecharge distribution insteadof usinga Newton algorithm
on asinglebasisfunction.
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Abstract:
125I transformsto highly excited 125Te via electroncapture[1], leaving coreshell vacanciesthat

resultin massive Augeremission.Molecularsystemsincorporating125 I will, following the 125 I decay,
fragmentinto molecularandatomicpositive ions with individual chargesof up to +18 [2], a process
commonlyreferredto as "Coulombexplosion". Auger emittersare highly radiotoxic,andhave been
subjectto radiomedicalresearchfor decades[3]. Whereastheinvestigationof theeffectsAugerprocesses
on biologicalsystemscouldimprove theunderstandingof basicaspectsof radiotoxicityin general,125I
Augerelectronemissionmayplayapioneeringrole in therapeuticalapplications,suchastumor-speci®c
radionuclidedeposition.

However, thereis still muchuncertaintyin themolecularandcellularmechanismsfollowing Auger
processesin vivo. In this work, the responseof a 77Br-substituted10 basepair DNA sequenceon ex-
cessive ionizationwasinvestigatedby quantumchemicalmethodson a DFT level of theory. Hereand
in furthersystems77Br waschosenastheAugeremitterinsteadof 125 I, to overcomecertainproblems
asdiscussedbelow. In a ®rst approach,theCoulombexplosionof CH3

125I, C2H5
125 I, andn-C3H7

125 I,
wasstudiedsystematicallyto draw connectionsbetweenelectronicstructuresandobserved fragmen-
tation patterns.This wasdoneby consideringthe Auger electronemissionasbeing®nished,andcal-
culatingthenuclearrelaxationfor theelectronicgroundstateof themolecularions.More calculations
werecarriedout on the Coulombexplosionof 125Iodouracil,77Bromouridine-50-monophosphate,and
the77Bromouridine-50-monophosphate� Adenosine-50-monophosphatenucleotidepair.

Intr oduction

It wasnotuntil theearly1970swhenHoferet al. [4, 5], andFeindegenetal. [6, 7] con�rmed chromatin
damageandthe impressive radiotoxiceffectsdueto 125I Auger electronemissionin mammaliancells
experimentally. Severalpathwaysto cell deathhave sofar beendiscussed,includingradiationandlow-
energy electronbombardmentdueto the initial decay, 125Te recoil energy andthe chemistryinvolved
with the transformationof 125I to 125Te, andCoulombexplosionof moleculescovalentlybinding 125I.
Theradiomedialaspectsof AugerProcessesappearto bea surprisinglywide �eld of research.Despite
that,thechainof causeandeffect,concerningAugerprocessesin vivo, is far from beingrevealed.

The cell lethality patterndue to intracellularAuger emissionis comparableto that due to � particle
exposure.It is con�rmed that theeffect of 125I Augeremissionon cellular structurecritically depends
ontheintracellularlocationof thedecay. 125I locatedoutsideof thecell nucleus,e.g.plasmamembrane-
boundvia 125I-labeledConcanavalin A, is relatively non-toxic[8], requiring� 20,000decayspercell to
cause50%cell death,comparedto � 60 decayspercell for DNA incorporated125IUdR.



Consideringintranuclear125I decay, thereis evidencethat thereis no directcorrelationbetweenradia-
tion or particleemissionenergy depositionandnucleusdamaging.For example,125I-labeledoligonu-
cleotidesnot insertingin DNA, but beingaccumulatedin thenucleusby liposometransportation,only
gave lethalitiescomparableto extranuclearAugerprocesses[9]. In contrast,DNA damage� � which is
closelyconnectedto cell death� � is mostly dueto decayeventsof directDNA-boundAuger emitters,
causingSingle(SSBs)andDoubleStrandBreaks(DSBs) in DNA, and,moreglobally, mutationsand
chromosomeaberrations.125I-labeledoligonucleotidesincorporatedin DNA causedSSBsand DSBs
within a rangeof 10 basepairsof thedecaysite[10]. DNA triplex forming 125I-labeledoligonucletides
yieldedsimilar results,thoughlocatedataseperateDNA strand[11].

Statingthat intranuclear125I decayalonewasresponsiblefor cell deathis furthermorechallengedby
the�ndings of severalgroupsthatchemicalradioprotectorsasDimethylsulfoxide[12], Vitamin C [13],
andothers,canmitigatetheradiotoxiceffectsof Augerprocesses.Thoughthey exhibit similar lethality
patterns,thisisnottruefor � radiation[12]. So,evidencearisesthatDNA damageduetoAugerprocesses
may be mediatedby somewhat indirect effects[14], e.g.waterradicalsfrom DNA solvation shells,or
reactive organicfragmentsdueto AugerprocessinducedCoulombexplosions.

UsingcalculatedAugerelectronemissionspectra,e.g.by MonteCarlomethods[15], severaltheoretical
modelshavebeenappliedto investigateDNA [16] andnucleosomeDNA superstructure[17] damagedue
to Augerprocesses.Onaveryqualitative level, theseandothertheoreticalapproaches�t to experimental
observation,agreeingthat indirecteffectsto DNA damagedueto Augerprocessescannotbeneglected,
if they arenotevenamajorpart.

Becauseof their striking radiotoxicityand,on theotherhand,their strongdependenceon intracellular
location,several radiomedicalapplicationsof Auger emittersarerecentlydiscussed,reviewed e.g.by
Hofer [3]. For example,in radiodiagnostics,onealwayshasto �nd a reasonablecompromisebetween
detectableradioactivity, accumulatedin a speci�c tissuetypeto investigate,andtheleastpossibleexpo-
sureof the systemto damagingradiationeffects,andAuger emitterscould be applicableto that �eld.
Second,theselective transportof Augeremittersinto tumorcell nuclei,e.g.by tumorepitope-speci�c
antibodies,couldprove to deliver agreatdealto cancertherapy andothertypesof molecularsurgery.

The aim of this work is to �nd out if, and in which way bioorganic compoundswill fragmentdue
to the radioactive decayof the covalently boundAuger emitters125I and 77Br, and which fragments
will occur. To achieve comparableresults,thesequestionswere approachedby calculationson the
simplealkyliodidesCH3

125I, C2H5
125I, andn-C3H7

125I, becausetheCoulombexplosionCH3
125I and

C2H5
125I wasinvestigatedexperimentallyby massspectrometrymethods[2, 18, 19]. Furthercalcula-

tionsfocussedthebioorganicsystems125Iodouracil(125IUdR), 77Bromouridine-50-monophosphate,and
the77Bromouridine-50-monophosphate� Adenosine-50-monophosphatenucleotidepair, becauseof their
importanceto radiomedicalresearch.

Anotherintentwasto prove if DFT is anapplicabletechniqueto calculatehighly chargedsystemslike
productsof Auger processesbecausemostmethodscanhardly describestateswhich arenot in their
groundstates.The investigationwith DFT techniquehasof courseseveral limitations andthesewere
alsoto bedetectedby this work.

Theoretical Basics

Auger Process

The Auger processwas �rst discovered in 1925 by the french physicistPierreAuger [20] when he
irradiatedsomeatomsby low-energy x-raysandtherebyremoveda singleelectronfrom thecoreregion
of theatom.After theinitial ionizationprocess,thesystemwasleft in anhighly excitedelectronicstate,
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possiblywell above the ionizationlevels.It follows thefastelectronicrelaxationprocessto thevarious
electronicgroundstatesassociatedwith a differentnumberof electronsescapingfrom thesystem.The
Auger processtakes placeon a time scaleof 10� 16 s � t � 10� 14 s [21], i.e. much fasterthan the
relaxationprocessof themoleculargeometrywhich appearson the timescaleof a molecularvibration
(10� 12 s) [22].

Laterit wasprovedthatthisAugerionizationprocesscouldbeinitiatedby electroncaptureandensuing
nuclearconversionof thenucleus.Certainisotopessuchas125I, 77Br, known asAugeremitters,sponta-
neouslyconvert into positively charged125Teand77Se.Moleculesboundto Augeremittersturn into the
correspondingpositively chargedmolecularsystemwith theAugeremitterreplacedby its decayproduct
at themoleculargeometryof theinitial compound.

DensityFunctionalTheory

DensityFunctionalTheory(DFT), which wasdevelopedby Thomas[23], Fermi[24], andDirac [25] in
the1920sand30s,becameapplicablefor routinequantumchemicalcalculationsin theearly1980swith
thedevelopmentof continuouslymoreaccurateexchangefunctionals.Becauseof its moderatescaling
with molecularsize,comparedto HF, or moreadvancedapproachessuchasmany-body-perturbation
theoryandcoupled-clustertechniques,DFT hasbecomea widely usedtool for molecularstructurecal-
culations.

In DFT, theelectrondensity� (r ), dependingon thelocationr , is chosento bethebasisvariable,which
is formally justi�ed by theproofof theHohenberg� Kohntheorems[26]

� 0(r ) =
X

i

� i (r ) =

( P 1
i n i

R
j i (x)j2d� interacting; 0 � n i � 1

P N
i

R
j i (x)j2d� non-interacting

(1)

whereN is thenumberof electrons,andn i aretheoccupationnumbers(probabilities)of thespinorbitals
 i (x) =  i (r ; � ). Theintegral is over thespinvariable� to give spin-independentdensitiesj i (x)j2 =
� 0(r ).

Thetotalelectronicenergy expressionin termsof DFT, accordingto theKohn� Shammethod,is

E [� 0] = T[� 0] + U[� 0] + V [� 0] = FHK [� 0] + V [� ] = T s[� 0] + J [� 0] + EXC[� 0] + V [� 0] (2)

EXC[� 0] = T[� 0] � T s[� 0] + U[� 0] � J [� 0] (3)

Here,V [� 0] is theelectron� nucleipotentialfunctionalgivenby themoleculargeometry, andE XC [� 0] is
theexchangeenergy functionalexplainedbelow. TheuniversalHohenberg� KohnfunctionalFHK [� 0] =
T[� 0] + U[� 0] includesseveral unknown non-classicalcontributions to the kinetic energy T[� 0] and
electron� electroninteractionU[� 0]. However, this problemcanbeovercomeindirectly by theKohn�
Shammethod.

Its basicidea is to set up an non-interactingN electronreferencesystems as Ĥ s = �
P

i r
2
i =2 +P

i V̂
s

i (r ) thatgivesthesame(non-interacting)groundstatedensity� 0(r ) asthe(interacting)systemto
investigatedoes,whereV̂ s

i (r ) is somegeneraleffectivepotential.BecauseĤ s is non-interacting,Ĥ s can
beseparatedin asumof N one-electronHamiltonians

P
i ĥ

s
i = Ĥ s, andtheN eigenfunctionsof Ĥ s can

be expressesasa singleSlaterdeterminant	 s(x1; x2; :::xN ) = (N !)� 1=2 P
n (� 1)n P̂n

Q
i  

s
i (x). So,

onehasN one-electronproblemsinsteadof oneN electronproblem.

TheHohenberg� Kohnfunctionalcanthenbehandledin termsof thisnon-interactingreferencesystem,
thatis FHK [� 0] = T s[� 0] + J [� 0] + EXC[� 0] + V [� 0], whereT s[� 0] is thenon-interactingkineticenergy
contribution, andJ [� 0] the classicalCoulombrepulsion.The unknown classicalcontributionsarecol-
lectedin thesocalledexchangeenergy functionalEXC[� 0], asgivenin (3).By theKohn� Shammethod,
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one getsan indirect, but neverthelessexact descriptionof an interactingsystemby a non-interacting
modelsystem,thatdoesnotexist physically, but givesthesameenergy anddensity.

Onecanexpresstheenergy (2) in termsof a setof N spinorbitals,f  s
i (x)g, by (1). Then,minimizing

the energy functionalE [� 0] � ! E [f  s
i (x)g] with the N 2 constraintsof spin orbital orthonormality,

oneobtainsN one-electronequationsof non-interactingtype.Unitarytransformingtheorbitalsf  s
i (x)g

thengivesthecanonicalKohn� Shamorbitalequations

" i  s
i (x) = ĥs

i  
s
i (x) =

�
�r 2=2 + Ŵ (r )

�
 s

i (x) =
�

�r 2=2 + Ĵ (r ) + ÊXC(r ) + V̂ (r )
�

 s
i (x) (4)

Becauseof thedependenceof ĥs
i on thef  s

i (x)g via theCoulombrepulsionpotential,theKS equations
arenon-linear, andhave to besolvedself-consistently. However� � theKS equationshave thesameform
asthecanonicalHartree� Fock equations,exceptthey considera moregeneral,but still local effective
potentialŴ (r ) � V̂ s(r ). In contrastto this,HF theoryusesanessentiallynon-localexchangepotential,
andstill is by de�nition approximate,consideringno electroncorrelationatall.

Exchange Functionals

As onecanseefrom theprevioussection,theexchangefunctionalE XC[� 0] provesto bethecrucialpart
of any DFT calculation.Severalapproacheshave beenmadeto moreandmoreaccurateexchangefunc-
tionals,including local spin densityapproach,LSDA, generalizedgradientcorrectedapproach,GGA,
andhybridemethods,mixing LSDA andGGA methodswith HF exchangecorrelation.However, �nding
new andbetterexchangefunctionalsstill remainsto beachallenging�eld of research.

In this work, the GGA type BP86 functional, and the hybride type functional B3LYP were usedto
cover differentmethodsof exchangetreatment.Both functionals,E BP86

XC andE B3LYP
XC baseon thesame

ThomasLSDA approachE LSDA
XC = f (� ) andBeckesgradientcorrection� E BP86

XC = f (�; jr � j), but
differ in their treatmentof correlationenergy EC.

E BP86
XC = E LSDA

XC + aX � E B88
X + aCE P86

C

E B3LYP
XC = E LSDA

XC + a0(E HF
X � E LSDA

X ) + aX � E B88
X + aCE LYP

C

where,in both,� E B88
X = f (�; jr � j) and� E LYP

C = f (�; jr � j). In praxis,onemajordifferencebetween
BP86andB3LYP is thatRI-J andMARI-J approximationscanbe appliedto non-hybridfunctionals,
only.

Computational Methods

In general,all calculationsweresetup in thesamebasicway. The 125I incorporatingstructuresto inves-
tigatefor possiblyoccuringCoulombexplosionswereoptimizedto groundstategeometriesandelec-
tronicenergies.Thespecialisotopemassof 125I wasignoredhere.Then,125I wasreplacedby 125Te,and
the new groundstategeometriesandelectronicenergieswerecalculatedto obtainthe systemsto start
with. Differentchargedstatesof thesesystemswerethenoptimized,to give eitherstill boundmolecular
structures,or separatefragmentsrepellingeachother. Thenatureof all fragmentsobtainedwasfurther
investigatedby applying wave function analysistechniques,especiallyMulliken populationanalysis,
andassortingchargesto fragments.All fragmentswerethentestedfor stabilityby separateoptimization
isolatedfrom external�elds.

All calculationswerecarriedout within the TURBOMOLE V5-7 [27] program.Generally, DFT was
chosento applybecauseit givesresults� � consideringmoleculargeometriesand,qualitatively, relative
electronicenergies� � accurateenoughfor thegivenproblem,while scalinglessthanquadraticallywith
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the sizeof the molecularsystem(i.e. the numberof basisfunctions).Essentiallyno dynamicmethods
wereapplied,becauseof theexpectedlossin computationalspeedandtheir irrelevancy to thegiventask.

To approachthemorecomplex bioorganicsystems,it �rst hadto beensuredthatDFT is a viable level
of theoryfor quantumchemicalinvestigationsof Coulombexplosionsin general,and,second,whether
onecould draw any connectionsbetweencalculatedelectronicstructuresandobserved fragmentation
patterns.Therefore,the Coulombexplosion fragmentationof the simple iodidesCH3

125I, C2H5
125I,

and n-C3H7
125I were investigatedby the methodsexplainedabove. To test the resultsto obtain for

consistency, differentexchangefunctional types,BP86and B3LYP, anddifferent basissets,i.e. SVP
and125Te relativistic effective corepotentialecp-46-mwb[28], SVPall, TZVP/125Te ecp-46-mwb,and
TZVPall wereusedfor CH3

125Te. For C2H5
125Te andn-C3H7

125Te only SVP/125I ecp-46-mwb[29]
andSVP/125I ecp-46-mwb,respectively, wereused,becausemoleculargeometriesand fragmentation
patternswerefoundto bevery similar, if not identicalfor largerbasissets(seeresultssections).For all
calculationsusingtheBP86functional,theRI-J optionwaschosento give fasterperformance.

Because125I is insertedin DNA via 125IUdR, the systemsof radiomedicalrelevanceto investigate
werechosento be 125Iodouracil,77Bromouridine-50-monophosphate,and the isolated125Iodouridine-
50-monophosphate� Adenosine-50-monophosphatenucleotidepair. Further, a 10 basepair sequenceof
alternatingAdenineandThymine,with oneThymineunit replacedby 77Bromouracil,wasalsopossi-
ble to investigate.All calculationson the bioorganicsystemswerecarriedout usingthe RI-J option.
Additionally, thefastmultipolemethodoptionMARI-J wasappliedto thecalculationof DNA.

Several technicalproblemswereencounteredwheninvestigatingthebioorganicsystems.First, all cal-
culationson systemscombiningthe heavy elements125I and 125Te, and phosphorousacid mono- or
diestergroupsdid only converge slowly. Standardgeometryoptimizationtechniquesdid not give any
stableiodides,in contrastto numerousexperimentalexperience.This was observed for several non-
hybride functionals,but not for HF calculations.Although the reasonsremainunknown, DFT using
non-hybridefunctionalsappearsto benot applicableto systemsof thatkind. To overcomethis, 125I and
125Te were replacedby their lighter homologous77Br and 77Se,respectively, since77Br is an Auger
emitter, too, andthesesystemsseemnot to be affectedby the problemdiscussedabove. Furthermore,
77Br and77Sequalitatively exhibit a verysimilar chemicalbehavior, andwerethereforeusedfor thein-
vestigationson the 77Bromouridine-50-monophosphate,125Iodouridine-50-monophosphate� Adenosine-
50-monophosphatenucleotidepair, andDNA systeminsteadof 125I and125Te.

Second,it appearedto be impossibleto carry out any calculationon the 10 basepairs DNA double
strandin its proposedform. This is dueto thenegative chargelocatedoneveryphosphorousaciddiester
group,which would repel the two singlestrandsso strongly that they could not remainconnectedby
hydrogenbonds.Physiologically, thesenegativechargeswouldbecompensatedby largerhistoneprotein
complexesrich in basic� � and thereforepositively charged� � aminoacidsasLysineandArginine, to
which DNA bindsforming thenucleosomeDNA superstructure.Explicitly treatingsolvationeffectsor
counterchargesseemsto be impossible.For placingcounterionsaroundtheDNA sequenceonewould
needa reasonablegeometryto startwith, which doesnot exist, andgeometryoptimizationwould not
succeedbecauseof the general�e xibility of the investigatedsystem.Conductor-like screeningmodels
like COSMOcannot beappliedsimply becauseof thesizeof thesystem,increasingthecomputational
costby someordersof magnitude,andwouldnotcompensatechargein any way. Thus,eachphosphorous
aciddiestergroupwassaturatedwith oneprotonto achieve neutrality. This is supposedto have theleast
impacton computationalspeedandmoleculargeometry, andseemsto bewithout any optionwithin the
DFT methodapplied.To compareresults,the sametreatmentwasappliedto the 125Iodouridine,and
125Iodouridine-50-monophosphate� Adenosine-50-monophosphatenucleotidepair system.
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Results

Below arethe obtainedresultsof the RI-DFT BP86andDFT B3LYP calculationson the alkyiodides
CH3

125I, C2H5
125I, andn-C3H7

125I. Thepictureshereingive theresultsof theRI-DFT BP86calcula-
tions.

Figure1: Picturesequenceof CH3
125Teasa functionof charge

Table1: CH3
125I fragmentsasa functionof total chargeQ,

RI-DFT BP86,for differentbasissets
Q SVP/ecp-46-mwb SVPall TZVP/ecp-46-mwb TZVPall

+1 3CH3Te+ 3CH3Te+ 3CH3Te+ 3CH3Te+

+2 2CH3Te2+ 2CH3Te2+ 2CH3Te2+ 2CH3Te2+

+3 1CH3Te3+ 1CH3Te3+ 1CH3Te3+ 1CH3Te3+

+4 2CH+
2 + 3Te2+ + H+ 2CH+

2 + 3Te2+ + H+ 2CH+
2 + 3Te2+ + H+ 2CH+

2 + 3Te2+ + H+

+5 3CH+ + 1Te2+ + 2H+ 3CH+ + 1Te2+ + 2H+ 3CH2+
2 + 1Te2+ + H+ 3CH2+

2 + 1Te2+ + H+

+6 2C+ + 1Te2+ + 3H+ 2C+ + 1Te2+ + 3H+ 2C+ + 1Te2+ + 3H+ 2C+ + 1Te2+ + 3H+

+7 2C+ + 2Te3+ + 3H+ 2C+ + 2Te3+ + 3H+ 2C+ + 2Te3+ + 3H+ 2C+ + 2Te3+ + 3H+

+8 1C2+ + 2Te3+ + 3H+ 1C2+ + 2Te3+ + 3H+ 1C2+ + 2Te3+ + 3H+ 1C2+ + 2Te3+ + 3H+

+9 1C2+ + 1Te4+ + 3H+ 1C2+ + 1Te4+ + 3H+ 1C2+ + 1Te4+ + 3H+ 1C2+ + 1Te4+ + 3H+

+10 2C3+ + 1Te4+ + 3H+ 2C3+ + 1Te4+ + 3H+ 2C3+ + 1Te4+ + 3H+ 2C3+ + 1Te4+ + 3H+

+11 2C3+ + 2Te5+ + 3H+ 2C3+ + 2Te5+ + 3H+ 2C3+ + 2Te5+ + 3H+ 2C3+ + 2Te5+ + 3H+
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Table2: CH3
125I fragmentsasa functionof total chargeQ,

DFT B3LYP, for differentbasissets
Q SVP/ecp-46-mwb SVPall TZVP/ecp-46-mwb TZVPall

+1 3CH3Te+ 3CH3Te+ 3CH3Te+ 3CH3Te+

+2 2CH3Te2+ 2CH3Te2+ 2CH3Te2+ 2CH3Te2+

+3 1CH3Te3+ 1CH3Te3+ 1CH3Te3+ 1CH3Te3+

+4 2CH+
2 + 3Te2+ + H+ 2CH+

2 + 3Te2+ + H+ 2CH+
2 + 3Te2+ + H+ 2CH+

2 + 3Te2+ + H+

+5 1CH+ + 3Te2+ + 2H+ 1CH+ + 1Te2+ + 2H+ 3CH+ + 3Te2+ + 2H+ 1CH+ + 3Te2+ + 2H+

+6 2C+ + 3Te2+ + 3H+ 1CH+ + 2Te3+ + 2H+ 3C + 2Te3+ + 3H+ 2C+ + 1Te2+ + 3H+

+7 2C+ + 2Te3+ + 3H+ 2C+ + 2Te3+ + 3H+ 2C+ + 2Te3+ + 3H+ 3CH+ + 1Te4+ + 2H+

+8 1C2+ + 2Te3+ + 3H+ 1C2+ + 2Te3+ + 3H+ 2C+ + 1Te4+ + 3H+ 2C+ + 1Te4+ + 3H+

+9 1C2+ + 1Te4+ + 3H+ 1C2+ + 1Te4+ + 3H+ 1C2+ + 1Te4+ + 3H+ 1C2+ + 1Te4+ + 3H+

+10 2C3+ + 1Te4+ + 3H+ 1C2+ + 2Te5+ + 3H+ 1C2+ + 2Te5+ + 3H+ 1C2+ + 2Te5+ + 3H+

+11 2C3+ + 2Te5+ + 3H+ 2C3+ + 2Te5+ + 3H+ 2C3+ + 2Te5+ + 3H+ 2C3+ + 2Te5+ + 3H+

Figure2: Picturesequenceof C2H5
125Teasa functionof charge
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Figure3: Picturesequenceof C3H7
125Teasa functionof charge

Table3: 125I-alkyliodide fragmentsasa functionof total chargeQ,
RI-DFT BP86SVP/ecp-46-mwb

Q CH3
125Te C2H5

125Te n-C3H7
125Te

+1 3CH3Te+ 3C2H5Te+ 3C3H7Te+

+2 2CH3Te2+ 2C2H4TeH2+ 1C2H2+
5 + 2CH2Te+

+3 1CH3Te3+ 1CH2TeCH3+
3

1C3H7Te3+

+4 2CH+
2 + 3Te2+ + H+ 2C2H5

2+ + 3Te2+ 2C3H7Te4+

+5 3CH+ + 1Te2+ + 2H+ 1C2H2+
4 + 1Te2+ + H+ 1C2H2+

4 + 1CH2Te2+ + H+

+6 2C+ + 1Te2+ + 3H+ 2C2H2+
3 + 3Te2+ + 2H+ 3C3H2+

5 + 1Te2+ + 2H+

+7 2C+ + 2Te3+ + 3H+ 3C2H2+
2 + 3Te2+ + 3H+ 1CH+ + 1C2H2+

4 + 1Te2+ + 2H+

+8 1C2+ + 2Te3+ + 3H+ 1C2H3+
3 + 2Te3+ + 2H+ 1C3H2+

4 + 2Te3+ + 3H+

+9 1C2+ + 1Te4+ + 3H+ 1C2H2+
2 + 1Te4+ + 3H+ 1C3H3+

3 + 1Te2+ + 4H+

+10 2C3+ + 1Te4+ + 3H+ 2C2H2+ + 1Te4+ + 4H+ 1C3H2+
2 + 2Te3+ + 5H+

+11 2C3+ + 2Te5+ + 3H+ 22C+ + 1Te4+ + 5H+ 1C3H2+
2 + 1Te4+ + 5H+
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Table4: 125I-alkyliodide fragments,asa functionof total chargeQ
DFT B3LYP SVP/ecp-46-mwb

Q CH3
125Te C2H5

125Te n-C3H7
125Te

+1 3CH3Te+ 3C2H5Te+ 3C3H7Te+

+2 2CH3Te2+ 1C2H+
5 + 2Te+ 1C2H+

5 + 2CH2Te+

+3 1CH3Te3+ 2C2H2+
5 + 2Te+ 1C3H7Te3+

+4 2CH+
2 + 3Te2+ + H+ 2C2H2+

5 + 3Te2+ 2C3H7Te4+

+5 1CH+ + 3Te2+ + 2H+ 1C2H2+
4 + 1Te2+ + H+ 1C2H2+

4 + 3CH2Te2+ + H+

+6 2C+ + 3Te2+ + 3H+ 2C2H2+
3 + 3Te2+ + 2H+ 1CH2+

2 + 2C2H2+
4 + 1Te2+ + H+

+7 2C+ + 2Te3+ + 3H+ 1C2H2+
2 + 3Te2+ + 3H+ 1CH+ + 1C2H2+

4 + 3Te2+ + 2H+

+8 1C2+ + 2Te3+ + 3H+ 1C2H3+
3 + 2Te3+ + 2H+ 1C3H2+

4 + 2Te3+ + 3H+

+9 1C2+ + 1Te4+ + 3H+ 1C2H3+
2 + 2Te3+ + 3H+ 1C3H2+

3 + 2Te3+ + 4H+

+10 2C3+ + 1Te4+ + 3H+ 2C2H2+ + 1Te4+ + 4H+ 1C3H3+
3 + 2Te3+ + 4H+

+11 2C3+ + 2Te5+ + H+ 22C+ + 1Te4+ + 5H+ 1C3H2+
2 +1Te4+ + 5H+

Table5: 125Te� C bondlenghtsasa functionof chargeQ for stablealkyliodides,in Å,
RI-DFT BP86SVP/ecp-46-mwb

Q CH3
125Te C2H5

125Te C3H7
125Te

0 2.17 2.20 2.19
+1 2.13 2.17 2.17
+2 2.04 2.16/2.44 �
+3 1.98 2.16 2.13
+4 � � 2.19

Table6: 125Te� C bondlenghtsasa functionof chargeQ for stable125TeUdRsystems,in Å,
RI-DFT BP86SVP/ecp-46-mwb

Q 125TeUdR

0 2.08
+1 2.04
+2 2.03
+3 2.05
+4 2.14
+5 2.34
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Figure4: Picturesequenceof 125TeUdRasa functionof charge

Figure5: Picturesequenceof Thyminenucleotidesasa functionof charge
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Figure6: Pictureof a DNA molecule
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Discussion

Alkyliodides

Theresultsobtainedfrom themassspectrometryinvestigationsof Coulombexplosionfragmentationof
CH3

125I andC2H5
125I [2, 18] havebeenveri�ed in away thatqualitatively mostexperimentallyyielded

fragmentswerefoundin thecurrentwork. However, comparisonof experimentaldatawith calculations
mustbehandledwith care,becauseof observedsecondary�eld ionizationprocessesinsideMS devices
[19]. The obtainedresultscannot answerthe questionaboutthe relative abundancesof the fragments
becausethemethodof thecalculationscarriedoutherecannotsimulatetheAugerprocessitself.

Table1 givetheobtainedfragmentationsof CH3
125I, usingtheexchangefunctionalBP86.Thefragmen-

tationpatternsareidenticalfor all chargesandbasissets,i.e.SVP/ecp-46-mwb,i.e. SVPall, TZVP/ecp-
46-mwb,andTZVPall. The only exceptionwasfound for CH3

125Te5+ for TZVP/ecp-46-mwb,where
oneadditionalprotonappearsto beboundto thecarbohydratefragment.

Table2 give the obtainedfragmentationsof CH3
125I, usingthe exchangefunctionalB3LYP. All basis

setsgive identicalfragmentationpatternsfor systemsup to a total charge of +5, exceptof thedifferent
multiplicities for theCH3

125I5+ systems.For higherchargedsystemsdifferentbasissetsyield different
fragmentationpatterns.Generally, basissetsbiggerthanSVP/ecp-46-mwbresultin smallerchargeson
the carbonatom,asobserved for CH3

125I6+ with SVPall andTZVP/ecp-46-mwb,andCH3
125I7+ for

TZVPall.With increasingsizesof thebasissetsapplied,thatisSVP/ecp-46-mwb< SVPall < TZVP/ecp-
46-mwb< TZVPall, 125Te appearsto bearhighercharges.Whereasall basissetsgive a 125Te5+ cation
for themaximumtotal charge calculated,higherchargesappearfor lower total chargeswith increasing
basissetsize.

For bothexchangefunctionalstheeffect of appliedECPs� � which divide all electronsinto two groups,
onevalenceshell andonecoreshell for all others� � onto theobserved fragmentationpatternscannot
beascertained.Onecouldexpectthat the 125Te-ECPshouldresultin lower chargeson 125Te. In fact it
appearsthatusingECPsor not doesnot have any impacton thecharge distributionson 125Te cations,
whereasthisseemsto beaffectedonly by basissetsize.However, for BP86nodifferencesbetweenECP
andall-electronbasissetswereobserved.

Tables3 and4 give theobtainedfragmentationpatternsof thealkyliodidesCH3
125I, C2H5

125I, andn-
C3H7

125I, usingthedifferentexchangefunctionalsBP86andB3LYP. TheinvestigatedC2H5
125I struc-

tures,usingtheBP86functional,convergedup to achargeof +3. At higherchargesthefurtherfragmen-
tationstarted�rst by cuttingoff 125Te. Successive charging theC2H5

125Te systemundergoeslossof a
growing numberof protonsuntil completefragmentation.

B3LYP calculationsshow muchearlierfragmentationat a charge of +2 and+3 for C2H5
125I. The fol-

lowing highercharged systemsgive similar fragmentationpatternsfor both functionals,especiallyin
C2H5

125Tefor ethylionsandprotons.Theonly differencebetweenthesetwo functionalsis in thecharges
of their fragments.

In caseof then-C3H7
125Te both functionals(B3LYP, BP86)give almostthesameresults.As in calcu-

lationson CH3
125Te thesamefragmentsoccurin differentcharges,andthe fragmentationpatternsare

evenalmostequal.

TheBP86functionalseemsto exhibit a moresystematicfragmentationpattern(seebelow), concerning
differentbasissets,thanB3LYP, becauseof the inconsistentappearingof fragmentslike CH ions and
severalionsof 125TeandCarbonfor differentbasissets(tables1 and2). Theseionsdiffer in chargesand
multiplicitiesfor systemsof equaltotalcharge,but calculatedwith differentfunctionals.All systemsun-
dergo fragmentationby similarprinciples,like lossof 125Tecationsandprotonswith theverybeginning
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Figure7: Qualitative MO schemeof CH3
125Te

of fragmentation.Theseatomicions cancarry relatively high chargesout of the system,whereasthey
provide quite low bondingenergies to the formerly boundmolecule.In all casesthe carbonbackbone
remainsintact, thoughcharged and successively loosingmoreprotons,for almostall calculatedtotal
charges.Few exceptionsareobservede.g.for n-C3H7

125Te2+ , n-C3H7
125Te5+ , n-C3H7

125Te6+ , andn-
C3H7

125Te7+ for bothBP86andB3LYP. However, all fragmentsturnedout to bestablewhencalculated
separately.

To interpretobtainedresultsit is anappropriatewayto useMO schemesto derive fragmentationpatterns
for smallermolecules.TheCH3

125TeMO schemegivesaneasyunderstandingof its fragmentationand
in basicqualitative aspectsthis couldbevalid to higheralkyliodides,too. In table3 the 125Te� C bond
lengthbecameshorterby charging CH3

125Te. In classicalway onewould assumethe otherdirection
becauseof morerepulsive interactionsin cations� � anincreasingbondlength.This wasnotobserved.

In Fig.7is arepresentingMO schemeof CH3
125Tein C3v symmetryandfull occupationof bindingMOs

by its 13electronsfrom theirvalenceshells.If oneupto threeelectronsareremovedthisschemedevelops
right behavior of the125Te� C bondlength� � it becomesshorter(seetable5). It couldbestatedthatthe
repulsionbetweenthe methylgroupandthe non-bindingelectronsfrom 125Te reduceswhenelectrons
areremovedoutof thisarea.Attractive interactiontowardsthebindingelectronsfrom thenucleiof 125Te
andCarbonis anotherpossiblereasonfor a shortenedbondlength.For a normal 125Te� C singlebond
lengthonehasto derive valuesfrom covalentradii of bothatoms[31].

Whenfour electronsareremovedtherepulsive energy of thenuclei increasesdueto thelossof binding
energy, andthemoleculefragmentsjustasseenbeforeonthepictures.Fromachargeof +4on,CH3

125Te
is not stable.

Going on removing electronsone recognizesthat an interestingconstellationappearsat a charge of
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Figure8: Qualitative MO schemeof C125Te+6

+9. At this point all hydrogenshave left andall p shellsfrom 125Te andCarbonareempty, andonly
the s shellsareoccupied.In Fig.8 this C125Te+6 ion is seen.This is an artifact becauseof its � MO
levels,which have fully occupiedantibindingandbindingMOs. Theantibindingenergy is higherthan
the binding.ThusC125Te+6 cannot exist, it hasto be an artifact.This could alsobe possiblebecause
of electrostaticreasons.For higherchargedsystemsonecandevelopaninterpretationfor theCH3

125Te
fragmentationpattern,calculatedwith BP86.As presentedin table1 onesees,that in every calculation
onthismolecule,usingdifferentbasissets,thecompletelyfragmentedsystemshavegot thesamecharge
distribution pattern.To understandthis, obviously, the MOs have to be replacedby the AOs of 125Te
andCarbon.If consideredthatthe125TeandCarbonp shellsareon a similar energeticlevel (seeFig.8),
onerecognizesthata mechanismof alternatingionizationcanbeestablished.First two 125Te electrons
areremoved to get to an equalelectroniccon�guration asCarbonhas.Thenthis mechanismstartsby
removing anelectronfrom theCarbon(total charge+6), thenfrom 125Te, thenfrom Carbonagain,and
soon,until themaximumcalculatedtotal chargeof +11 is reached.

For higheralkylioides theobtainedfragmentationpatternscouldbe equalbecauseof their similar MO
levels.Of coursemany otheralkyl groupfragmentsshouldappearat biggersystems.But in generalthe
sameionslike 125Teandprotonswouldbe�rst obtainedin similarcalculations.

All CH3
125Te andC2H5

125Te fragmentsobtainedin this work were found experimentally[2, 18] by
massspectrometryinvestigations(i.e.CH3Te+ , CH3Te2+ , CH2Te+ , CH+ , CH+

2 , C2H+
5 , C2H2+

5 , C2H+
4 ,

C2H2+
4 , C2H+

3 , C2H2+
3 , C2H2+

2 , C2H+ , C2H2+ , andatomicions).More fragmentswerefoundin exper-
imentsthanin this work, becauseof secondaryionization[19] andion recombinationreactionsin the
massspectrometer.

Concluding,it canbe statedthat DFT is a viable techniquefor calculatingextremelychargedsystems
by meansof quantumchemistry. Basissetsassmall asSVP, usingeffective corepotentialsfor heavy
elementslike Te,appearto give satisfyingresultscomparedto muchlargerandthoughmoretime con-
sumingbasissetslike TZVPall. Thussmall basissetsfor DFT calculationscanbe suf�cient to derive
moleculargroundstategeometries.
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Even conceptuallydifferent exchangefunctionalsas BP86 and B3LYP seemnot to have any impact
on thefragmentationpatternsdueto Coulombexplosions.For very simplesystemsonecanunderstand
fragmentationof highly chargedmolecularsystemsfrom their MO energiesandoccupations.

Bioorganic Compounds

125Iodouracil(125IUdR) and77Bromouridine-5
0
-monophosphatewerechosento bethesystemsto inves-

tigatebecause125I is commonlyinsertedintomammalianDNA by 125IUdR.Thesystemswerecalculated
with chargesof +1 to +10,+15,and+20.Similar calculationswerecarriedout by Pomplun[21, 30] on
125IUdR with thesemiempiricalmethodPM3.

125Iodouracil

Table6 andFig.4 give the resultsof the calculationson 125TeUdR.In goodagreementto Pomplun's
[21, 30] results,stablemoleculeswere found for lower charges.Even the samedeformationsof the
Tellurium� Carbonbondwere found. Increasingcharge turns 125Te towardsthe neighboredO of the
keto function.Up to charge of +5 Pomplunfound stablemoleculesin relative normalconformations.
For +6 charge enormousdeformationsof the aromaticring wereobserved, but this is probablydueto
thesemiempiricalPM3 level of theoryapplied,which is notableto describebonddissociationproperly.
Insteadof deformingathighercharges,125TeUdRfragmentsinto two partsin thiswork.From+6 to very
highchargesone�nds, like in caseof thealkyliodides,similar fragmentationpatterns:First therewill be
125TeandHydrogenionsemitted,andthenthearomaticring will bedestroyed.A possiblereasonfor the
stability of the ring systemis, of course,its aromaticity, contributing additionalbinding energy to this
ring system.At highcharges125TeUdRfragmentsin several ions.In casesof veryhighchargesartifacts
couldpossiblybe obtained,ase.g.the openedring groupbinding 125Te (charge +20), or retainedring
groups(charges+10,+15),thoughring fragmentationalreadyoccuredatchargesof +8 andhigher.

Similar to the former discussionaboutthe alkyliodidesthereare 125Te andHydrogenas �rst fugitive
components.Thesizeof this moleculemakesit hardto build a MO scheme,so it couldbe considered
thattheoccupiedMOs rearrangein aspecialway suchthatartifactsappear. As in Pomplun's work [21],
the125Te� C bondlengthfoundhereshortensup to charge+2, andthenincreaseswith growing charge
(table6). Pomplunfoundthat the 125Te� C distancein +5 charged125TeUdRis about20%longerthan
of the +4 charged system.Looking at table 6, herethe bond length increasesonly about10% from
+4 to +5 charged 125TeUdR.Comparingwith Pomplun's results[21], it seemsthat differentmethods
for calculatingCoulombexplosionsof bioorganic systemsyield comparableresultsfor at leastlower
charged systems.So it could be statedthat DFT methodis oneappropriateway for theoreticalDNA
investigation.

Uridine Nucleotide

In several DFT calculationsthe 125Te incorporatinguridinenucleotidescouldnot converge becauseof
the125Teseparatingfrom thethyminenucleotidegroup.Tokeeptheresultscomparableasimilarelement
waschosento replacethenot binding 125Te.So77Sewith thyminenucleotidewasinvestigatedinstead.
It gave comparablegeometryparameterslike similarC� 77Sebondlengthandangles.

The investigationof the uridine nucleotideswith 77Seinsertedleadto the resultsshown in Fig.5. For
lower chargedsystems,up to a charge of +6, no fragmentationappears,like in caseof the 125TeUdR
system.At a chargeof +7 �rst protonsand77Searecut off from thenucleotide.A reasonfor this might
be the ability of this ions to carry positive chargesasdiscussedin the former chapters.In +7 charged
nucleotidesthestructurealsodeformsin away thataprotonbindsatanO from theuracil to form anew
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O� H bond,andalsoundergoesa hydrogenbondto anotherO from theribosering system.The 77Seis
alsotwistedto its neighboredO like in 125TeUdR.This twisting towardsits neighboris evenobserved
in +8 chargedsystem,until the77Seseparatesfrom thenucleotidegroupin +9 chargedsystem.In every
caseof fragmentationthe C� 77Sebondis deformedor cut. For higherchargedsystems,as+10, +15,
and+20,thefragmentationpatternsaresimilar to thelowerchargedsystems.

An interestingpoint is theC� C bondbreakingin the ribosering system.This is observed for charges
of +8 to +10,and+15.At all structuresthesamebondsarebroken in theribosering. Thereasoncould
bethatthetwo separatedpartscanhandletheir chargesbecauseof theneighboredO groups,which can
stabilizepositive chargesby their lone pairs.Here,the O cangive oneof its lone pairs to bearsome
positive charge of the alkyl groups.So, the calculatedfragmentswith this broken ribosepartscould
probablybeno artifacts.Sofar this ribosebreakingmightbeapossiblerouteto causeSSBin theDNA.

The uracil basesubsystemsappearedto be stablein all performedcalculations,probablybecauseof
its aromaticring system.This givesadditionalbinding energy to the ring so that fragmentationof the
ring systemwasnot observed.This couldalsobeunderstoodby theargumentthatthewholenucleotide
moleculecouldcarrymorepositive chargesthanthesmallerthyminebasewith 125Te.

In onecase(charge +8) even H2PO3 wasformed,but its charge andmultiplicity wasnot investigated.
Thusthis fragmentcouldbeakind of phosphoricacidderivative.

DNA

The10basepairDNA doublehelix wasoptimizedusingMARI-J -DFT BP86methods,with aSVPbasis
setfor all atoms(seeFig.6).This systemwassaturatedwith oneprotonfor eachbridgingphosphorous
aciddiesterfor electroneutralityreasons(seemethods).

RHF-SCFconvergenceappearedto berelatively fastwithin anenergy tresholdof 10� 6 a.u.(about100
steps).However, no minimumgeometrycouldbefoundusingthestandardgeometryoptimizationtech-
niquesof TURBOMOLE.This is, �rst, possiblydueto theoverall �e xibility of themolecularstructure,
thetwo doublestrandsbeingconnectedonly by hydrogenbonds.Thusthepotentialenergy hypersurface
is assumedto exhibit several local minima nearthe global one.Second,the initial EHT startorbitals
werefoundto beenergeticallyvery closeto eachother, anda manifoldof almostdegeneratestatesnear
theHOMO� LUMO gapmustbeexpected.Therefore,severaloptimizationcycleswerecarriedoutuntil
thetotalenergy gradientdroppedbelow 10� 1 a.u.,andthegeometryobtainedby thiswasusedasastart
geometryfor thefurtherinvestigations.

Thesituationbecameworsefor substitutingthemethylgroupof onethyminebaseby 77Br, to getaAuger
emitterincorporatingDNA modelsystem.Thissystemwascalculatedneutral,andwith apositivecharge
of +15.For bothcases,it appearedto be impossibleby standardtechniquesto reachUHF-SCFconver-
gence,evento convergeto asetof MOschanginglessthanabout10� 4 a.u.in its totalelectronicenergy.
HOMO� LUMO gapsdroppedbelow 0.005a.u.in everycalculation,andcouldnotbe�x edby any com-
binationsof UHF-SCFor occupationnumberoptionsin TURBOMOLE, e.g.orbital shift� � automatic
or manual� � or SCFdampingmethods.Onepossiblereasonfor that might be the unrestrictednature
of the calculationscarriedout on that system.By any means,this was absolutelynecessarybecause
fragmentation,or at leastany responseto thehigh charge,wasexpected.

Conclusions

It wasshown thatDensityFunctionalTheory(DFT), thoughanon-dynamicalapproach,is anappropriate
methodto calculatetheCoulombexplosionof organicandbioorganiccompounds.Molecularfragments
formedby AugerprocessinducedCoulombexplosionscouldbepredicted,agreeingwith experimental
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results,andcharacterizedin termsof charge,multiplicity, andstability.

The identi�ed fragmentsshow a qualitative but cleartrendin fragmentationreactions� � following the
much fasterAuger process� � for different investigatedsystems.H+ and 125Te cations,and H+ and
77Secations,respectively, werethe �rst componentsto be repelledfrom the fragmentingmoleculein
everysinglecalculation.For thecalculationsonbioorganicsystemscontainingphosphorousacidmono-
or diesters,77Br was chosenfor the Auger emitter insteadof 125I, becausethe latter appearedto be
impossibleto investigateby DFT techniques.No stableiodidestructureswerefoundhere,in contrastto
variousexperimentalresults.Similarly, no fragmentationof highly charged10basepairDNA sequences
couldbecalculatedsuccessfully.

Assumingthat the fragmentationfound for simple organic systems,i.e. CH3
125I, C2H5

125I, and n-
C3H7

125I, andlargersystemsas77Br incorporatinguridinenucleotides,couldbeamodelfor bioorganic
compoundsin living cells, theCoulombexplosioncould in fact be a viable pathway to Auger process
inducedDNA damage.As seenfor uridine,C� C bondbreakingin theribosering maybe,for example,
a possiblefragmentationreaction.On the otherhand,aromaticsystemsappearto hold greatstability
againstfragmentationdueto high charges,asshown by comparableresultson the 125TeUdRsystem,
calculatedwith DFT, HF, andsemiempiricalPM3 methods.
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NMR-QuantumComputerSimulationona Parallel
Supercomputer

NikolasPomplun

TechnicalUniversityof Berlin
Instituteof Physics
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Abstract: Theaimof thiswork wasto simulatethetimeevolutionof aquantumcomputersys-
tem.Thesimulationcodewasoptimizedto runonaparallelcomputerthatprovidestheneeded
resourcestomodelthetimeevolutionin areasonabletime.Therebytheattentionwasfocusedon
two majorfeatures.First theSuzuki-Trotteralgorithmthatwasusedto modelthetimeevolution
andsecondtheadjustmentto a speci�c realisationof sucha computer:the NuclearMagnetic
ResonanceQuantumComputer.

Intr oduction

A quantumcomputercansolvecertaincomputationallyhardproblemsmuchfasterthanaclassicalcom-
puterunderthecircumstancesthatthealgorithmmakesuseof thequantumparallelism.Thusin orderto
exploit thehugepotentialof aquantumcomputerasimulatoris indispensablefor gainingfurtherknowl-
edgein particularsincetheory is far aheadof the experiment.The basictaskof a quantumcomputer
simulatoris to solve the time dependentSchrödinger-equation for all thequbitsinvolved.For a system
of n qubitsthedimensionof ourproblemandthenumberof equationsto besolvedscaleswith 2n . If we
have for example25qubitswearedealingwith 225 = 33:554:432equationsnotconsideringtheamount
of memorythatwouldbeneededto storethestatevectoror theoperators.Furthermore,by takingthestep
from anideal(theoretical)quantumcomputerto arealphysicalsystemwehave to take into accounta lot
of unwantedside-effectsasexplainedlater in this text that turn thesysteminto a many-bodyproblem.
Hencetheproblemcannolongerbesolvedanalytically. It becomesnecessaryto approximatethesystem
by numericalcalculations.Both of theaspectsthatarementionedheredemonstratethat it is necessary
to usea parallel(still classical)supercomputer. Nowadayssimulationswith up to 30 qubitscanbehan-
dled.To make a quantumcomputercompetitive to acontemporaryclassicalcomputerwewouldneedat
leasttensto hundredqubits.This alsoshows thelimits of a classicalsimulationbecauseto storeonly a
statevectorof a 250qubit systemit would requireasmany bytesasthereareparticlesin theuniverse
(� 1080).

In thetheorysectionsomebasicsof quantumcomputingwill beintroducedcoveringthemainaspectsof
theidealquantumcomputerandthetimeevolution.Thedifferencesthathave to beconsideredregarding
a real NMR-quantumcomputerarefollowed by a closerlook at the Suzuki-Trotter algorithm.After a
shortoverview of thestructureof theprogramitself theprogrammingsectionaddressestheissueof how
to implementOpenMPandMPI andexplainsthefunctioningof thecoresubroutinethatdoestheactual
computation.At lasttherewill beaconclusionshowing someresults,dif�culties andfurtherideas.



Theory

TheIdealQuantumComputer

Wherea classicalcomputerusesbits a quantumcomputerusesqubitsto storeits data.A qubit canbe
thoughtof asa 2-level systeme.g.a spin 1

2 systemthat is describedby a statevectorin a 2-dimensional
complex Hilbert space.If we choosetheEigenstatesof thez-Pauli-operatorj0i =

� 1
0

�
andj1i =

� 0
1

�
as

basisstatesthestateof thequbit canbewrittenas

j	 i = � j0i + � j1i (1)

j� j2 + j� j2 = 1 �; � 2 C (2)

The parameter� canbe assumedreal sincewe canalwaysextractan overall phasethat doesnot con-
tributeto theexpectationvalue.While in classicalcomputerseither� or � is exactly equalto 1 in quan-
tum mechanicsa superpositionof j0i andj1i is possibleasfar asthenormalisationcondition(equation
2) holds.Superpositionis a specialquantumpropertythate.g.allows fastercomputationin comparison
to a classicalcomputerif we canimplementthisquantumparallelismin thealgorithm.Qubitsalsohave
othernon-classicalpropertieslike entanglementfor examplethat opensup new waysof computation
quitedifferentfrom thewell known classicalones.

Since� canbeassumedrealwecanpicturethestateof aqubit in thesocalledBloch-spherewhereastate
is representedby apoint insidetheunit spheredeterminedby 3 realparameters� , � andr . Thestatesfor
whichr = 1 holdsarecalledpurestatesandarelocatedon thesurfaceof theBloch-sphere.Statesinside
theBloch-spherecorrespondto mixedstateswhich we will not considerherefor reasonsof simplicity.
Sinceevery additionalqubit doublesthenumberof basisstatesour systemhasdim = 2[no:ofQubits] . For

Figure1: Blochsphere

a 2-qubit systemasit is consideredin this work we aredealingwith 4 basisstates.Thestatevectoris
thengivenby

j	 i = � j00i + � j01i +  j10i + � j11i (3)

j� j2 + j� j2 + j j2 + j� j2 = 1 (4)

Singlequbit operationscanbepicturedasrotationsof theBloch-vectoraroundacertainaxis.
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In analogyto classicalcomputing,it turnsout that thereis a universalgatesetfor a quantumcomputer
that is suf�cient to performevery possibleoperation.Onepossiblesetcontainstherotationsaroundthe
x-,y- andz� axistogetherwith theCNOT operationthatactson2 qubitsand�ips thespinof thesecond
qubit if thethespinof the�rst qubit is up (�gure 2).

Figure2: a universalgateset

TimeEvolution

Thetimeevolution of aquantumsystemis governedby theSchrödinger-equation

i
d
dt

j	( t)i = H(t)j	( t)i (5)

Integrationyields

j	( t + � )i = exp
�

� i
Z t+ �

t
d� H (� )

�
j	( t)i = U(� )j	( t)i = e� i� H j	( t)i (6)

whereU(t; t+ � ) isaunitaryoperatorthesocalledtimepropagatorthattransformsj	( t)i into j	( t+ � )i .
Note that e� i� H (t) is unitary by construction.The most generalform of a Hamiltoniandescribinga
quantumspinsystemreads

H(t) = �
LX

i;j =1

X

� = x;y ;z

J �
i;j (t)S�

i S�
j �

LX

i =1

X

� = x;y ;z

h�
i (t)S�

i (7)

The �rst factor describesthe qubit-qubit interactionbetweenthe qubit-pairswhile the secondfactor
describestheexternalin�uencesactingon singlequbits.In thecaseof 2 qubitsthis expressionreduces
to

H(t) = � J �
1;2(t)S�

1 S�
2 �

X

i =1 ;2

X

� = x;y ;z

h�
i (t)S�

i (8)
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TheNuclearMagneticResonanceQuantumComputer

While we cancomputethepropagationof anidealquantumcomputeranalyticallyin thenon-idealcase
thereareadditionalimpactson our systemdependenton thephysicalrealisationof thequantumcom-
puterthat make the Schrödinger-equationno longersolvableanalytically. In additionto that the order
of theappliedoperationsmattersso thata differentorderresultsin differentoutcomes.In theNuclear-
Magnetic-Resonancecomputerawholeensembleof spinsenclosedin asuitedliquid is usedto represent
thequbits.Thereis astaticmagnetic�eld alongthez� axiswhichsplitsupthespin-energy-states dueto
theZeeman-effect.Eachspinrotateswith its Larmorfrequency aroundthez� axiswhile it alsocouples
in z� directionto themagnetic�eld of theotherspins.Soaccordingto theIsingmodelourHamiltonian
for a freelyevolving systemreads

H(t) = � J z
1;2(t)Sz

1Sz
2 � hz

1Sz
1 � hz

2Sz
2 (9)

Single-qubitoperationsarecarriedoutby shortsinusoidalradio-pulsestunedto theLarmor-frequency !
of thequbit. Thusif a radio-pulseH x;1(t) = � (hx

1Sx
1 + hx

2Sx
2 )sin (! t) is appliedto qubit 1 alongthe

x� axistheHamiltonianbecomes

H(t) = � J z
1;2(t)Sz

1Sz
2 � hz

1Sz
1 � hz

2Sz
2 � (hx

1Sx
1 + hx

2Sx
2 ) sin(! t) (10)

J z
1;2 andh�

i aretime dependentandcanbecontrolledduringtheexperiment.Thedurationof theradio-
pulsesdeterminestheangleaboutwhich thespinrotates.

TheSuzuki-Trotter-Algorithm

In orderto solve theSchrödinger-equationwetry to approximatetheexactsolutionU(t) = e� i� H by an
approximationeU(t).

TheSuzuki-Trotterformula

U(t) = e� it H = e� it (H 1 + :::+ H K ) = lim
m!1

 
KY

k=1

e� it H k =m

! m

(11)

enablesusto split up theoperatorU(t) into time slices.This is mathematicallyexactfor m ! 1 . For a
numericalapproximationwe have to stopm at somepoint.TheBaker-Hausdorff formula

et (A+ B ) = etA etB et2 [A;B ] : : : (12)

allows usin thecaset

 H i


 � 1 to rewrite thewholeunitarypropagatorU(t) asaproductof a number

of small(2x2)and(4x4)-matricesU(t)k . Sofor suf�ciently smallt Suzuki-Trotterappliedto 1stand2nd
ordergivesus

eU1(t) = e� it H 1 : : : e� it H K (13)

(14)

eU2(t) = eUy
1(� t=2) eU1(t=2) = e� it H K =2 : : : e� it H 1=2e� it H 1=2 : : : e� it H K =2 (15)

For the2ndorderapproximationwe canestimatethenumericalerrorof theapproximationto O(t 2).

Summarizingto computethe transitionfrom j	( t)i to j	( t + � )i we decomposeU(t) into small time
stepsof length�

U(t + � ; t) = U(t + m� ; t + (m � 1)� ) : : : U(t + 2� ; t + � )U(t + � ; t) (16)
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Thenweusethe2ndorderSuzuki-Trotterfor eachtime stepyielding

eU2(t + m� ; t + (m � 1)� ) = e� it H 1 (t+( m� 1
2 )� =2 : : : e� it H K (t+( m� 1

2 )� : : : e� it H 1 (t+( m� 1
2 )� =2 (17)

whereagainH k is asingletermof theHamiltonian

H(t) = � J z
1;2(t)Sz

1Sz
2 �

X

i =1 ;2

X

� = x;y ;z

h�
i (t)S�

i (18)

Programming and Parallelisation

Sofar theprogramrunsfor 2 qubitsandis ableto performall singlequbitoperationsanddifferentreali-
sationsof theCNOT gate.In thefollowing a2-qubitsystemis assumedwith qubit 1 and2 respectively.

Structure of theProgram

Eachelementaryoperationasfor examplethesingle-bitrotationsis calledamicroinstruction(MI). In the
programthereareMIs for therotationsaboutthex� ; y� ; z� axisby �

2 and� �
2 for eachqubit denoted

by X i ; eX i ; Yi ; eYi ; Z i ; eZ i with i = 1; 2 aswell asan interactionoperatorI 12 that canbe interpretedas
a rotationof onespin in theother's magnetic�eld. Theseoperationsaredeterminedby theparameters
J z

1;2 andh�
i in theHamiltonian(eq.10).ConsideringaNMR quantumcomputerwehave to keepin mind

that thequbit-qubitinteractiontermhasalsoto beappliedduringanexternalradio-pulse.Eventhough
J z

1;2 is usuallymuchsmallerthanh�
i theperturbationduringthetime of theradio-pulseis not thatbig.

It is alsoimportantto considerthat the radiopulsealsoin�uencesnot only thedesiredqubit to whose
resonancefrequency it is tunedbut alsowith a smallerimpactof coursetheotherqubit. Thereforethe
X � ; eX � ; Y � ; eY � MIs consistof 2 operations:Onethat is appliedto spin1 andonethat is appliedto
spin2. Thecourseof theprogramis asfollows:

1. selectionof theparametersh�
i ,J z

1;2 andthesteplength� (this de�nes thenumberof stepsthat it
takesaMI to rotatethespinaboutthedesiredangle)

2. initialisationof theinput state

3. for all successive operationsbeingappliedfor thesametimeperiod

� for eachtime step

(a) computethematricesfor thenext iterationstepaccordingto theSuzuki-Trotterdecom-
positionandthetimesteplength

(b) call qubit1ww or qubit2ww (seenext section)

4. readoutof theexpectationvalues

TheSubroutinesqubit1ww andqubit2ww

Thecoreof theprogramarethesubroutinesqubit1ww andqubit2ww thatdotheactualapplicationof
the(2 � 2)� and(4 � 4)� matricesto thestatevectorthatis storedasanarraycontainingtheamplitudes
of thebasisstates.Thedif�culty is thatin orderto applythe(2 � 2)� matrix in thecaseof asingle-qubit
operationto thecorrectpairsof amplitudesthesehave to bereordered.In this casethe two amplitudes
thatbelongtogetheraretheonesthathave thesamevaluefor all qubitsexcepttheonetheoperationacts
on.Thereforewe useanauxiliary index arrayof thesamelengthastheamplitudearrayinitialisedto the
values0: : : 2n . Dependingonwhichqubittherotationis supposedtoactonabit-wiseresortingalgorithm
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is usedto bring the index array into the right order. Then the index array containsthe order of the
amplitudesin theamplitudearray. Now theroutinejust takesthe�rst two entriesof theindex arrayand
usestheseasindicesto accesstheright amplitudesfrom theamplitudearray, performsthemultiplication
andwrites backthenew amplitudevaluesto the amplitudearray. This procedureis shown in �gure 3.
Sinceespeciallyfor the2-qubit-operationsthematricesoftenhavediagonalshape,themultiplicationcan
beacceleratedby implementingit manually.

Figure3: asingle-qubitoperationon the2ndqubit of a 3-qubitsystem

OpenMPandMPI

TheJUMPsupercomputerconsistsof 40 nodes.Eachof themhasagain32 processorsthathave access
to the samememory. OpenMPprovidesthe programmingcommandsfor the communicationbetween
theprocessorsof onenodewhile MPI doesthesamefor inter-nodecommunication.Theparallelisation
processhasbeenstartedwith OpenMPbecauseat the �rst glancethereis oneamplitudearrayon that
all computationsare carriedout. So all processorsthat are participatingin the computationhave to
accessthe samememoryspace.That makes OpenMPpreferableas long aswe useonly onenodeor
up to 32 processorsrespectively. For furtherparallelisationwith MPI anotherstrategy hasto bethought
of to integratethe alreadyexisting OpenMPcode.The crucial point is that all MIs have to be applied
successively andonanon-idealquantumcomputertheoutcomedependsontheorderof theapplications.
As aconsequenceparallelisationcanonly take placewithin onetimestep.

Comingbackto theOpenMPparallelisationthereare2 majorwork stepsthatcanbeparallelised.Onthe
onehandbeforeevery call of the subroutinesqubit1ww andqubit2ww theactualmatriceshave to
becomputed.Thuswhile oneprocessoris performingtheactualcomputationanotherprocessorprepares
the matricesfor the next time step.On the otherhandif the systemconsistsof morethan2 qubitsa
partitionof theindex arrayandsoa distribution of theamplitudearrayontodifferentprocessorsmakes
sensehaving every processorjust computinga partof theamplitudearray. This is possiblesincewithin
oneMI actingon onequbit no furthersortingis necessaryandno confusionwith thearrayentriescan
occur. This partitionschemeis shown in �gure 4.
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Figure4: parallelisationin thecaseof 3 qubits

MemoryUsage

To provide suf�cient accuracy thevariabletype 'doublecomplex' is usedwhich occupies24 bytesper
complex number. Storing the 2n � 2n matrix U(t) = e� iH t of our n� qubit systemwould require
22n+4 bytes.Thestatevectorrequiresadditional2n+4 bytesof memory. Especiallyif weconsiderlarger
systemsof about20 qubits the neededmemorysizecomescloseto the available5:2 Terabyteof the
JUMParchitecture.Thedecompositionof U(t) into (2 � 2)� and(4 � 4)� matriceswouldallow usto
simulateup to 38 qubitssincenow thestatevectorwould take up mostof thememory. In this casethe
memoryconsumptionof thesmalloperatormatricesis negligible. Thisreductionof memoryis of course
at theexpenseof speedsinceevery 2-qubitoperationhasto be applied2n� 1 timesevery 4-qubit2n� 2

times.

Conclusionand Outlook

Simulationsof idealproblemsgive thecorrectresultsasit is easyto checkwith a penanda paper. For
the computationof different realisationsof CNOT gatesin the NMR casemeasuringthe expectation
valuesfor the 2 qubitsgives rudimentarythe sameresultsfor the outcomestatesas publishedin [1]
and[2]. Thenext stepwill be to implementothergatesandalgorithmsastheToffoli gatefor example
or theGrover's datasearchalgorithmaswell asto increasethenumberof qubitsto beableto analyse
decoherencephenomena.

Results

In orderto testtheprogram3 differentCN OT� gateimplementationshave beenappliedto the4 basis
states.Theresultsseemto show theright tendency andtheCN OT2 implementationseemsto beclosest
to the idealCN OT-gate.Table1 shows the expectationvalueshQz

1i andhQz
2i of qubit 1 andqubit 2.

HerethedifferencesbetweentheidealandtheNMR-quantumcomputerbecomeclearlyapparent.
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Idealquantumcomputer s = 8 s = 16 s = 32 s = 64
Operation Qz

1 Qz
2 Qz

1 Qz
2 Qz

1 Qz
2 Qz

1 Qz
2 Qz

1 Qz
2

(CN OT1)j00i 0.00 0.00 0.61 0.02 0.58 0.02 0.63 0.01 0.52 0.02
(CN OT2)j00i 0.00 0.00 0.15 0.02 0.15 0.02 0.16 0.01 0.13 0.02
(CN OT3)j00i 0.00 0.00 0.77 0.02 0.72 0.02 0.80 0.02 0.65 0.00

(CN OT1)j01i 0.00 1.00 0.61 0.98 0.58 0.98 0.63 0.99 0.52 0.98
(CN OT2)j01i 0.00 1.00 0.15 0.98 0.15 0.98 0.16 0.99 0.13 0.98
(CN OT3)j01i 0.00 1.00 0.77 0.98 0.72 0.98 0.80 0.98 0.65 1.00

(CN OT1)j10i 1.00 1.00 0.39 0.98 0.42 0.98 0.37 0.99 0.48 0.98
(CN OT2)j10i 1.00 1.00 0.85 0.98 0.85 0.98 0.84 0.99 0.87 0.98
(CN OT3)j10i 1.00 1.00 0.23 0.98 0.28 0.98 0.20 0.98 0.35 1.00

(CN OT1)j11i 1.00 0.00 0.39 0.02 0.42 0.02 0.36 0.01 0.48 0.02
(CN OT2)j11i 1.00 0.00 0.85 0.02 0.85 0.02 0.84 0.01 0.87 0.02
(CN OT3)j11i 1.00 0.00 0.23 0.02 0.28 0.02 0.20 0.02 0.35 0.00

Table1: expectationvaluesfor thedifferntCN OT� operations,theparameterscanbeseenasameasure
of accuracy of thecalculations
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Abstract:
This articledescribesdifferentapproachesto speedup matrix-matrixmultiplications.In the

serialcasethreealgorithmsarecompared.An optimizedassemblercodeis combinedwith the
serialandparallelalgorithms.A conceptfor parallelmatrix-matrixmultiplicationis discussed.

Intr oduction

Multiplication of two matricesis oneof themostbasicoperationsin scienti�c computing.Its centralrole
is emphasisedby its inclusionin portablelibraries,suchastheLevel 3 BLAS. A speedup of this basic
operationwould increasetheperformanceof everyapplicationusingmatrix-matrixmultiplications.

Therearetwo possibilitiesto reducethe runtimeof thecomputation.Tuning theclassicalalgorithmto
a givenmachinearchitecture,andapplyingalternative algorithmswith asymptoticcomplexity lessthan
theO (m3) operationsrequiredby theclassicalalgorithm.

This paperaddressesspeedingup the matrix-matrix multiplication of densematricesusing both ap-
proaches.Theresultsshow thatbothanalternative algorithmandanadjustmentof theexistingalgorithm
to thearchitecturescanacceleratethecomputationandindicatehow theseapproachesmaybecombined.



Background

This sectiongivesa shortoverview of the libraries,programminglanguage,andthe architecture,that
wererelatedto thework.

JUMP

The JUMP (JUelichMulti Processor)is a distributedsharedmemoryparallelcomputersituatedat the
ZAM, ForschungszentrumJülich.It consistsof 41nodeseachcontaining32IBM POWER4+processors
runningat 1.7GHz.Eachnodehasa shared128GB mainmemoryanda 3-stepcachehierarchywhere
themostimportantcachelevel is theL2 cachewith 1.5MB perchip(2 processors)andanaccesstimeof
10-12cycles.All in all, thereare1312processorsandanaggregatepeakperformanceof 8.9TFLOPS.

MPI

MPI (MessagePassingInterface)is a library of functionsandmacrosthatcanbeusedin C, FORTRAN
andC++ programs.It is intendedfor usein programsthatmake useof multiple processorson distrib-
utedmemorymachinesby messagepassing.It is oneof the �rst standardsfor programmingparallel
processors.

BLACS

TheBLACS(BasicLinearAlgebraCommunicationSubprograms)area linearalgebraorientedmessage
passinginterface.It is implementedfor a variety of hardwarearchitectures.The interfaceis identical
acrossthe different distributed memoryplatformsand independentof the messagepassinglibraries,
which makes it easyto develop portableapplicationsfor linear algebraproblems.On the JUMP, the
BLACS arebuilt uponthe IBM communicationinterfaceLAPI (Low-level Application Programming
Interface).TheBLACSareusedascommunicationlayerfor theScaLAPACK projectandfor thePESSL.

BLAS

The BLAS (BasicLinear AlgebraSubprograms)arehigh quality routinesfor performingbasicvector
andmatrixoperations.Optimisedversionsof this library exist for almostall systems.Thusprogramsthat
arebasedon theBLAS performverywell ondifferentarchitectures.TheBLAS areorganisedin 3 parts.
TheLevel 1 BLAS performvector-vectoroperationslike vectoradditionor copy operations.TheLevel
2 BLAS domatrix-vectoroperationslike thematrix-vectorproductor rank-oneupdatesof amatrix.The
Level 3 BLAS domatrix-matrixoperations,amongotherthingsthematrix-matrixmultiplicationroutine
DGEMM. It is a very ef�cient algorithmfor matrix multiplication and is thus widely used.BLAS are
includedin ESSL.

PBLAS

TheParallelBLAS routinesaredistributed-memoryversionsof theBLAS. ThePBLASusetheBLACS
for communicationbetweenprocessesand the BLAS for computationin a process.The PBLAS are
written in C, but with Fortran77 interfaces.Both,ScaLAPACK andPESSL,containthePBLAS.
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GOTO

GOTO arehigh-performanceBLAS routinesprovidedby KazushigeGoto[6]. Theroutinesarewritten
in assemblercode.They achieve betterperformanceon currentgenerationarchitecturesby reducingthe
overheadoriginatingfrom TranslationLook-asideBuffer (TLB) tablemisses.Thelibrary is availablefor
about20 differentarchitecturesandcanbeaccessedvia the internet[5]. Especially, GOTO containsan
optimisedversionof DGEMM for matrixmultiplication.It replacestheBLAS routineby linking it prior
to or insteadof ESSL.

FORTRAN

Thesoftwaredevelopedis written in FORTRAN 90.Comparedto olderversionsof FORTRAN, it offers
modernlanguagefeatureslike dynamicmemoryallocationor themoduleconcept.TheFORTRAN 90
standardwasdesignedto exist alongwith olderversionsof FORTRAN, althoughthecooperationis not
alwayseasyto handle.SincethePBLASarewritten in C, alsosomeC �les exist.

Serial GeneralMatrix Multiplication

Considertheproblemof computingaproductof two matrices:

A : m � k and B : k � n

The�rst attemptto programamatrixmultiplicationmakesuseof threeloops(Figure1).

DO i=1,m
DO j=1,n

DO l=1,k
C(i,j) + = A(i,l)*B(l,j)

ENDDO
ENDDO

ENDDO

Figure1: Matrix multiplicationwith 3 loops

Adaptationto theArchitecture

Sincecurrentcomputershaveahierarchicalmemorystructurein whichtheaccessto datain upperlevels
(registers,cache)is fasterthanto datain lower levels,it is a commontechniqueto usethedatastoredin
theupperlevelsasoftenaspossible.Therefore,thematricesarepartitionedinto blocksandthecompu-
tationsarethenperformedon theblocksgenerated.

Thecomputationdealswith m �k �n multiplicationsandadditions.SincethematricesA, B , C have to be
stored,memoryfor m � k + k � n + m � n numbersis needed.Assumingquadraticmatricesandtreatingan
additiontogetherwith amultiplicationasanoperation,weobtainm3 operationsandastorageof 3m2.

As thedimensionm increases,thematricesexceedthecacheof thearchitectureleadingto anaccumula-
tion of cachemisses.To avoid this,a blockedalgorithmis applied.Thematricesarerecursively split up
into parts,until theresultingpartssuit thecachesize.Onelevel of this splittingprocessbisectioningthe
dimensionsis illustratedin Figure2.
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�
C11 C12

C21 C22

�
=

�
A11 A12

A21 A22

� �
B11 B12

B21 B22

�
=

�
A11B11 + A12B21 A11B12 + A12B22

A21B11 + A22B21 A21B12 + A22B22

�

Figure2: Classicalmatrixmultiplication

A set of 8 independentmatrix multiplicationsare created.Theseneedonly a fourth of the memory
comparedto theoriginal matrix multiplication.Recursively, thematrix sizedecreases,therebyallowing
thematricesto �t into thecache.

Thenumberof operationsremainsthesame.Nevertheless,thecomputationis spedup,asthenumberof
cachemissesdropsdramatically.

Splitting furtherthanto blocksthat�t into L2 cacheis counter-productive, soanoptimalcrossover point
canbecomputedfor everyarchitecture,abovewhichapartitioningis moreeffective thancomputationat
thatlevel.

C ( � op(A) � op(B) + � C
with op(X ) = X or X T

� ; � 2 R

Figure3: Operationof DGEMM

The Level 3 BLAS routineDGEMMmakesuseof sucha cacheoptimization.It performsthe operation
picturedin Figure3. To further acceleratethe computationof a generalmatrix-matrixmultiplication,
the numberof operationshasto be reduced.Thereare somealgorithmsoffering a lower amountof
(computational)complexity. A classof themis discussedin thenext section.

Applyingan AlternativeAlgorithm

One algorithm which offers an asymptoticcomplexity lessthan the classicalalgorithm is Strassen's
algorithm.It wasintroducedin 1969([7]).

Theideaof Strassen'salgorithmis to avoid 1 of the8 multiplicationsthataregeneratedin thepartitioning
depictedin Figure2. Theprocedureis divided into 3 phases,thepre-additions,themultiplicationsand
thepost-additions(Figure4).

ThestandardalgorithmthatperformsO(m3) is shown in Figure2. Strassen's algorithmusesalgebraic
identitiesto reducethenumberof multiplicationsto 7 at a costof 18 additionsinsteadof 4. Recursion
leadsto adropof thecomplexity down to O (m2:807).

Note that asymptotically(m » 18), the matrix additionscan be neglected,becauseof complexity of
O(m2) comparedto thecomplexity of matrix multiplication(O(m3)). Theadditionsdo causea higher
amountof memoryaccesses.Thisplaysacentralrole in designingaparallelmatrix multiplicationalgo-
rithm.

Winograd'svariantof Strassen'salgorithm([1]) uses7 recursivematrixmultiplicationsand15additions.
It is depictedin Figure 5. It can be shown that this is the minimum numberof multiplicationsand
additionsfor any recursivematrixmultiplicationbasedonapartitioninto quadrants([2]). Thenumberof
additionscomparedto Strassen's algorithmis reducedat thecostof a slightly furtherincreasednumber
of memoryaccesses.For a serialimplementationmemoryaccessescanbecheap,if thesequenceof the
operationsis arrangedproperly. ThusWinograd's algorithmis preferablein thiscase.

Both algorithmsoutperformthe classicalalgorithm above a critical matrix dimension,referredto as
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mindim. Below that dimensionthe classicalalgorithmis preferable.It is a characteristicvalueof the
architecture.C. Douglaset.al. ([1]) recommendmindimto bebetween32 and256. For currentsystems
it shouldbesomewhathigher. A suitablecrossover point for JUMPis between800and1650.

S1 = A11 + A22 M 1 = S1S6 T1 = M 1 + M 4

S2 = A21 + A22 M 2 = S2B11 T2 = M 7 � M 5

S3 = A11 + A12 M 3 = A11S7 T3 = M 1 + M 3

S4 = A21 � A11 M 4 = A22S8 T4 = M 6 � M 2

S5 = A12 � B22 M 5 = S3B22

S6 = B11 + B22 M 6 = S4S9

S7 = B12 � B22 M 7 = S5S10 C11 = T1 + T2

S8 = B21 � B11 C12 = M 3 + M 5

S9 = B11 + B12 C21 = M 2 + M 4

S10 = B21 + B22 C22 = T3 + T4

Figure4: Strassen's algorithm

S1 = A21 + A22 M 1 = S2S6 T1 = M 1 + M 2

S2 = S1 � A11 M 2 = A11B11 T2 = T1 + M 4

S3 = A11 � A21 M 3 = A12B21

S4 = A12 � S2 M 4 = S3S7

S5 = B12 � B11 M 5 = S1S5 C11 = M 2 + M 3

S6 = B22 � S5 M 6 = S4B22 C12 = T1 + M 5 + M 6

S7 = B22 � B12 M 7 = A22S8 C21 = T2 � M 7

S8 = S6 � B21 C22 = T2 + M 5

Figure5: Winograd`svariantof Strassen's algorithm

Implementation

A serialWinogradalgorithmwascodedin FORTRAN 90.Theroutineis namedDGEMMW. It hasthesame
functionalityandparametersastheLevel 3 BLAS routineDGEMM. It executestheoperationdepictedin
Figure3 with matricescontainingvaluesin DOUBLEPRECISION.

Thealgorithmis consistentwith [1]. Therearetwo featuresto pointout:

At �rst, onehasto take careof dealingwith odd dimensions.As pointedout in [4], thereareseveral
possibilitiesto solve theproblem:by embeddingthematrix into a largerone(staticpadding), by cutting
off somerows / columnsat eachlevel andcomputetheir contribution to the outcomeseparately(dy-
namicpeeling) or by decomposingthematrix into partsthatoverlapby onerow / columnat eachlevel
(dynamicoverlap). Heredynamicoverlapis used.Note,thattheduplicationof rows or columnsis only
conceptionally. Thereis almostno extra storageor extra computation.In FORTRAN 90 oneonly hasto
selectthe right submatrices,thenthewholealgorithmrequiresonly 10 extra linesof codefor handling
oddsizedmatrices.For detailsondynamicoverlap,referto [1].

Thesecondfeatureto emphasiseis the low amountof extra storagerequiredin an implementationac-
cordingto [1]. Theoperationsarearrangedin aspecialorderto maximisethereuseof auxiliarystorage.
For quadraticmatrices,the auxiliary storageis 2=3m2 in the case� 6= 0 , otherwise5=3m2 because
the matrix C hasto be stored.In the last case,the amountof storagecould furtherbe reduced([3]) at
theexpenseof extra arithmeticoperationsanda morecomplex implementation.It is not furthercovered
here.
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Theperformanceof DGEMMWis depictedin Figure7. To gainfurtherperformance,DGEMMWis combined
with thecache-optimisedassemblercodeof K. Goto([6]). Seetheresultsin Figure8.

Parallel GeneralMatrix Multiplication

In this chapter, aconceptfor parallelmatrix-matrixmultiplicationis discussed.

ArrayLayouts

Parallelalgorithmsrequirethat theglobaldatais distributedacrosstheprocessesprior to computation.
The layout of the datais critical for the performanceof parallel code.Thereare two main issuesto
considerin choosingadatalayoutfor matrix-matrixcomputations.On theonehand,theloadbalanceis
important.Thatmeansthework shouldbeevenlydistributedamongtheprocessesthusreducingtheidle
waiting time of theprocessors.On theotherhand,theamountof communicationaffectstheef�ciency
of thealgorithm.Sincethedistribution shouldallow anapplicationof BLAS routinesat thelowestlevel,
communicationarisesthroughoutthe parallel computationsand especiallyprior to the call of BLAS
routines.A minimalamountof messagepassingthroughoutthealgorithmis thesecondmainobjective.

Block CyclicDataDistribution

Theblock cyclic datadistribution providesa simpleand�e xible way of distributing a block-partitioned
matrix on distributed memorymachines.It is the recommendeddistribution schemefor densematrix
operationswith the PBLAS ([8]). The p processesareorderedin a 2-dimensionalrectangularpr � pc

grid with p = pr � pc. Thematricesarepartitionedinto equalblocksof blocksizeM B � K B beginning
from the upperleft. If the dimensionscan not be divided by the blocksize,the rightmostcolumn or
the lowestrow might consistof fragmentaryblocks.Afterwards,theblocksaredistributedon thegrid,
startingagainfrom theupperleft.

Figure6 shows anexampleof a block cyclic datadistribution on a rectangulargrid of 2 � 3 processes.
Theprocessesarenumberedfrom 0 to 5. All blockslabeledwith thesamenumberbelongto thesame
process.

In general,this distribution allows an reasonableload balancefor a greatvariety of problems,e.g. for
theLU-decomposition,especiallyif M B � pr < m. Neverthelesstherearedistributionswith betterload
balance,for instanceimaginethelastrow in Figure6 distributedon 0j1j2j3j4j5.

Moreover, blockcyclic datadistribution is very �e xible. It canreproducemostdatadistributionsthatare
usedin linearalgebracomputationslike thecolumnblockdistribution or thecolumncyclic distribution.
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Figure6: Block cyclic datadistribution

OtherArray Layouts

Anotherapproachfor improving bothloadbalanceandlocality is theuseof quadtrees(Mortonordering)
or space�lling curves (Hilbert ordering). According to [2] recursive array layoutsoutperformtradi-
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tional layoutsfor thestandardalgorithm.For Strassen's andWinograd's algorithmthey offer only little
improvement.

Parallel Algorithms

Therearetwo possibilitiesto take advantageof the reducedcomplexity that Strassen's or Winograd's
algorithmprovide: Theseriallevel andtheparallellevel.

ApplyingWinograd in theSerialLevel

A serialversionof WinogradcansubstitutetheDGEMMabove thecrossoverpoint.Becauseall of thedata
is locally available,thelargernumberof memoryaccessescanbecompensatedfor bycleverorganisation.
ThusWinograd's algorithmoutperformsDGEMMandStrassen's algorithm,asit offersthelowestnumber
of operations.Adaptingthecrossover pointoptimallywill speedupeachserialcomputationandthereby
acceleratetheparallelmatrixmultiplication.

Note,that thematricespassedfrom theparallelalgorithmto thesequentialWinogradshouldbenearly
quadratic.If oneof thedimensionsis verysmallcomparedto theothers,theWinogradalgorithmwill do
only few iterationsor in theworstcaseno iterationsatall. In thiscase,thealgorithmis sloweddown.

ApplyingWinograd in theParallel Level

Strassen's or Winograd's algorithmcanalsobeappliedin theparallelcase.Unfortunately, the increase
in memoryaccessescanin generalnotbenegletedasin theserialcase.Accordingto [2] thealgorithmic
locality of referenceis much worsein caseof Strassen's and Winograd's algorithmsthan in caseof
thestandardalgorithm.Thusthebene�ts of the reducedcomplexity areoffset by the larger numberof
memoryaccesses,which increasestheamountof messagepassing.It is dependenton thearchitecture,
morepreciselyon theratioof communicationlatency to localmemorylatency, whetherthereis aspeed-
up or aslow-down comparedto applyingtheclassicalblockingalgorithmin theparallelpart.

S.Chatterjeeet.al. ([2]) observed,thatthereis indeedno advantageof Winograd's algorithmcompared
to Strassen'salgorithm,asWinograd's lossof algorithmiclocality compensatesfor its advantageof lower
complexity. Furthermore,Strassen'salgorithmshowsabetterpossibilityto parallelizethecode.Compare
Figure4 to Figure5: In caseof a Winograd's variant,thepre-andpost-additionsareserialleadingto a
limited possibilityof parallelisationassomeprocesseshave to wait for others�nishing their additions.
In caseof Strassen's algorithm,all pre- andpost-additionscould be executedsimultaneously. Hence,
Strassen's algorithmis preferablein theparallelcase.

However, thechoicebetweenStrassen'salgorithmandtheclassicalalgorithmalsodependsonsomeother
factors.A parallelStrassen's algorithmhasa high dependency on thenumberof processes.Remember
that the numberof generatedmultiplicationsis a power of 7, so the load balanceis quite dif�cult to
handle.Moreover, thearraylayoutplaysanimportantrole. A generalarraylayout like theblock cyclic
distribution generatesa poorlocality of thedataneededin thepre-additionsandpost-additions,leading
to a lossof speedthroughadditionaltraf�c.

As theperformanceof a parallelStrassen's algorithmis not predictablein general,the �rst choiceis to
combineaparallelclassicalalgorithmwith aserialWinograd's algorithm.
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Hybrid Algorithm

In the following, a hybrid algorithmbasedon serialWinogradcombinedwith a classicalparallelalgo-
rithm is exposed.

The �rst attemptis to connectthewidely spreadPBLAS routinePDGEMMwith a serialWinograd.Un-
fortunately, this conceptdoesnot succeed.As mentionedabove, the serial Winogradrequiresnearly
quadraticmatricesfor a speed-up.In contrast,PDGEMMworkswith a blockcyclic distribution where,in
thelowestparallellevel, eachprocessgetsseveralsmallmatrixmultiplicationswith by far notquadratic
dimensions,becausePDGEMMmainlypartitionsthecolumn-dimensionof A andtherow-dimensionof B .
This dimensionis cut down to theblocksize.Sincetheresultingsizeis usuallysmallerthanmindim, the
sequentialWinogradalgorithmwill immediatelycall theDGEMMroutine,just generatingorganisational
overhead.

For example,DGEMMWwas combinedwith PDGEMMfrom ScaLAPACK (sincethe codeis open).A
matrix multiplication of quadraticmatriceswith m = 4000on a grid of 1 � 2 processescreatedon
eachprocess40 callsto theserialWinogradcontainingmatrixmultiplicationswith thedimensionsm =
2000; k = 100; n = 4000. Therefore,its run-timeof 30 sec.comparedto 14 sec.of theconventional
PDGEMMis no surprise.

To embeda sequentialWinogradeffectively into a parallelroutine,eachprocessshouldcomputeonly
onebig andnearlyquadraticmatrixmultiplication.Besides,theparallelroutinehasto ful�l thefollowing
conditions:

� Datadistribution shouldbecompatibleto theotherroutinesworkingon thatdata

� Overall communicationshouldbeminimal

� Overall amountof memoryshouldbeminimal

C. Douglaset. al ([1]) offer a possiblecombinationof a parallelalgorithmperformingO (m 3) with a
serialWinograd.Theparallelalgorithmis basedon a partitioningaccordingto theprimefactorsof the
numberof processes.Assumingthe numberof processesto have someprime factors,this partitioning
hasthefollowing advantages:

� Verygoodloadbalance

� Bestconditionfor applyinga Winogradalgorithm(1 nearlyquadraticmultiplication)

� Low memorydemand

Thedisadvantagesaretheadditionalcommunicationcomparedto PDGEMMandtheunconventionaldis-
tribution of thematrices.Prior to andafterthecomputation,a conversionto a commondatadistribution
like theblockcyclic will benecessary.

In [1] thishybridalgorithmshows betterresultsthanaclassicalparallelimplementation.

By the way, this algorithmprovidesa startingpoint for a combinationof OpenMPwith MPI, sincea
groupof processescollaborateson eachpartof thematrices.

TuningtheExistingAlgorithm

As an alternative to introducingnew algorithms,theexisting PBLAS routinePDGEMMcouldbemodi-
�ed. This approachinvolvestheadvantageof working with a compatibledatadistribution (block cyclic
distribution).
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As explainedabove, theefforts of combiningPDGEMMwith a serialWinograd's algorithmfaileddueto
theunbalancedpartitioningof PDGEMM. In anotherattempt,thecall to DGEMM(ESSL)in thelower level
is linked to theGOTO assemblercode.Accordingto Figure8 theassemblercodeoutperformsDGEMM.
In theparallelcase,thereis alsoagainin performance(Figure10 ).

PerformanceResults

For performanceanalysisthetimeis measuredusingtheFORTRAN 95intrinsicsubroutineCPU_TIME.
The matricesareassumedasquadratic.The �gures show the time of computationplottedagainstthe
dimensionm of thematrices.
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Figure7: Comparisonof DGEMM andDGEMMW

Figure7 shows the run durationof the level 3 BLAS DGEMMtaken from the ESSLin comparisonto
DGEMMW. As crossover point,mindim = 800is chosen.DGEMMWoutperformsDGEMMabove a dimen-
sionof 3200, whereat least3 levelsof Winograd's algorithmarecarriedout.Thetwo peaksin theupper
curve aredueto theknown performancebreakdown of DGEMMassoonasthedimensionsapproximate
powersof 2. In contrast,DGEMMWshowsnostrikingbreakdown at thesepoints,asthedimensionspassed
to DGEMMat thecrossover point arealwaysaround512 independentof theactualexponentof 2. Since
DGEMMgetsonwith thatsmalldimension,thehighpeakis not transferedto DGEMMW.

In Figure 8, the middle curve describesthe runtime of the assemblercodeGOTO. Thereis also no
signi�cant performancebreakdown at certaindimensions.The lowestcurve shows the performanceof
combiningtheserialWinogradwith theassemblercode.Comparedto DGEMMESSL,thereis a speed-
up of up to 20%at dimensionsaround4500. As theasymptoticcomplexity of Winogradis lower, this
percentagewill generallyrisewith thedimension.
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Becauseof theblockcyclic distribution,theperformanceof PDGEMMdependsontheblocksize.Soat�rst
onehasto choosea suitableblocksize.Figure9 illustratestheperformanceof PDGEMMin PESSLfor 3
differentblocksizes.Thecurvesoscillatearoundeachother, sincetheloadbalancechangesperiodically.
Increasingthematrix sizewith a �x edblocksizecausestheblock-cyclic datadistribution to vary from
the bestcaseto the worst case,whereonly onerow of processesgetsa full additionalrow of blocks.
Thereby, thereis an optimalblocksizefor eachmatrix dimension(the lowestcurve). In contrast,if the
matrix dimensionsto dealwith arenot given in advance,it doesnot make a seriousdifferencewhich
blocksizeis chosen,sinceonaverageall 3 plotsshow thesamebehaviour. In thiscase,theblocksizecan
bechosensuitablefor otherroutinesworkingwith thedistribution.
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Figure10:PDGEMMPESSLwith GOTO

Figure10 illustratesthe connectionbetweenthe existing routinePDGEMM(PESSL)andthe assembler
code.As expected,GOTO acceleratesthecomputationby acertainrate.

Conclusionand Outlook

Alternative algorithmscanbringacertainspeed-upin matrix-matrixmultiplication,especiallyconsider-
ing problemswith greatcomplexity. However, theapplicationof alternative algorithmsis not generally
preferableasthey alsobringdisadvantages.

Applying cacheoptimisationtechniqueson algorithmsallows furtherspeed-up.It is a surprisingresult
thatapublicdomainassemblercodecanevenoutperformtheoptimisedIBM code.

Thenext stepwould beanimplementationof thehybrid algorithmdescribedabove. It is expectedto be
acompetitive alternative to PDGEMM.

An applicationof Strassen'salgorithmin theparallellevel is alsopossible,but theimplementationwould
bequitedif�cult andtheoutcomeunpredictable.
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VisualisierungvonMHD-Datenmit Virtual-Reality-Techniken
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Zusammenfassung:
Ziel derArbeit war die ErweiterungeinesbestehendenOpenGLProgrammszur Visualisie-

rungvonMagneto-Hydro-DynamischenVorgängenim Erdinneren.Realisiertwurdeneine�e xi-
bleIsolinien-DarstellungsowiedieVisualisierungvonIso�ächen,welchemittelsdesMarching-
Cube-Algorithmusgewonnenwerden.Zur interaktiven 3D-SteuerungwurdedasTrackingsys-
tem3Space(R) Fastrak(R) vonPolhemusin dasProgrammintegriert.FernerwurdeeineStereo-
DarstellungderAnzeigedurchdie Verwendungvon zwei Framebuffern implementiert.Somit
wurdeerreicht,dassdasVisualisierungsprogrammauchin Virtual-Reality-SystemenzumEin-
satzkommenkann.

Einf�hrung

DasProgrammbeziehtseineEingabedatenauseinerBinär-Datei,welchedurchComputersimulationim
Zentralinstitutfür AngewandteMathematik(ZAM), ForschungszentrumJülich,gewonnenwurde.Die
Grundlagender Magneto-Hydro-Dynamikbauendaraufauf, dassschnellströmendeheißeGaseund
FlüssigkeitenunterEin�uss einesäußerenMagnetfeldeseineSpannunginduzieren.DurchKonvektions-
strömeaufgrundderErdrotationundGravitation entstehtdasErdmagnetfeld,dennein stromdurch�os-
senerLeiter erzeugtnachder 'Rechten-Hand-Regel' ein Magnetfeld.Die SimulationdesErdmagnet-
feldesberuhtauf denGleichungenderMHD, welcheim übrigenein ZusammenspielausElektro-und
Hydro-Dynamiksind.Die Simulationgeschahin einerZeitskalavonca.1 Million Jahren(ungefähr2000
Zeit-Schrittezu je 500Jahren),vgl. [1]. In derDatei ist nebendemMagnetfeldundderStrömungauch
nochdie TemperaturderErdegespeichert.Dabeiist dasGitter relativ klein, je nachDatentypungefähr
15� 15� 15 Werte.

Abbildung1 vermittelteinenerstenEindruck,wie dasProgrammdie MHD-Datendarstellt.Die Grund-
funktionender Softwarewarenschonvor Beginn dieserArbeit voll implementiert.DasrechteBild in
Abbildung1 zeigtdieVerwendungderOption'contouring',mit derIsolinieneingezeichnetwerden.Da-
bei ist zumZeitpunktderAufnahmeschonderWert für diezweite(weiße)Linie frei wählbar. Zusätzlich
zur Erzeugungder Isolinien wurdedasVisualisierungsprogramm um die Möglichkeit der Darstellung
von Iso�ächenerweitert.Dies wird im AbschnittVisualisierungvon Iso�ächen nähererklärt.Danach
kommenErläuterungenzumverwendetenTrackingsystem.Eswird daraufeingegangen,wasbeimEin-
satzsolcherHardwarebeachtetwerdenmuss.Dadie SoftwaredasBild stereoskopischdarstellensollte,
musstennochzusätzlicheinigeOpenGLBefehleeingebautwerden.Welchegenaudaswarenund wie
sie funktionierenwird im AbsatzOpenGLFeinheitenbeschrieben.Den Abschlussbildet ein Ausblick
übernochweiteredenkbareundgewünschteFunktionen.



Abbildung1: Links TemperaturderErde,rechtsdanebenmit aktiviertemContour-Plot

Visualisierungvon Iso�ächen

Esgibt mehrereArten,wie sichIso�ächen�nden unddarstellenlassen.Denkbarist zumBeispiel,dass
die Funktion,die esdarzustellengilt, explizit gegebenist. Dies ist in unseremFall nicht so,weswegen
die DatennachsolchenFlächenerstdurchsuchtwerdenmüssen.Ein Algorithmus,derdieserledigtund
mit demmandie gefundeneFlächeauchgleich darstellenkann,ist der Marching-Cube-Algorithmus.
Der Algorithmusermöglichtes,ausskalarenVolumen-DatenFlächengleichenWertes,alsoIso�ächen,
zu erzeugen.Hierbeiwird ein Dreiecksnetzerzeugt,welchesdie gesuchteIso�äche approximiert.An-
schaulichkannmansichdasVorgehensovorstellen:

� NehmeeinenWürfel undsetzeihn andenAnfangdesVolumendatensatzes

� Immerdann,wennderDaten-WertaneinerderEckendesWürfelsüberundaneineranderenEcke
unterdemgesuchtenSchwellenwertliegt, schneidetdie gesuchteIso�äche die Kantezwischen
diesenEcken.In diesemFall wird aufderKanteeinEckpunkteinesDreiecksgelegt.

� Überprüfediesfür alleEckendesWürfels

� SetzedenWürfel im Volumen-DatensatzeinePositionweiterundwanderesodurchdenDatensatz

EsgibteineganzeMengeanFeinheitenzudemAlgorithmus.Esgibt zumBeispiel28 = 256Möglichkei-
ten,wie derWürfel geschnittenwerdenkann.DarausergebensichnachLorensonundCline[2] abernur
fünfzehnnichtreduzierbareFälle.AusdiesenkannmandurchRotation,SpiegelungundKomplementär-
Bildung alle anderenerzeugen.Als Beispielüberlege mansich,dasseskeinenUnterschiedmacht,ob
alleachtEckpunkteunterdemgesuchtenSchwellenwertoderdarüberliegen,in beidenFällenwird keine
Kantegeschnitten,diesentsprichtFall 1 in Abbildung2.

ProgrammiertechnischwerdendieseFälle und die darausresultierendenSchnittpunktein einerso ge-
nanntenLookup-Tabellegespeichert.Die TabelleenthältsämtlicheresultierendenSchnittpunktefür alle
256 Fälle.WelcherFall vorliegt hängtvon demVergleich der achtEckpunktemit demSchwellenwert
ab.

DadieMHD-Daten,diezurVerfügungstanden,sehrgrobgerastertwaren(vergleicheEinführung),wur-
de linear interpoliert,um die Wertean denEckpunktenzu bestimmen.Die Interpolationwird nochan
weiterenStellenim Visualisierungsprogrammverwendet.So sind auchdie Farbverläufebei der Dar-
stellungskalarerDaten,z.B.derTemperatur, derInterpolationzuverdanken.DerMarching-CubeAlgo-
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Abbildung2: Die fünfzehnFällevon LorensonundCline

rithmuskannim Prinzipbeliebiggenaudie Ober�äche�nden unddarstellen.Die Zeit für die Berech-
nungderIso�ächenhängtstarkvon dergewünschtenGenauigkeit unddamitvon derRate,mit welcher
derVolumendatensatzim Marching-CubeAlgorithmusabgetastetwird, ab. EswurdenUntersuchungen
durchgeführt,beiwelcherAu�ösung undderdamitverbundenenSchleifen-Iterationszahl im Programm
ein guterMittelwert zwischenPerformanceundOptik liegt. Abbildung3 zeigt,wie viele Dreiecke pro
AnzahlderSchleifendurchläufegefundenwurden.Die Schleifendurchläufesindhierbeidirekt kubisch
proportionalzurDimensionsau�ösung.DabeibedeuteteineDimensionsau�ösungvonz.B. 10,dassjede
Raumrichtungmit zehnTeilschrittendurchwandertwird. DasLaufzeitverhaltenwird immerschlechter,
je höhermandie Au�ösung wählt. Die Laufzeitwächstpraktischlinearmit derAnzahlderSchleifen-
durchläufean.Ab einerAu�ösung von 20wurdedasProgrammmerklichlangsamer.

Damit dasim Marching-CubeAlgorithmuserzeugteDreiecksnetzin OpenGLunterBerücksichtigung
von Beleuchtunggezeichnetwerdenkann,müssendie Ober�ächennormalendesNetzesan den Eck-
punktenderDreiecke vorliegen.Dies ist nötig, da in die BerechnungderBeleuchtungseffekte derEin-
fallswinkel vonLichtstrahlenaufderbeleuchtetenOber�ächeein�ießt. OpenGLfunktioniertprozedural,
d.h.esbenutzteinenMechanismus,denmansichals 'processingpipeline' vorstellenkann(siehe[3]).
SchicktmaneinmaleineFarbein diePipe,zumBeispielRotmit:

glColor3f(1.0, 0.0, 0.0);

sowerdenalleweiterenPunkte,Linien undPolygonein rotgezeichnet,bisdiesdurcheinerneutesSetzen
derFarbewiedergeändertwird. Genausoist esauchmit demBefehl,derdieNormalesetzt:

glNormal3f(x, y, z);
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Abbildung3: Ef�zienz desMarching-CubeAlgorithmusesin Abhängigkeit derDimensionsau�ösung

Bei denOber�ächen,die bishergezeichnetwurden,lag bzgl. derOber�ächennormalenein Spezialfall
vor. Es handeltesich um die Ober�ächeder Einheitskugel(Globus), für die die Ober�ächennormalen
geradegleichdenPunktkoordinatensind.Daherwaresbisherausreichend,dieNormalein Richtungdes
zu zeichnendenPunkteszu setzen:

glNormal3f(x, y, z);
glVertex3f(x, y, z);

Dies erzeugt eine korrekt beleuchtete Kugelober�äche, da der Ursprung des OpenGL-
Koordinatensystemsim Mittelpunkt der Kugel liegt. Für die Iso�ächen ist dies aber nicht korrekt,
da dieseFlächeneine beliebigeAusrichtungim Raumhaben.Dies verdeutlichtAbbildung 4. Diese
Bildseriezeigt die Iso�äche zuerstmit Punktenals Normalen,dannmit den Normalender tatsächli-
chenMarching-CubeDreiecke und schließlichmit gemitteltenNormalenunterBerücksichtigungder
Nachbar-Dreiecke. Da alle Darstellungsartenihre Vor- und Nachteilehaben,kannmanim Programm
dieseAnzeige-Artverändern.Der Algorithmuszum Mitteln der Normalenist zum Beispiellangsamer
als die anderenbeiden,erzeugtaberoptischeineglatteOber�äche.Wählt mandie direktenDreiecks-
Normalenals Eckpunktnormalen,so ergibt sich zwar eine schnelleBerechnung,die Ober�ächesieht
abernichtmehrglatt aus.

Da der Marching-CubeAlgorithmusdie Dreiecke, beziehungsweisedie Eckpunkteder Dreiecke nicht
sortiertausgibt,mussteman,um die Normalenzu glätten,ersteinmalgleicheEckpunkte�nden. Erst
dannkannmandie Normalenmiteinanderverrechnen.In einemerstenAnsatzbrauchtedie Suchenach
dengleichenEckpunktenquadratischeLaufzeit,da jederEckpunktmit jedemverglichenwurde.Dies
konntejedochdrastischoptimiertwerdendadurch,dasserstensdie innereSchleifenicht mehrvon Null
bis zumEndegeht,sondernnur nochvom aktuellenWertderäußerenSchleifebis zumEndeundzwei-
tensnur noch dort nachpassendenEckpunktengesuchtwurde,wo der Marching-CubeAlgorithmus
auchwelchegefundenhat.Abbildung5 zeigt,wie drastischdiesdie Anzahlvon Schleifendurchläufen
reduzierthat.
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Abbildung 4: Bilder-Serie:DasersteBild zeigt die Iso�äche, bei der die Normalengleich denPunkt-
koordinatengesetztwurden,rechtsdanebenwurdefür jedesim Marching-CubeAlgorithmusgefundene
Dreieckdie Normaleberechnetund im letztenBild wurdediesedannnochmit denNachbarnormalen
gemittelt.

Trackingsystem

Um einevirtuelle Welt zu schaffen, ist essehrwichtig, dassder Benutzersich in dieseWelt integriert
fühlt. Um dieszuermöglichenmussdieSoftwaredieBilder, diesieausgibt,denBewegungenundTätig-
keitendesBenutzersanpassen.DiesbedeutetzumBeispiel,dassein Objektgrößerwird, wennmanauf
eszugeht.Ein weitererwichtigerTeil ist dieKontrolleüberdieGegenständederVirtual-Reality, sodass
hier Bewegungennicht nur zweidimensionalwie mit einerherkömmlichenMaus,sonderndreidimen-
sionalinterpretiertwerdenmüssen.BeideAufgabenwerdendurchsogenannteTrackingsystemegelöst,
welchediePositionunddieAusrichtungvonamTrackingsystemangeschlossenenSensorenmessenkön-
nen.Hier kamdasTrackingsystem3Space(R) Fastrak(R) von PolhemuszumEinsatz.Diesesbestehtaus
mehrerenKomponenten,die im folgendenkurzvorgestelltwerden,umdieFunktionsweisedesSystems
zu verdeutlichen.DerArtikel beschränktsichdabeiaufdieenglischenOriginal-Namen.

� SystemsElectronicUnit (SEU)

� Transmitter

� mehrereReceiver (Sensoren),z.B. der 3D-EingabestiftStylus sowie der Sensorfür dasKopf-
tracking
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Plot2: Gegenueberstellung der Schleifendurchlaeufe

Quadratische Laufzeit
verbesserte Schleife

aktuelle Implementierung

Abbildung5: Laufzeit-VerbesserungderNormalen-GlättungdesMarching-CubeAlgorithmus

Die SEU ist dasHerzstückdesSystems;sie führt die zur PositionsbestimmungnötigenBerechnungen
durchundgibt dieseandenPCweiter. Im hier vorliegendenAufbauwird dazudie serielleSchnittstelle
(RS-232)verwendet.An die SEU wird der so genannteTransmitterangeschlossen.Diesergeneriert
niedrigfrequenteNahfeld-Magnetfelderund zwar mittels drei stationärerAntennen.DiesesFeld wird
von denReceiverngemessen,abermalsmit drei Antennen.Dieseübermittelnihre Datenzurückandie
SEU,welchedieDatendannverarbeitet.DasGerätarbeitetaufeinerTrägerfrequenzvon 12019Hz und
schafft 120updates/Sekunde/Receiver.

BeimAnschlussdesGerätesaneinLinux-Systemmußbeachtetwerden,dassdieRechtefür denseriellen
Port (oft auchals COM-Port bezeichnet)für den Benutzernicht eingeschränktsind. Dies kann über
folgendenBefehl,dervomSuper-Userausgeführtwerdenmuss,erreichtwerden:

chmod +rw,o /dev/ttyS0

Dabeiist /dev/ttyS0 der ersteseriellePort.Der Befehlbewirkt, dasssämtlicheNutzerauf denPort le-
senundschreibendürfen.Es hatsichspäterherausgestellt,dassdieseigentlichnur für einenTestder
Kommunikationnötig zu seinscheint.Um denTracker zu testen,kannmaneinfachein 'P' andasGe-
rät schicken. 'P' ist hierbeiderBefehl,derdasTrackingsystemanweist,die aktuellenSensorparameter
überdie serielleSchnittstellezu schicken.Als Antwort erhältmandie KoordinatenderReceiver. Zum
Beispiel:

cat /dev/ttyS0 &
echo "P" > /dev/ttyS0
01 10.40 0.97 24.56 155.05 -65.23-127.12
02 9.88 1.71 -3.20 -12.90 54.99-115.75
03 2.90 -3.14 20.31-165.65 -1.36 80.34

DerAusgabekannentnommenwerden,dassdreiReceiver angeschlossensind.Die EinheitenderTrans-
lationswertesind standardmäßigInches,dies lässtsich aberauf Zentimeterändern.Es gibt auchdie
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Möglichkeit, ungewollte Werteauszublenden,bzw. Receiver zudeaktivieren.Im diesemBeispielhatje-
der Receiver seinex-, y- und z-Koordinategesendetso wie denAzimuth-, Neigungs-und Rollwinkel
jeweils in Grad.

Bei derInterpretationdervom Polhemus-FastrakTracker geliefertenWertemussbeachtetwerden,dass
dasSystemdie Positionnur eindeutigin einerHalbkugelum denTransmitterherumbestimmenkann.
BeimVerlassenundwiederEintretenin dieseHemisphärekommteszuWert-Sprüngen.Dahermussdie
Hemisphäresoeingestelltwerden,dassderBenutzersiewährendderArbeit mit demTracking-System
typischerweisenicht verläßt.Auf denTransmitterist ein Koordinatensystemgedruckt,welchesdabei
hilft, dieHemisphärezuwählen.Mit demBefehl:

echo "H3, 1.0, 0.0, 0.0" > /dev/ttyS0

setztmandie Hemisphärefür dendrittenReceiver in RichtungderX-Achse,sodasseskeineSprünge
gibt, solangemanim Positivenbzw. NegativenX bleibt.Esgibt auchnochdieEinschränkung,dassnur
anReceiver-Port1 derButtondes3D-EingabestiftesStylusfunktioniert.Weiteresist [6] zu entnehmen.

OpenGL Feinheiten

Wie schonim Abschnittüberdie Visualisierungvon Iso�ächenangedeutet,ist OpenGLkeinebeschrei-
bende,sonderneineprozeduraleArchitektur. Dieshatzur Folge,dassbei derUmsetzungvon Transla-
tionen,Rotationen,usw. genauaufdieReihenfolgegeachtetwerdenmuss.Ausser3D-Transformationen
gehtin die DarstellungeinerSzeneaucheineProjektionein. In diesemAbschnittsoll geklärtwerden,
welcheArt derPerspektive für einVirtual-RealitySystemzuwählenist undwie danndasBild zuStande
kommt.

In OpenGLgibt esdrei Darstellungsmodi,die festlegen,wie eineberechneteSzeneauf demBildschirm
angezeigtwird. Diesesind:

gluPerspective () , glFrustum(), glOrtho().

gluPerspective() undglF r ustum() entsprechenunserernormalenWahrnehmungunderzeugeneine
perspektivischeProjektion,d.h. Objekte,die weiterhintensind,werdenkleinergezeichnet.glOr tho()
hingegen realisiert eine Orthogonal-Projektion,die die Welt ohne Flucht-Punktzeigt. Diese wird
zum Beispiel in der Architektur verwendet,da sie Größenverhältnissenicht zerstört. Im Gegen-
satz zu gluPerspective() kann man mit glF r ustum() sein Blickfeld frei bestimmen.Während
gluPerspective() immer frontal auf die Szeneschautund von einer symmetrischenSichtpyramide
ausgeht,kannmit glF r ustum() einebeliebigeSichtpyramidede�niert werden,in welchedie aktuel-
le Tracker-Positionein�ießt. Ein einfachesBeispiel kann in [4] auf Seite124 gefundenwerden.Der
aktuelleAufruf, berechnetmit demStrahlen-Satz

M Y N EAR
tr ak_pos_z

=
K antel ink s

screenborderlef t � tr ak_pos_x
; (1)

siehtdannsoaus:

ratio = MYNEAR/trak_pos_ z; //nach Strahlen-Satz
glFrustum(ratio *( sc re enbor derl ef t - trak_pos_x), //Kante links

ratio*(screenbor derr ig ht - trak_pos_x), //Kante rechts
ratio*(screenbor derb ot tom - trak_pos_y), //Kante unten
ratio*(screenbor dert op -trak_pos_y), //Kante oben
MYNEAR, MYFAR); //cliping-plan es
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Abbildung6: SkizzezurErklärungdesglFrustum()-Befehls

Damit hatmandasSichtfeld,abernochist dasBild nicht stereoskopisch.Um dasBild stereoskopisch
darzustellen,standenschoneinigeMöglichkeitenzur Verfügung,allerdingswurdedasTrackingsystem
nochnichtberücksichtigt.Die verschiedenenAnzeigemodisindim Programmwie folgt de�niert:

typedef enum { MONO, STEREO_ACTIVE, STEREO_LEFTRIGHT } tStereoMode;

WährendSTEREO_LE F TRI GH T für ein überbreitesFensterauf zwei Monitorengedachtist und
aufbeidendasBild zeichnet,funktioniertSTEREO_AC TI VE durchdasVerwendenvonzweiFrame-
buffern.DerFramebuffer enthältin OpenGLdie fertigeSzene,ist alsodasEndederprocessingpipeline
undenthältdie Daten,die andenMonitor geschicktwerden.BesitztmaneineGra�kkarte, die einenso
genanntenQuad-Buffer Stereo-Modusunterstützt,sostehengetrennteFramebuffer für daslinkeunddas
rechteAugezurVerfügung.DasAnsprechendieserzwei Framebuffer geschiehtschematischso:

...
glTranslatef(li nk es _Auge); //Setze die Kamera für das linke Auge
glDrawBuffer(GL _BACK_LEFT) ; //In den linken Framebuffer schreiben
drawScene();
glTranslatef(re ch te s_ Auge) ; //Setzt die Kamera für das rechte Auge
glDrawBuffer(GL _BACK_RIGHT); //Ab hier in den Rechten
drawScene();
...

Um die KameraunterBerücksichtigungderPositionenderzwei AugendesBetrachtersrichtig zu setz-
ten,wurdewiederauf die Tracker-Datenzurückgegriffen. Eswurdediesmalabernicht nur die Position
berücksichtigt,sondernauchdie Rotation(Neigung)desSensors.DieseRotationenliefert derTracker
in Form von Quaternionen.Eine Quaternionkann in die entsprechendeRotationsmatrixumgerechnet
werden([6], Seite163). DieseRotationsmatrixwird mit demVektor, welcherdie Positiondeslinken
bzw. rechtenAugesrelativ zumTrackingsensorangibt,multipliziert:
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Abbildung7: Links die gra�scheBenutzer-Schnittstellemit denneuenAuswahlmöglichkeiten.Auf der
rechtenSeitedasdazuentsprechendeBild, mit eingeschaltetem'sphereslicing'.

Danachmussmannurnoch

glTranslatef(e ye _x , eye_y, eye_z);

ausführenundfür dieeyeshif ts einmaldieWertefürs linke undeinmalfürs rechteAugeeinsetzen.

Ausblick

Als erstesist anzumerken, dassein Visualisierungsprogramm wie dashier beschriebenewohl immer
„work in progress“seinwird, und dassesimmer etwasgibt, wasnochfehlt. Im Folgendenwird kurz
eineListevon Funktionengenannt,dieesbeispielsweisenochzu implementierengibt:

� AnzeigemehrererIso�ächenvon unterschiedlichenFeldern

� AnzeigemehrererVektor-Daten

� VereinheitlichtesDaten-Einlesen,so dassin Zukunft auchandereDatenberücksichtigtwerden
können

� BeschleunigungderSoftwareim AllgemeinenundhöhereStabilitätim Zusammenhangmit dem
Trackingsystem

DasVisualisierenvonzwei Iso�ächenwurdeim RahmendieserArbeit bereitsimplementiert,jedochmit
derEinschränkung,dassdiesbeieingeschalteterNormalen-Glättungnicht richtig funktioniert.Die zwei
Flächensindin Abbildung7 dokumentiert,sowie dievon mir neuimplementiertenWahlmöglichkeiten.
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Abstract:
Clustermethodsareusedin MonteCarlosimulationsto decreasetheautocorrelationtime,

i.e.theinterval betweenstatisticallyindependentcon�gurations,whichbecomescrucialcloseto
critical pointsandphasetransitions.Theaimof thiswork is to build thebasisfor aMonteCarlo
clusteralgorithm for continuoustwo dimensionalspin systems.First the Kornyshev-Leikin
modelpotentialis introducedwhich is appliedto Monte Carlo simulationsof DNA systems.
Afterwardsa purely geometricaltechniquefor searchingclustersis described.Furthermoreit
is extendedto an energetic clustercriterion,which is the basisin Monte Carlo clustermeth-
ods.The scalingof the implementationis measuredandanalyzed.Finally it is usedto study
geometricclustersasa functionof differentDNA characteristics,e.g.thechargecompensation
parameter� .

Kornyshev-Leikin Pair Potential for Rigid Helical Molecules

It is well known thatDNA formsclosepacked aggregatesof variousstructures,e.g.in humanchromo-
somesor viruses.Experimentallyit wasobservedthatshortfragmentsform columnaraggregateswhich
aresuitableto studyinteractions,e.g.like chargeattractionsbetweenmoleculesandglobalstructures.

At �rst glanceawholeDNA is fartoocomplex to describeits interactionwith othermoleculesin aclosed
analyticalframework. However, A. A. Kornyshev andS. Leikin [1] describedDNA moleculesaslong
cylinders,carryinghelical,continuousline chargeson their surface,takingadvantageof thesymmetries
in helicalmolecules.Thusit waspossibleto derive anexact formalismwhich canbeusedto calculate
interactionsbetweentwo strandedhelicalmoleculeslike theDNA. Thetheoryin [1] is formulatedin a
rathergeneralway, sothepotentialthat is �nally usedfor thesimulationhadto bederivedandadapted
to theactualapplication.Thewholeinteractionenergy is obtainedby asumof threedifferentterms.The
�rst one,labeledaswcyl , correspondsto theinteractionbetweentwo homogeneouslychargedcylinders.
wself is a“self correlation”energy, whichis dueto correlateddiscretesurfacechargedistributionsoneach
molecule.Ultimatelywcrossis a “crosscorrelation”energy, which is causedby nonrandomalignmentof
discretechargeson theopposingmolecules.Thefollowing formulaedescribeanenergy density, where
theenergy is normalizedto thepersistencelengthL p [2].
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Dueto thevery rapidconvergence,thesumsin eqs.3 and4 maybetruncatedatn = 5 and� 5 � j � 5.

Figure1: Simpleschemeof importantstructuralvaluesfor two interactingDNA doublestrands.

Theparametersappearingin eqs.1-5arebrie�y explained[5]:
First therearethestructuralparametersof thephosphatepattern(see�g. 1, taken from [4]): thehelical
pitch H , theazimuthalhalf-width of theminor groove ~� s andthehard-coreradiusa. Furthermoreeach
DNA duplex carriesthenegative chargeof phosphateswith surfacechargedensity� 0 plusacompensat-
ing positive chargearisingfrom adsorbedcounterions.Thedegreeof compensationis describedby the
parameter� , where0 � � � 1. In eqn.2 the term wcyl vanishesif � = 1. Themobile counterions in
solutioncauseanexponentialdecayof theCoulombinteractionof thetwo helicesfor largeseparations.
This exponentialdecayis parameterizedby the inverseDebyescreeninglength� . The solutionis also
consideredby its dielectricconstant� . Actually thedielectricconstantandtheDebyescreeninglength
arebothtemperaturedependentand� is alsoa functionof � . Althoughthis is not takeninto accounthere
[3].

ThesimulationswerecarriedoutconsideringB-DNA structure.Theproperparametersweretakenfrom
[4] andarecollectedin table1.
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L [Å] a [Å] H [Å] ~� s=� [rad] � 0 [� C/cm2] �
500:0 9:0 33:8 0:4 16:8 80

Table1: Structuralandchemicalparametersfor theDNA-B molecules.

Fromeqs.2 to 4 it canbeseenthat thereis a two dimensionalpotentialenergy landscapefor a pair of
DNA moleculesdependingon thedistanceof two strandsr = jR j andtherelative azimuthalorientation
� . The lattercanbesimply calculatedasthedifferenceof therespective angles� 0

1 and� 0
2 of the50 !

30 strand,relative to a referencedirection.A shift in the axial direction� z thereforetranslatesinto a
differentazimuthalorientation.

Dueto a lackof time it wasnotpossibleto studytheDNA aggregateswith respectto differentscreening
lengths� � 1. For all discussionsandmeasurementsin thisreportit is �x edto � = 0:1Å � 1. Thefollowing
picturesshouldhelp to getan imaginationof thepotentialenergy andsupporttheunderstandingof the
expectedeffects.
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Figure2: a: Kornyshev-Leikin potentialat � = 0:4� for � = f 1:0; 0:9; 0:85; 0:8g, where� = 1:0 is the
lowestplot and� = 0:8 theuppermost.b: Calculatedwith � = 1:0. Thevaluesof thepotentialenergy
areexpressedin arti�cial units.

Fig. 2.a shows four qualitative differenttypesof the interactionpotentialobtainedfor differentvalues
of � . For high compensation� the interactionof the two DNA strandsis purely attractive for a nearly
perpendicularazimuthalalignmentuntil a certainequilibrium distanceof about22Å is reached.That
is very shortconsideringthehardcoredistanceof 2 � 9Å= 18Å. As the numberof adsorbedcounter
ions decreasesa local maximumariseswhich separatesa condensedanda crystallinestate,while the
local minimum is still below zero and the energy barrier getslower. For even lower valuesof � the
local minimumat shortdistancesexceedszeroandthusthebound(clustered)stateis obviously not any
longermorepreferablethanthecrystalstate.Finally thereis acertain- probablycritical - pointof charge
compensationwherethelocalminimumvanishesandthepotentialgetscompletelyrepulsive.

Keepingin mindthatthepotentialenergy landscapeis not1- but 2- dimensional(see�g. 2.b) it becomes
clearthatevenin thecaseof � = 1 it is notsurewhetherall theDNA strandswill go into theequilibrium
distanceandform onebig clusterin thegroundstate.Thepreferredorientationbetweentwo molecules
atshortdistancesis � � =2 (cmp.�g. 2.b). A clusteringof threemoleculeswill resultin anenergetically
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frustratedcon�guration andthereforethe formationof big clustersis not obvious.Also it canbe seen
from �g. 2.b thatfor largedistancesof two interactingstrandstheparallelorientationis favorable.Inter-
estinglyevenif thesystemwould besimulatedon a latticethepotentialwould thereforestill bedensity
dependent.This makesit clearthatthereis a rich phasebehavior to beexpected.For � = 0:7, i.e. in the
repulsive regime,thiswasstudiedfor thegroundstatein ref. [5].
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Figure3: Thesepicturesillustratethecritical behavior of theKornyshev-Leikin potentialat � = 0:1 and
� � 0:86. Also it is shown that it is importantto look for a local minimum with respectto r and � .
a, b: � = 0:864. c, d: � = 0:860. b andd arebothobtainedfor � = 0:38.

Anotherimportantfact that resultsfrom thedependency of theorientation� is visualizedin �g. 3. The
two plotsb andd show thepotentialfor �x edmutualorientations.They seemto bequalitatively similar.
However, this is notso,whichis provenby a andc from whereit is obviousthatfor � = 0:860thereis no
potentialbarrierasseenin �g. 3.d sincethetwo strandscanalwayslooseenergy by orientatingparallel
andseparatefrom eachotherat thesametime.Whereasfor � = 0:864a reallocalminimumexists.This
demonstratesthatthecritical valuefor � mustbein therangeof � c 2 [0:86; 0:864] andnot at 0:85 asit
couldbeexpectedfrom �g. 2.a.

Simulations

All simulationswerecarriedout with theprogram“SpinCG2d” by G. Sutmann[6]. As it is seenfrom
eqs.1-4, theonly variablesdescribingthe interactionbetweentwo DNA moleculesaretheir interaxial
distanceandtheir mutualorientation.This picturecorrespondsto a 2-dimensionalspin system,where
spinshave threedegreesof freedom(position,orientation),i.e. akind of generalizedX-Y-Model.

The startingcon�guration of DNA strandsconsistsof a hexagonalstructurewith lattice constantd.
This distanceis relatedto theDNA density. Afterwardsa mixtureof down-hill andsimulatedannealing
algorithmis performed,i.e. the temperatureis decreasedby a certainamountafter each Monte Carlo
step.In so doing the systemis cooleddown from T(t MC = 1) = 1000K to T(tMC = NMC) = 30K.
NMC is thenumberof MonteCarlostepsperformedin a wholesimulationandt MC is theMonteCarlo
time.This meansthatnotonly thesystemis givenno time to equilibratebut in thewholesimulationthe
forming of anequilibriumstateis actuallyprevented.On theotherhandaswe aremostly interestedin
energetically favorablestatesthe cooling to very low temperatureswill de�nitely leadto groundstate
like structuresof theaggregate.Thesearenaturallysomehow arti�cial sincetheDNA would probably
changeits con�gurationdramaticallyatsuchlow temperatures.It canbeassumedthatfor longsimulation
timesNMC the in�uence of the non equilibratingkind of the simulationcan be neglected.In [2] the
temperaturewas kept constantover a certainnumberof Monte Carlo stepsand similar resultswere
observed.During thesimulationthesizeof thetrial movesis adaptedto have anacceptancerateof 0:5.
Sincetheexplicit evaluationof thepotentialis ratherexpensive it is interpolatedduring thesimulation
by asecondorderinterpolationfrom a table.For thecrosscorrelationenergy the�rst 5 termsof thesum
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over n areinterpolatedandmultipliedby theorientationdependentcos(n� ).

GeometricalCluster Search

Thinkingof anef�cient wayto identify neighborsin acertaindistance,whichstill hasto bede�ned, it is
mostimportantto considerthecontinuouspropertiesof theparticlesin thesystemontheonehandandthe
spatialdecompositionof “SpinCG2d” ontheother. Thelatteris mostlysigni�cant for theparallelization.
Thewholeprogramis written usingMPI for distributedmemorysystemswithout memoryreplication,
sotheclustersearchalsohasto dealwith this distributeddatahandling.

Thebasicapproachconsistsof:

1. identifyingclusterssequentiallyandindependentlyon eachprocessor

2. communicatewith otherprocessorsto link globalclusters

3. scatterthewholelinking information

First of all it is necessaryto introducea geometricclustercriterion. If the distanceof two molecules
exceedsa thresholdlengthr 0 they arenot consideredasneighbors. Sincethe structuresof aggregate
con�gurationsareextremelyvarying, it seemsto be a goodchoiceto correlatethis criterion with the
Kornyshev-Leikin potentialandthusintroduceabarrierdependentthresholdlengthr 0. By sometestruns
it turnedout thatpostulatingr 0 asthedistancewherethepotentialbarrieris overcomeby 4=5 provided
acceptableresults(see�g. 4). Becauseof the form of the potentialit wasalwaysquite obvious which
particleswerein the shortdistanceof the potentialminimum,andwhich werein a kind of crystalline
statewith respectto eachother. Thatis theclusterswereclearlyseparatedandtheidenti�cation couldbe
veri�ed easily.

25 30 35 40
- 0.02

0.02

0.04

0.06

Figure4: Themaximumdistanceof two particlesbelongingto oneclusteris derivedfrom theinteraction
potential.

SequentialLocalClusterIdenti�cation

Thereis avarietyof algorithmsfor searchingclustersonalattice.Oneof themostwell known isprobably
theHoshen-Kopelmanalgorithm[7]. A latticesystemis particularlysimplein thatway, that �rstly the
particles(i.e. thelatticesites)arein a givenorderwhich makesthemeasyto address.Furthermorethere
is a de�nite numberof neighborsat givenpositions.Both of theselatticepropertiesarenot givenin the
consideredsystem.Sincethereis no way to ordertheparticlessystematically, it would benecessaryto
checkevery particleagainstevery otherparticlewhich would resultin a complexity of O(N 2). Evenif
theparticleswouldbesortedby thex- or y-coordinate,thequadraticscalingbehavior wouldprobablybe
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only decreasedby afactor. Thisis of courseundesirable.Thustheideais to alteralatticebasedalgorithm
to �t theneedswithout loosingits bene�ts.

Virtual LatticeStructure

This is accomplishedby introducinga virtual lattice andsort the moleculesinto the lattice cells by a
linked list (see�g. 5). In so doing a small numberof particlesbelongingto onecell canbe addressed
nearlyas fastas if they actuallywereparticlesin a lattice system.Furthermorethis methodmakes it
possibleto checkonly pairsof moleculesin anumberof potentialneighborcells.But thestructureof the
latticestill needssomemoreinvestigation.

Figure5: Schematicview of thesortingof particlesinto avirtual latticeat theborderof aprocessor.

It is plausiblethat thepreferablestructureis a squarelattice.It is easyto addressandtheparticlescan
be assignedef�ciently to the cells.How to choosethe lattice constantl? A very small l meansthat in
onelatticecell therewill beonly few moleculesandhencethestepof checkingeachparticlein onecell
againstany particlein anotheronewill not beexpensive althoughit hasa complexity of O(N 2

c ), where
Nc is the numberof particlesin a cell. On the otherhandfor large l the numberof cells in the whole
latticeandalsothenumberof possibleneighborcellsdecreases.Thelatter two factorsarebothscaling
with 1=l2. Whereasthenumberof particlesNc is scalingwith l2. Sotheoverall scalingwith respectto
l will be 1=l2 � 1=l2 � (l2)2 = 1. From that it is not obvious why the introductionof a lattice should
improve theperformance.

It hasto be notedthat every particlehasa certainsize(hardcoreradiusa in the viewed application)
which givesanupperboundfor thedensityof thesystem,i.e. thereis a certainl whereon averageonly
oneor two particlesarelocatedin eachcell.Decreasingl evenfurtherwouldresultin many emptylattice
cellswhich still have to becheckedaspotentialneighborcells.On theotherhandfor very small l there
arecellswhoseparticlesarealwayswithin theradiusr 0 which avoidsanexplicit checkof particlepairs
within cells.But sincefor the speci�c exampler 0 is not much larger thantwice the hardcoreradius
of oneof themoleculesit would surelynot make senseto decreasel to suchlow values.So thereis a
lower boundof l . Also a minimumof 8 neighborcellsexistswhich alwayshave to becheckedbecause
they have borderingcornersor edgesandcould thereforecontainmoleculesboundto moleculesfrom
thecurrentlyconsideredcell. Soit is alsoapparentthatit is no usein increasingl to very largenumbers
becausethenumberof neighborcellsdoesnot reduceanymoreafterreaching8.

An importantfactis thatfor a latticeconstantsmalleror equalto r 0=
p

2 it is surethatparticlesbelonging
to onecell arein the samegeometriccluster(see�g. 6). Otherwisethis hasalsoto be checked which
resultsin anotherN 2

c stepfor every latticecell! Takingall theseactualitiesinto accountit seemsto bea
goodchoiceto setl = r 0=

p
2. Still it is possiblethat for certainparameterslike extremelylow or high

densitiesachangeof thevirtual latticeconstantl couldresultin somespeedup.From�g. 6 it canbeseen
thatfor this particularl thereare20 cellspossiblycontainingneighbors.For checkingeachpair of cells
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only onceit is enoughto check10 neighborsfrom eachcell. Thereis no cell that de�nitely canonly
containmoleculesin theneighboringdistance,soeverycell hasto bechecked.

Figure6: Studyof thevirtual squarelatticewith latticeconstantl = r 0=
p

2.

For thelatercommunicationwith otherprocessorsit is mandatorythatthelatticecoordinatesaresome-
how global.Otherwisethelinking wouldgetcomplicated.This is achievedby sortingtheparticlesinto a
globalgrid structure,wheresinglegrid cellsmaybelongto differentprocessors.Technicallythis is real-
izedby truncatingthedecimalplacesof thetwo dimensional�oating pointcoordinatesof eachmolecule,
whichareglobal,dividedby thelatticeconstantl = r 0=

p
2. In Fortrancodeit would look like this:

lattice_coordin at e=FLOOR(r eal_ coo rd in at e/ lat ti ce _c onsta nt )

Thisalsoexplainsthegapbetweentheedgeof theprocessorandtheedgeof thelatticein �g. 5.

AdaptedHoshen-KopelmanAlgorithm

The Hoshen-Kopelmanalgorithm works iteratively by using a linked list. Fig. 7 is a schemeof the
underlyingidea.If two clustersarelinked, the list entryof theonewith thehigherproper clusterlabel
becomesa pointerto thesmallerclusterlabel,which is representedby a negative integer number. The
list entryof theotheronecontainsa positive integerwhich is thetotal numberof particlesin thecertain
cluster, includingall clusterswhicharelinkedwith thisone.Now theproperclusterlabelhasto befound
in thelist by following thesepointersuntil anentryequalor greaterthan0 is reached.

list entry no.

value

1 32 1 32

8�22 �2�1301

2 31

1

1 11

3

2

2

1 2 1

1 3 2

2 1

1

Figure 7: Visualizationof the Hoshen-Kopelmanclustersearchfor next neighborsin a small square
lattice.

The algorithmis capableof handlingany numberof potentialnext neighborcells.Now somepseudo
codewill show how theactualsequentiallocalclustersearchis done.
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DO FOR all lattice cells i
DO FOR half of the possible neighbor cells j

search for proper cluster label of j
IF this label is not yet marked as linked with i

IF there is a pair of molecules from i and j with distance<r_0
mark label of j as linked with i -> j_l

END IF
END IF

END DO
IF number of linked clusters is

0: i gets new cluster label
>=1: find smallest proper label j_s from {j_l}

link all other linked neighbors j_l and i to j_s in the list
save sum of all cluster sizes as new size of j_s

END IF
END DO

For the laterparallelizationit is importantthat thenewly introducedclusterlabelsareglobally unique.
This is no problemsinceevery processorhasa non-ambiguousnumberfor identi�cation andthereis an
upperboundof particlesthatcanbeon oneprocessor. Soanew clusterlabelwill becalculatedlike this:

cluster_label=l oc al _co unte r+ lo cal _c pu_i d* max_par ti cl es_ per_ cp u .

To provide theability of linking local clustersto globalonesthe linked list array, which will becalled
cluster_id in thefollowing, shouldhave adimensionof

number_of_proce ss or s*max _par ti cle s_ per_ cp u

oneveryprocessor. Thismakessurethatalsothelinking informationis somehow globalfrom thebegin-
ningandcanthereforebeeasilyexchanged.

Parallel GlobalClusterIdenti�cation

In “SpinCG2d” thewholetwo dimensionalsystemis dividedinto N PE domains,whereNPE is thenum-
berof processorson which theapplicationruns.Thesedomainsarenot stripes,which would meanthat
theeffort of communicationfor theMonteCarlosimulationis not decreasingby higheramountof pro-
cessors,but the programtries to make the domainsas closeto a squareaspossible.Herebythrough
addingmoreprocessorstheedgelengthof eachprocessoris reducedwhich is thedriving factorfor the
communication.

5
6 7 8

321 4

5

1 4

6

2

6

1

2
2

1

Figure8: With only next neighborcommunicationthisexamplewouldneed5 communicationstepsuntil
all of thelocalclustersareconnectedto oneglobalone.

Now a goodstrategy hasto befoundfor identifying theglobalclusterswhich meansclustersthatspan
the domainsof morethanoneprocessor. Fig. 8 depictsthat it is not possible,or at leastnot ef�cient,
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to do this only by communicationbetweennext neighborprocessors.Thespeci�c exampleshows that
onecouldprobablyconstructanarti�cial globalclusterto get thenecessityof any “desired”numberof
communicationstepsuntil thelocal clusterswould belinkedcorrectly. Fromthatit is obviousthatthere
hasto besomekind of all-to-all communication.

To realizethis with anacceptablescalingthe ideais to usea communicationtree.While descendingto
the root no informationfrom the domainbordersmay be lost. This is achieved by introducingvirtual
domainsasshown in �g. 9. Oneof two communicatingprocessorsis alwaysthemasterwhich receives
the whole borderinformation from the slave. Afterwardsit processesthe borderingedgeto link the
clusters.This linking is doneexactly like theidenti�cation of localclustersbefore.Thereafterit usesthe
restof thereceivedinformationto build upthevirtual borderof thedomaincontainingthewholeareaof
thetwo processorsbefore.Sincetheborderingedgeinformationis alreadytranslatedinto clusterlinking
pointersandit is obviously not partof theedgeof thenew virtual domain,it doesnot have to besentin
thenext stepof communicationandcanberejected.Now themasteris capableof communicatingwith
othermasters of the samelevel in the treewhich will have similar dimensionsrelatingto their virtual
domains.Thusthe numberof communicationstepsis proportionalto the logarithmof the numberof
processorsin acertaindirection.
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���
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���
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���
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Figure9: During the communicationprocessthe only importantthing is the edgeof the domainof a
processor. Theseedgesgrow andbecomethebordersof virtual domainswhich includetherealdomains
of many processors.

Sincecommunicationis veryexpensive it is importantto reducetheinformationthathasto beexchanged
to aminimum.Firstof all thereis nowayto avoid sendingthepositionsof theparticlesneartheborderof
theprocessordomains.Theappropriatearraywill becalledrxyz_border in thefollowing. Also it is
necessaryto have thecorrectclusterlabelswhich areassignedto theborderinglatticecells.And �nally
the global linking cannotbe donewithout partly knowing the entriesof cluster_id , i.e. all entries
dealingwith clusterlabelswhich exist on or which arepointedat from the latticeborder. Thereforean
arraycluster_id_bor der is introduced,whosedimensionis two timesthe numberof linked list
entriesasdescribedbefore,onefor theaddressandonewith theactualvalueof eachentry. In ordernot
to looseany informationduringthecommunication,especiallyconcerningthe�nally broadcastfeedback
which tells every processortheglobal labelsof theclusterswhich arecontainedby it, it is necessaryto
alwayskeepthis informationup-to-datewith thegloballinking andnever rejectany of thisdata,evenif
it lies on a borderinsidea virtual domain.This makesup a differenceto theothertwo communication
arrays.To reducetheamountof distributeddatait is usefulto link theclusterslying on theedgeof each
processordirectly to theproperlabelsbeforestartingthecommunication.Thereforeonly properlabels
andthelabelsthatthey point to,whichis importantfor theirsize,haveto besent.Fortunatelyit is always
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possibleto calculatethe dimensionof the lattice on the edgeof a virtual domain.That is the cluster
labelsin thelatticecanbesent�rst becausethereis no uncertaintyaboutthelengthof thearraythathas
to be received.At the endof thearraythe sizeof the othertwo arrayscanbe stored,so absolutelyno
unnecessaryinformationis exchanged.

The amountof communicationis dependenton the overall edgelengthof virtual domainsduring the
whole global clusterlinking process.For rectangularareasthe optimal form with respectto the edge
lengthwould beof coursethesquare.Soat �rst glanceit shouldbe fasterto build up quadraticvirtual
domainsinsteadof �rst linking global lines as it is donein the schemein �g. 9. But after the global
lines are linked, the vertical edgesdo not containany relevant information for linking anymore. It is
importantthat for a systemwith periodicboundaryconditionsthis would be thepoint of time to apply
periodicboundaryconditionsin horizontaldirection.A shortcalculationexampleshallcon�rm thespeed
up comingfrom neglectingtheverticaledgesfor furthercommunication.Considera numberof 16 pro-
cessorsandfully quadraticdomainswith anedgelengtha. A communicationtreewhich usesquadratic
virtual domainsif possiblewould have a wholeedgelengthof 4a + 6a + 8a + 12a = 30a to be sent
while communicating.Usingtheapproachshown in �g. 9 andrejectingtheverticaledgeinformationfor
thelast two communicationstepsit is only 4a + 6a + 8a + 8a = 26a. As shown beforethesizeof the
linkedlist tableis independentfrom thechosentypeof communicationsinceit is never shrunk.

Thehexagonalsetupof thesystemin “SpinCG2d” leadsto asystemthatexpandsmorein they-direction.
For that reasonit shouldeven be fasterto �rst build up global lines ratherthanglobal columns.Since
afterwardstheamountof communicationis only dependenton the lengthof the lines,which is smaller
thanthelengthof columnswould be,anddoesnot increaseanymore.Also thenumberof processorsin
they-directionis greaterthanthedecompositionin x-direction,that is why therejectionof thevertical
borderscanbedoneonecommunicationstepearlierundercertaincircumstances.Finally if we consider
the architectureof a parallelcomputer, e.g.the ZAMpano[11], it is likely that neighboringprocessors
in x-directionhave sharedmemory, which makesthe�rst oneor two stepsof communicationfastin the
caseof �rst building globallines.But it wouldneedsomethoroughinvestigationsto prove this.

After all this therewill bea global master. In its local arraycluster_id it containsthewholeglobal
linking information.If it is enoughfor every processorto know only thesizeof clusterswhoseglobal
labelsoriginatefrom it, the global mastermustonly sendback the updatedentriesof the linked list
arraywhichoriginally camefrom thespeci�c processor. If in contrastit is importantthateveryprocessor
knows the sizeof every clusterwhich canbe found in its domain,thenthe whole linked list arrayof
formeredgeclusterentrieswill have to bebroadcastto everyprocessor.

Extensionto Capability of Building Clusters for a Monte Carlo Cluster Algorithm

An Energetic ClusterCriterion

A very importantfactabouta MonteCarloalgorithmin generalis, that it hasto ful�ll detailedbalance.
That is the probability of going from onestateinto anotherin a Monte Carlo stepmustbe the same
astheprobabilityof gettingback.In clusteralgorithmsthis is ensuredby the introductionof a certain
probability to cut a geometricclusterinto smallerpartsdependenton energy andtemperatureasit was
postulatedby R. H. SwendsenandJ. S. Wangin 1986[8]. Actually every bondbetweentwo particles
that geometricallybelongto oneclusteris cut by a probability calculatedfrom their pair energy. The
originalalgorithmdealtwith systemsof discretedegreesof freedomlike thePottsspinmodels.U. Wolff
extendedthis to a theorywhich could be appliedto continuousspin systemslike the O(n) modelsin
general[9]. To comparetwo spinshis approachusesa projectionof thespinsto a prede�neddirection.
But still the systemhasto be simulatedon a lattice andtheenergy is not distancedependent.It is not
yet clear, how thecriterionof detailedbalancecanbeful�lled for theclusterbuilding for a systemwith
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positionalandangulardegreesof freedomexhibiting frustratedcon�gurations.

NecessaryModi�cations

Dueto theseconsiderationsthepresentwork wasfocusedto building thebasisof a MonteCarlocluster
algorithm.This impliessomemodi�cations of thepreviously describedalgorithm.Themostimportant
differenceis thattheclusterlabelsareobviously no longerassociatedwith cellsof thevirtual latticebut
with eachmoleculein thesystemsinceit mustbepossiblethateverymoleculebelongsto anindependent
cluster, evenif two or moreof themareassignedto onecell.

A shortpseudocodeshows theapproachfor thelocalclusteridenti�cation.

initialize every particle with a globally unique cluster label
all clusters have size 1
DO FOR every cell

DO FOR every pair of molecules in this cell
IF energetic criterion fulfilled

get proper labels of both particles
# ^ ^ important to do this here, can change in every step!
link referring clusters to smaller proper label, sum size

END IF
END DO
DO FOR every molecule inside this cell

DO FOR all molecules in (half of) the neighboring cells
IF both cluster criteria fulfilled

get proper labels of both particles
# ^ ^ important to do this here, can change in every step!
link referring clusters to smaller proper label, sum size

END IF
END DO

END DO
END DO

Thepreviouslydescribedorderof (i) dothelinking within eachcell and(ii) throughtheneighboringcells
in thelattice;is not necessary. However it seemsto beimpossibleto have realspeedup at this spot.The
checkinghasto bedonefor all moleculesandcannotbestoppedfor acertaincell if onelink is found,as
it waspossiblein themethoddescribedbefore.This is aseriouslossin performance.

Thinking aboutthe communicationthe overall schemewill be conserved while the datathat have to
be exchangedwill be different.The cluster_id_bor der array is handledexactly as it wasdone
in the purely geometricclustersearch.It is clear that also the positionsand orientationshave to be
sentfor every particleon theborder. Thesearesaved in rxyz_border again.To identify theentries
of therxyz_border arraywith the linking informationin cluster_id_bord er alsothe former,
globally uniquelabelof every particleis important(seetheinitialization partof thepseudocode).This
meanstherewill bean additionalarraywith 1 integer valuefor eachmoleculein thevirtual bordering
areaof a processor, containingtheoriginal label.Obviouslynoneof thesizesof thesearraysis givenin
advance.Soit is agoodwayto let thereceiving processorguessthedimensionof theoriginal labelarray
(which hasthe leastamountof datainside)plus an uncertaintyandreceive an arrayof that sizewith
theamountof datain theotherarraysattachedto theend.It would bepossibleto sendthedimensions
of thearraysin anadditionalcommunicationstepbeforetransmittingthem,however it seemsthatsome
overheadcannotbeavoided.
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Scaling

After all the theoreticaldiscussionsabouta goodimplementationof thedesiredfunctionality it is now
time to look at real time measurements.All measurementswerecarriedout on the ZAMpano[11], a
parallelcomputerwith 8 computenodes.Onenodeconsistsof 4 processorsandhas2GBsharedmemory.
Thereforethe memorymodel is only partly distributed.At �rst glancethe communicationtreeshould
provideatree-likescalingasit is describedin [10]. Thatis thescalingis nearlylinearfor low numbersof
processorsandsaturatesataconstantvaluefor largenumbers.It doesnotshow thebehavior of all-to-all
communicationwherefor largeprocessornumberstheperformanceis gettingworse.
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Figure10:Scalingof theclusteralgorithmitself andattachedto theMonteCarlostepin “SpinCG2d” for
differentsystemsizesandprocessornumbers.

Fig. 10shows themeasuredscalingof theclusterroutineitself andin combinationwith the“SpinCG2d”
program.Sincethe latter hasan outstandingscalingbehavior it is easyto acceptthat the combination
of bothalwaysshows a betterscalingcomparedto thepureclustersearch.However it is foundthat the
describedtechniquescalesmorelike anall-to-all communicationscheme.Remembering�g. 8 andthe
conclusionthat somekind of all-to-all communicationis necessarythis is not really astonishing.The
reasonfor thedifferenceof the tree-like communicationandtheschemein theexisting caseis that the
amountof datathathasto be transmittedis alsorising with thenumberof processorssincetheoverall
edgelengthis rising.This is not thecasein theunderlyingeqn.107in [10]:

c(Np) = log2(Np)� +
log2(N p )X

n=1

2n� 1�
Np

, (6)

where� is thelatency and� thebandwith.To have a betterview on therealcomplexity with respectto
Np thesumcanbesimpli�ed to:

c(Np) = log2(Np)� +
�

1 �
1

Np

�
� (7)

HereNp is thenumberof processors,c(Np) expressestherelativeportionof communicationwith respect
to communication.In eqn.6 the term 2n� 1=Np is a normalizedamountof datato be sentwithin each
step.Theoverall amountis always1, soin the laststepof communication1=2 is sent.Theedgelength
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is growing with aboutlog2(Np) in two dimensions.Sotheleadingbehavior canbederivedfrom 6:

c(Np) = log2(Np)� +
log2 (N p )X

n=1

log2(Np)
2n� 1�

Np

= log2(Np)� + log2(Np)
�

1 �
1

Np

�
� . (8)
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Figure11: Comparisonof tree-like scalingandthatonewhich is theoreticallyexpectedfor thecommu-
nicationschemeusedin theclustersearchalgorithmfor � = 10� 4 and� = 0:05.

Sinceit cannotbeavoidedthatthesumof theedgesof all processorsgrows by increasingthenumberof
nodes,it is at leastsatisfactorythatafter theslopeof speedupgot negative it is slowly increasingagain
(see�g. 11). Themostimportantfact is that thegoodscalingbehavior of “SpinCG2d” is not destroyed
by implementingtheclusteralgorithminto it. For that reason�g. 12 shows theabsoluterunningtimes
of differentroutinescalledin “SpinCG2d” andtheclusterlabelingalgorithm.The“local cluster”search
is doneabsolutelyindependentlyon every processorandthereforeit exhibits a goodscalingbehavior.
Thecritical partof the“SpinCG2d” concerningthenumberof processorsis the“spatialdecomposition”
whichcontainscommunication.Its timeconsumptionismoreor lessconstant,independentof thenumber
of PEs.The two partsof the clusteralgorithmcontainingcommunicationarefastenoughnot to make
thenegative scalinga realproblem.Themosttime consumingbut absolutelyparallel“interaction” part
is probablysloweddown by the“spatialdecomposition”atnearlythesamenumberof processorswhere
theglobalclusteridenti�cation becomesimportant,maybethishappensevenearlier.

Cluster SizeDistributions

Besidestheimportantfactthattheclustersearchcanextendthefunctionalityof theMonteCarlosimula-
tion, it is of coursealsopossibleto measureclustersizehistogramsor studypercolationin �nal con�g-
urations.Dueto thelimited time only thedistributionsof clustersizesin simulationof DNA molecules
wasstudied.Themeasurementwasdoneby creating100�nal con�gurationsof asystemwith N = 5184
DNA strandsby “SpinCG2d” startingfrom a density� = 2=

p
3d2, whered = 35:0Å waschosen.From

�nal con�gurationsanaveragedistribution of clustersizeswasobtained.Sinceevery con�gurationwas
obtainedby ade�nite numberof MonteCarlostepsoriginatingfrom thesameinitial set-up(ahexagonal
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Figure12: The runtimeof different routinescalled in “SpinCG2d” andnecessarystepsof the cluster
searchfor variousnumbersof processorsanda systemsizeof about100000molecules.

lattice)the�nal systemswerestatisticallyabsolutelyindependentandtheerrorbarswerecalculatedjust
asthestandarddeviation.

Themeasurementswerecarriedoutfor differentvaluesof thechargecompensation� . TheDebyescreen-
ing lengthwasalwaysgiven by � � 1 = 10Å. As it wasdiscussedin the beginning for this � a phase
transitionis to beexpectedfor � � 0:86. For smallerchargecompensationsthepotentialbecomescom-
pletelyrepulsive whichresultsin akind of crystallinestateof thesystem.For this reasonthereis noway
to identify clusters,becauseit is evennotpossibleto de�ne aclustercriterion.Eitherall particleswould
bein onelargecluster, or everyparticlewouldbeidenti�ed to beseparatefrom all others.Becauseof the
repulsiveform of thepotentialit is morereasonableto talk of acrystallinephasewithoutany clusters.For
highervaluesof thecharge compensation� thestructurewill be interestingbecauseof the frustrations
arisingfrom the orientationdependentpart of the Kornyshev-Leikin potential.It is interestingif there
canbe found somepower law for the clustersizedistribution in analogyto percolationon latticesfor
example.

Fig.13.a showsasystemwith 324DNA strandsthatwasobtainedby asimulationof 10000MonteCarlo
stepsfor � = 0:95. For this small numberof moleculesthe pictureis not capableto show the overall
structureof sucha system.But it depictsthequalitative fact that large clustersarisewherethestrands
orient perpendicularto eachotheraccordingto the minimum in the two dimensionalpotentialenergy
landscape.Unlike in 13.b, wherethesamesimulationwasdonewith � = 0:865 closeto the expected
critical point. Most of theparticleshave a seriousdistancefrom eachotherwhile someof themgather
into very small clustersat the �at minimum in the potentialcurve. This differencewill be re�ected in
theclustersizehistogramswhich allow qualitative statementsaboutthestructureof thesystem.In �g.
13.c andd the correspondinghistogramsto the structuresin 13.a andb manifestthis difference.For
high charge compensationthe probability of hugeclustersis still in an acceptablerange.Clustersat
sizesgreaterthan2000arelikely to bepercolatingbecausethey containabouthalf of all moleculesin
the system.The searchedpower law is well reproducedfor long simulationtimes and the according
exponentcanbemeasured.For a rapidcoolingandlessMonteCarlostepsa deviation from thepower
law at a certainpoint canbe observed. Obviously this canbe taken asa sign for too shortsimulation
times.Nearto thecritical point (�g. 13.d) theslopeof theclustersizecurve changesdramatically(see
also�g. 14). It canalsobeseenthat thedeviation from a power law which couldbeobserved for short
simulationtimesin �g. 13.c appearseven for 10000Monte Carlo stepsin this case.Thereforefor the
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Figure13:a, b: Finalcon�gurationof amodelDNA aggregatewith 324moleculesfor � = 0:95 (a) and
� = 0:865 (b) aftersimulatedannealingover 10000steps.Thevectorsshow theazimuthalorientation
of a molecule.c, d: Theaccordingclustersizehistograms,averagedover 100 �nal con�gurationsof a
systemwith 5184particles.

roughestimationof anexponentonly the�rst valuesweretakeninto account.Thisbehavior seemsto be
similar to thecritical slowing down whichoftenoccursatphasetransitionsin spinsimulations.It would
beinterestingto seetheeffect of a realclusteralgorithmin theMonteCarlostep.May beit would help
to increasethequalityof thedata.

Finally in �g. 14 the exponentsof the clustersizedistributionsareplottedfor several � . Although the
errorbarsareonly obtainedfrom the leastsquare�t (doublestandarddeviation) thequalitative dropof
theexponentcloseto � = 0:86 is obvious.

Conclusionand Outlook

The introducedclustersearchalgorithmcanbeusedto build a MonteCarloclusteralgorithmfor con-
tinuoustwo dimensionaloff-lattice spinsystemson theonehand,andthestudyof clusterdistributions
andpercolationontheother. It is designedfor parallel,distributedmemorysystemsanddoesnotneedto
replicatememory. Althougha varietyof optimizationswereimplementedit cannotbeavoidedthat the
scalingof themethodcanhave negative slopes.But sinceits absoluterun time is very shortit doesnot
have any considerablein�uence on thegoodscalingbehavior of “SpinCG2d” andcanthereforeextend
thefunctionalityof theexisting code.

It will be very interestingto implementan energetic criterion which could make the methodcapable
of lowering theautocorrelationtimesin thedescribedsystems.Measurementsof autocorrelationtimes
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Figure14:Theroughexponentof theclustersizedistributionsfor differentvaluesof � .

in the currentandextendedversionwould be necessaryto prove that.Also the measurementson sys-
temstructureexponentsshouldbecarriedout morethoroughly. An extensionof the techniqueto three
dimensionswouldbedesirableandshouldnotbecomplicatedin principle.
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Abstract: UNICORE,a popularGrid Computingsoftware,facilitatestheseamlessandsecure
sharingof computingresourcesamongdistributed supercomputers.In its currentimplemen-
tation, UNICORE adoptsa static resourcemanagementmodelwhich cannot fully meetthe
user's requirementon resourceprovisioning. In this work, we proposethe incorporationof a
Web Services(WS) Agreementbasedresourcenegotiationmodel to advancethe currentre-
sourcemanagementmodelof UNICORE.Thefeasibilityof theproposedapproachis validated
throughexperimentsbasedon aprototypeimplementation.

Intr oduction

Grids[1], geographicallydistributedcomputingplatforms,aim at resourcesharingandproblemsolving
amongheterogeneous,potentially large-scaleresources.According to the underlyingresourcetypes,
Gridscanbefurtherclassi�edinto ComputingGridsandDataGrids.ComputingGridsaimatthesharing
of computingresourcesamongsupercomputersdeployedamongdifferentHPCCenterswhile DataGrids
aimatsynthesizingnew informationfrom datarepositoriesdistributedin a wideareanetwork.

Amongall theGrid software,UNICORE[2] andGlobus[3] arethetwo mostimportantones.Globusis
anopensourceprojectthat intendsto provide Grid building tools for a Grid infrastructure.Thesetools
includea setof coreservices,a setof advancedservicesanda setof well-de�ned APIs for Grid appli-
cationconstruction.UNICORE,on theotherhand,currentlyprovidesavertically integratedsolutionfor
combiningcomputingresourceson the Internet.On the basisof a uniform accessto distributed com-
putingresources,it supportsa powerful work�o w managementanda friendly client sideuserinterface.
UNICOREhasrecentlybeenreleasedasopensourcesoftwareaswell.

While the resourcemanagementfunctionality of UNICORE is rich, in its current implementationit
adoptsa static resourcemanagementapproachwhich can not fully meet the user's requirementson
resourceprovision. This motivatesthemaingoalof this work: to supportdynamicresourcenegotiation
in UNICORE.

Thepaperis organizedasfollows:Thenext sectiondiscussesthecurrentresourcemanagementmodelin
UNICOREandits weakpoints.Section3 introducesthearchitectureof WS Agreementbasedresource
negotiation.The implementationis shown in section4. Finally, section5 concludesthediscussionand
outlinesfuturework.



Curr ent ResourceManagementin UNICORE

UNICOREis theacronym of Uniform Interfaceto ComputingResources[4]. As shown in Fig. 1, the
main componentsof UNICORE areGateway, Network JobSuperviser(NJS),Target SystemInterface
(TSI) andClient.

Figure1: UNICORESystemArchitecture

TSI providesaninterfacebetweentheabstractresourcemodelof theNJSandthetargetsupercomputer
or storageserver, throughwhich NJScansubmitjobs to the target system.Thesetwo partsestablisha
virtual sitein UNICORE(Vsite).By connectingto aGatewaythatis commonfor asingleadministrative
domain,severalVsitesbuild a UNICOREGrid site (Usite).Theend-userusestheUNICOREclient to
connectto aUsiteGatewayandcontrolhis job.

Whenpreparinga job, end-usersshould�rst have theinformationof theavailableresources(Vsites)and
thenthey canselecttheappropriatedestinationto runtheir job. In thecurrentstaticresourcemanagement
model,this informationis managedthroughthefollowing steps:

1. Theresourceinformationof a targetsystemarecon�guredin thestatictext IncarnationDataBase
(IDB) �le on NJS,suchasthelistedPROCESSORinformationmeanstherearetotally 10 proces-
sorsperNodeandtherequestnumbermustbebetween1 and10.

PROCESSOR[Number of PEs per Node] DEFAULT [1] MAXIMUM[10] MINIMUM [1]

2. In theinitializationprocess,theNJSreadsthis informationinto astaticmembervariableresources
andkeepsit unchangedduringits lifetime.
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3. When connectedto a Usite, the Client submitsa GetResourceDescriptionaction1 to the NJS.
ThecorrespondinghandlerDoGetResourceswithin theNJSreadstheinformationfrom thestatic
variableresourcesandreturnsit backto theClient.

4. After obtainingthe resourceinformation,end-userscan make a matchbetweentheir jobs and
the resources.Finally, the end-userswill submit their jobs to a Usite with a speci�ed resource
requirement.

Although this model canhelp the end-userto perform their job submission,it only provides a static
resourceview for a VSiteandcanthusnot fully meettherequirementsof bothparties,theend-userand
theprovider, on resourceprovisioning.

First, end-userscannot obtaintheup-to-dateresourceinformationof a target system.For examplethe
currentsystemload, the freeprocessornumber, or the availablememorysize.Surely, this information
affects the end-userto make a suitableresourceselection.Second,the currentmodeldoesn't support
the policy basedresourceprovisioning asdemandedby providers.For examplethe target systemcan
not provide speci�ed resourceinformationaccordingto theuseridandit' s thesamefor otherpolicies.
Third, the systemcannot provide a QoSensuredresourceprovisioning. It only providesthe resource
information and transfersthe job to the selectedtarget system.Thereare no intermediateassurance
components.Finally, economicmodelsof resourceprovisioning[5] will play animportantrole in Grid
Computing.But in thecurrentmodel,it is hardlypossibleto implementthis.

To meetthe above requirements,we introducea negotiation basedresourcemanagementmodel into
UNICORE.

WS AgreementbasedResourceNegotiation in UNICORE

Currently, thereareseveral ServiceLevel Agreement(SLA) protocolsthat cansupportresourcenego-
tiation in distributedsystems,suchasWSLA [6], BPEL [7] andWS Agreement[8]. Amongthem,WS
Agreementis anewly proposedandWSRFbasedprotocol.

WSA Client WSA Server

GetTemplate

ResourceTemplate

MakeOffer

Reject

MakeOffer

Accept

Figure2: InteractionSchemaof WSAgreement

1SeeAppendixA
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WebServicesAgreement

WS Agreementdescribesan XML languagefor the speci�cationof an agreementbetweena resource
providerandaconsumer. WSAgreementalsospeci�esaprotocolfor thecreationof anagreementusing
agreementtemplates.The speci�cation includesnot only the schemefor specifyingan agreementbut
alsoasetof port typesandoperationsfor managingtheagreement.

Fig. 2 shows the basicinteractionschemeof WS Agreement.First, the consumerneedsto requestfor
a resourcetemplatefrom the provider and after several negotiation stepstherewill be an agreement
betweenthesetwo parties.In thespeci�cation,anEPRwill bereturnedto theWS AgreementClient as
auniqueidenti�cation of thecreatedagreement,which is usedfor furtheragreementmanaging.

Client NJS/WSA Client TSI/WSA Server

GetResourceDescription (without epr)

GetTemplate

ResourceTemplate

CurrentResource

RequestResource

MakeOffer

Reject

RejectOutcome

RequestResource

MakeOffer

Accept

AcceptOutcome

Figure3: InteractionSchemeof UNICORE

SystemArchitecture of ResourceNegotiationModel

Accordingto theWSAgreementspeci�cationandtherequirementsfor resourceprovision,wedesigned
the interactionschemesfor the resourcenegotiationof UNICORE. As shown in Fig. 3, the approach
follows thatof WSAgreement.However, within theUNICOREarchitecturetheNJScommunicateswith
theWSAgreementServeron behalfof theend-user.

Thesystemarchitecturefor this resourcenegotiationmodelof UNICOREis shown in Fig. 4. Compared
with theoriginalmodel,theresourceinformationis managedasfollows:

1. Thesameastheoriginalmodel,NJSreadstheresourceinformationinto astaticmembervariable
at initialization.But it' s only takenasa referencefor futureuse.

2. TheClient canmake a GetResourceDescriptionrequestto NJS.Acting asa representative of the
end-userandalsoasa WS AgreementClient, NJSwill requestthe resourcetemplate,make an
agreementoffer, andquerytheagreementpropertiesaccordingto thecontentsof this request.
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Target System

TSI

NJS – TSI protocol

NJS

WS hosting
environment;

WS-RF enabled
WS-A
Server

WS-A
Client

TSI

getMultipleResourceProperties

Info
Sensor

Policies based Info filtering

getResources
(Identity incl.)

<njs.properties >
…

EPR 1
EPR 2

…

IDB

Figure4: Architecturefor ResourceNegotiationin UNICORE

(a) If the requestdoesn't containany attachedinformation,NJSwill sendGetTemplateto the
WSAgreementServer in orderto getdynamicanduserspeci�edresourceinformation.This
informationwill bereturnedto theend-userthroughtheGateway.

(b) If the requestcontainsa ResourceSet, theNJSwill treatit asa resourcerequestactionand
will senda MakeOffer messageto theWS AgreementServer to createanagreement.When
anagreementis successfullycreated,thecorrespondingEnd-Point-Reference(EPR)will be
sentbackto theend-user.

(c) If the requestcontainsa valid EPR,it meansthat this is a resourcequeryaction.The NJS
will usethis EPRto querymultiple propertiesof the correspondingagreementandreturns
theinformationto theend-user.

3. With thereturnedEPR,anend-usercanmake full useof this resourceagreement.

With all theabove functions,thenew negotiationbasedresourcemanagementmodelcansurelymeetthe
requirementsdescribedin section2.

SystemImplementation and Demos

Basedonthearchitectureshown in Fig.4,weimplementedaprototypesystem.In theimplementation,we
modi�ed NJSto supportthenew resourcemanagementmodel.Also, we integratedthenew UNICORE
versionwith WS Agreement.After that,we modi�ed theClient of UNICOREto validatethefeasibility
of thisnew model.In additionto thenegotiationrequirements,thecompatibilitywith theoriginalsystem
wasanotherrequirementof thiswork.

Modi�cation of NJS

As describedin AppendixA, eachrequestfrom theClient canbeseenasanaction.In this framework,
therearetwo waysto do themodi�cation:
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First, we canaddsomenew actionsinto the AbstractJobObject (AJO) to supportresourcenegotia-
tion. While this approachis relatively easyto performandwithout changingtheoriginal systemdesign
principle, the modi�cation of AJO will affect almostevery part of UNICORE,which meanslosing of
compatibility.

Second,by modifying theexisting actionswe canalsoachieve thesamegoal.Althoughit will disobey
thedesignprincipleof UNICORE,this methodwill limit themodi�cation insideNJSandcanmeetthe
compatibilityrequirement.

In theprototypeimplementation,we chosethelatteroneandmodi�ed thehandlerfor theactionGetRe-
sourceDescription. Thepseudo-codeis listedbelow:

String globalInfo = this.getUspace().getDirectory() + ".UNICORE_GLOBAL_INFO";
if ((new File(globalInfo)).exists()) {

ResSet = read ResoruceSet from File globalInfo;
ag_epr = read resource from ResSet;

// If there is a valid EPR then this is a resource query Request
// else this is an make offer request
if (ag_epr == null) {

ERP = make an agreement offer;
return EPR;

} else {
newResSet = query resource properties;
return newResSet;

}
} else {

// This is a get template request
newResSet = get resource template;
return newResSet;

}

Besidesthis,we alsomodi�ed thetaskmanagementcomponentsof NJSto checkwhethertheincoming
job hasavalid resourceagreement.

Integration of WSAgreement

WS Agreementis an developingspeci�cation.We useda prototypeimplementation[9] basedon the
speci�cationversion1.1,draft 20.

By introducingtheclassDoGetDynamicResInfo, wecanalsouseNJSasaWS AgreementClient.Class
GenerateResourceOffer and ParseResourceTemplateare usedto deal with the resourcetemplateand
agreementoffer. Thepseudo-codeis listedbelow:

public class DoGetDynamicResInfo {
/**
* Read the Dynamic Resources Info form WS Agreement by GetTemplate,
* the EPR here doesn't contain the agreement information but for the
* WS Agreement Server
*/
public static ResourceSet getDynamicResource(String xlogin, String vsite_epr,

ResourceSet current_rs) {
}

/**
* Read the Dynamic Resources Info form WS Agreement by GetMultiProperties,
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* here the EPR stands for the agreement
*/
public static ResourceSet getDynamicResource(String vsite_epr, String ag_epr) {
}

}

Modi�cation of Client

In orderto validatetheimplementationof a new resourcemanagementmodel,it wasneededto createa
client for communicatingwith NJS.Therearealsotwo waysto achieve this:

First, we can usethe Arcon Client of UNICORE to test this implementation.The Arcon Client is a
library thatprovidesa simple,lightweight interfaceto theUNICOREserversandcanbeusedto build
UNICOREclients.It is easyfor programming,but it only providesa limited setof functionsanddoes
nothave agraphicuserinterface.

Second,we canmodify thenormalUNICOREClient to addnew functions.Thenormalclient hasrich
functionsanda well designedgraphicuserinterface.But thecomplex architecturemakesit dif�cult for
modi�cation.

In this work, we chosethe secondone.Below is a list of classesthat we modi�ed or added:Client,
ResourceManager, GetResources, JobGroupPanel, JobResourcePanel, ResourceQueryPanel, Resource-
QueryDialog, JMCTree, JPATree.

Demos

By usingthemodi�ed Client we canget theup-to-dateresourceinformation,createan agreementand
canquerytheresourcepropertiesof thisagreement.Somescreencapturesarecollectedin Fig. 5.

Figure5: Demosof theNegotiationbasedResourceManagementModel
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Conclusionand Futur eWork

In this work, we identi�ed someweakpointsof thecurrentresourcemanagementmodelin UNICORE
andproposedthenegotiationbasedmodelasasolution.Throughtheprototypeimplementationandaset
of experiments,we demonstratedthefeasibilityof thisnew model.

With theexplorationof this work, this modelcanbeeasilyadoptedby thenext versionof WSRFbased
UNICORE software.Furthermore,on top of this model,we canalsoachieve resourceschedulingand
work �o w managementto provide abetterresourceprovisioning.
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Appendix

ResourceInformation Managementin NJS

Thefollowing descriptionsaremainly concentratedon whereandhow theresourceinformationis man-
agedin NJS,includinginitializationandactionhandling.

Initialization of NJS

As shown in Fig. 6, classNJSis in charge of the initialization phaseandthewholeprocessis listedas
follwos:

1. ClassNJSgetsthenameof property�le (njs.properties)andsomeotherparametersfrom startup
scriptandthenpassesthemto classCon�guration.

2. ClassCon�guration readsall theprede�nedpropertiesfor NJSfrom theproperty�le andstores
theminto the staticmembervariablesof classNJSGlobal. Thesepropertiesin classNJSGlobal
will beusedby otherpartsof NJS.

3. ClassNJScallsthefunctioninitialise() of classSeminariesto readthestaticresourceinformation
from IDB �le. When �nished parsingIDB �le, the resourceinformation is storedin the static
membervariableresourcesof classDoGetResources.
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NJS Configuration NJSGlobal Seminaries DoGetResource

New Configuration

configuration

setValues()

initialise()

setResources()

njs.properties

IDB File

Figure6: Initializationof NJS

In NJS,therearetwo kindsof objectsworking togetherfor parsingtheresourceinformation:Missaland
Reader. Missalcontainsasetof raw resourceinformationandadictionaryof differentkindsof resource
readers.For example,classResourceReadercontainsthe readersfor TextInfo Resource,NumericInfo
Resource,CapacityResource,andclassTargetSystemcontainsthereadersfor SoftwareResource.

In initialization,thecontentof IDB �le will bereadinto aMissalobject�rst. And thenthisMissalobject
canparsetheresourceinformationby usingdifferentresourcereaders.

ActionHandlingin NJS

In UNICOREeachkind of requestis taken asan actionandtherearefour kinds of actionsde�ned in
AJO:RAction,XAction, EActionandNAction.NAction refersto thoserequeststhatshouldbeexecuted
by NJSitself.

For each action there is the correspondingKnownActionFactory and Handler, such as GetRe-
sourceDescription, DoGetResources.FactoryandDoGetResources. In UNICOREGetResourceDescrip-
tion is aNAction responsiblefor providing thestaticresourceinformationto theend-user.

In theinitialization of NJS,classNJScalls the init() functionof classKnownActionFactory to initialize
therelationshipbetweenAction andFactory, suchastheGetResourceDescriptionactionhasthefollow-
ing registrationsentences:

classes_e.add((new GetResourceDescription()).getClass().g etName());
handlers_e.add(new DoGetResources.Factory());

With thehelpof this relationKnownActionDB,NJScan�rst createahandlerinstanceandthendispatch
theactionto it for processing.
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LeistungsanalysederMatrixmultiplikationsroutinen
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Zusammenfassung: Die Performanceder parallelenMatrix-Matrix-Multiplikationsroutinen
PDGEMMundPDSYMM wurdenaufdemJUelichMulti ProcessorJump[1] untersucht.

Einf�hrung

Untersuchtwurdedie RoutinePDGEMM (P für Parallel,D für Doubleprecision,GE für die Matrix-
EigenschaftGEneralundMM für Matrix � Matrix) ausPESSL,diedie folgendeOperationdurchführt:

C  �op (A)op(B ) + � C; op(X ) = X ; X T

mit A 2 Rm� k ; B 2 Rk� n ; C 2 Rm� n

Desweiterenwurdedie RoutinePDSYMM (P für Parallel,D für Doubleprecision,SY für die Matrix-
EigenschaftSYmmetricund MM für Matrix � Matrix) ausPESSLuntersucht,die die nachfolgende
Operationausführt:

C  �AB + � C; C  �B A + � C mit AT = A 2 Rm� m

DieseRoutinebenötigt keine vollständigeMatrix, sondernnur eine oberebzw. untereDreiecksma-
trix, der RestdieserMatrix kann beliebig besetztsein. In diesemDokumentwurde der Einfachheit
halber nur mit quadratischenMatrizen gerechnet,also k = m = n. Es wurden folgendeWerte
zur Berechnungbenutzt: � = 1; � = 1. Die Matrizen wurden auf folgende Weise erzeugt:
A(i; j ) = B (i; j ) = (i + j )=100 und,sofernnicht andersbezeichnet,wurdenalle Messungenmit der
Multiplikation zweier1000� 1000-Matrizendurchgeführt.

Bei derVerteilungderMatrizenauf die einzelnenProzessoren(siehe auf Seite105)mussnochgesagt
werdenhandeltes sich um eine block-zyklischeVerteilung (sieheScaLAPACK User's Guide [2]).
Dies bedeutet,dasszunächstdie Matrix in Blöcke aufgeteiltwird. Dann wird das Prozessor-Gitter
immerwiederüberdie Matrix mit ihreneinzelnenBlöckengelegt. DadurchentstehenunterUmständen
Last-Ungleichgewichte, da nicht alle ProzessorendieselbeMengezur Berechnungerhalten.Näheres
wird in demdazugehörigenKapitel aufSeite105erklärtundveranschaulicht.



Der JUelich Multi ProcessorJump bestehtaus 41 IBM p690 Knoten, wobei jeder Knoten mit 32
Power4+ Prozessorenmit 1.7 GHz Taktungbestücktist, waseinerGesamt-Anzahlvon 1312Prozes-
sorenentspricht.Die Leistungpro Prozessorbeträgt6.8 GFlops,woraussicheineGesamtleistungvon
8.9 TFLOPSergibt. JederProzessorverfügtüber64 / 32 KB instruction/ datainternenLevel1 Cache.
Je zwei Prozessorenteilen sich 1.5 MB Level2 Cacheund könnenauf 512 MB Level3 Cachepro
Knotenzugreifen.JederKnotenverfügtdesweiterenüber512GB Speicher. Die Berechnungenwurden
unter dem BetriebssystemAIX 5.2 mit ESSL V4.1 [3], PESSLV3.1 [4] und dem FortranCompiler
XL Fortran8.1durchgeführt.Die Zeitenwurdenmit derRoutineMPI_WTIME gemessen.

Die MessungenwurdenalleaufganzenKnotendurchgeführt.Die Option@node_usage= not_sharedim
LoadLevelerbewirkte, dasskeineanderenBenutzerdienochfreienProzessorennutzten,umeventuellen
Kommunikations-oderSpeicher-Kon�ikten ausdem Weg zu gehen.Da man es geradebei kleineren
Matrizen mit extrem kurzen Zeitspannenzu tun hat, wurden die Messungenmehrfach wiederholt
und die Ergebnissegemittelt.In denfolgendenGraphiken werdenoft die MFLOPSangegeben.Diese
wurdenanhandderAnnahme,dasseineMultiplikation zweiern � n - Matrizen2n3 F loating Point
Operationenbenötigt,berechnet.
Ein weiteresProblemstellt dasBetriebssystemdar, da in regelmäßigenAbständenbestimmteDienste
aufgerufenwerden,die die Zeitmessungenverfälschen.Die Zeit läuft weiter, obwohl eigentlichkeine
für die BerechnungrelevantenAusführungengetätigtwerden.Dies ist durchAusreißerin denGra�ken
zu erkennen.

Performancevon PDGEMM

Bei der Nutzungder parallelenMatrixmultiplikationsroutinen PDGEMM und PDSYMM müssen,um
einemaximaleLeistungs-AusnutzungdesComputerserreichenzu können,mehrereParameterbeachtet
werden:Prozessor-Anordnung,Prozessor-AnzahlundBlockgröße.
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Abbildung 1: Performancevon PDGEMM: unterschiedlicheBlockgrößen,verschiedeneProzessoran-
ordnungen
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In Abbildung 1 auf der vorherigenSeiteerkennt man die starke Abhängigkeit der Performancevon
Blockgröße und Prozessoranordnung, wobei die Performanceauf nichtquadratischenGittern bei
größerenBlockgrößenstarkzurückgeht,danichtmehralleProzessorenarbeiten.

WenneinerderobengenanntenParameterungünstiggewählt wird, mussmanmit starkenPerformance-
Einbußenrechnen.Im folgendenwerdendie einzelnenParameterunddie damitverbundenenProbleme
nähererläutert.

Die Prozessor-Anordnung

Nicht nur die eigentlicheAnzahl der Prozessoren(siehe „Die Prozessoranzahl“auf der nächsten
Seite), sondernauch derenAnordnungspielt für eine optimale Performanceein großeRolle. Dies
hängt damit zusammen,dassdie Prozessorenbei einer gut verteilten AnordnungbessereKommu-
nikationsmöglichkeiten haben,da dannmehrereProzessor-Spaltenoder -Zeilen parallel miteinander
kommunizierenkönnenund nicht nur eine globaleKommunikationabläuft. Wie in Abbildung 1 zu
erkennenist, erhältmanbeieinem16� 1 GittereineakzeptablePerformancebeikleinerenBlockgrößen
(siehe„Die Blockgröße“ auf Seite105), danachbricht die Performanceein. Bei dieserAnordnung
liegenalle 16 Prozessorenin einerReiheund esist nur eineeinzigeKommunikationrealisierbar. Die
bestePerformancebei diesemGitter beträgt53963MFLOPS.Im Vergleich dazubeträgtdie höchste
Performancebeieinem4� 4 Gitter63929MFLOPS,alsocirca18Prozentmehr. In diesemGitter liegen
dieProzessorenoptimalverteilt undkönnensobessermiteinanderkommunizieren.
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Abbildung 2: Performancevon PDGEMM: unterschiedlicheBlockgrößen,verschiedeneProzessoran-
ordnungen(horizontalundvertikal)

Abbildung2 zeigt,dassesauchUnterschiedemachtin welcherRichtungdieGitterangeordnetsind,dies
lässtsichaufdieunterschiedlichAusnutzungdesCacheszurückführen,dennFortranspeichertMatrizen
immerspaltenweiseab. In dieserAbbildungwerdenbereitsabeinerBlockgrößevon 67 nicht mehralle
Prozessorenbeansprucht.
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Die Prozessor-Anzahl

Esist wichtig eine„geschickte“Anzahlvon Prozessorenauszuwählen,denndieseist engmit derEffek-
tivität verbunden.DerSpeedupvon PDGEMMist durchdieKommunikationnachobenbegrenzt,dabei
mehrProzessoren,zwarderAnteil andersequenziellenBerechnungauf jedemProzessorgeringerwird,
abergleichzeitigderKommunikations-Aufwandsteigt.
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Abbildung 3: Effektivität von PDGEMM: verschiedeneProzessoranzahlenbei optimalemGitter und
optimalerBlockgröße

In Abbildung3 kannmansehen,wie die Effektivität (1 Prozessor= 100Prozent)bei steigenderAnzahl
von Prozessorenimmer weiter nachlässt.Des weiterensieht man, dassPrimzahlenals Anzahl von
Prozessorenvollkommenungeeignetsind,wasdamitzusammenhängt,dassdieProzessorenentwederin
einerReiheoderin einerSpalteangeordnetundnicht gleichmäßigverteilt sind,wohingegenmit einer
Prozessor-Anzahl die gut teilbar ist, deutlichbessereErgebnissezu erzielensind - am Bestenist eine
quadratischeAnzahl,dadieProzessorendannidealaufgeteiltsind.

Prozessoren 1 2 4 8 16 32 64 128
Zeit in s .42079 .22047 .11630 .06206 .03128 .01883 .01162 .01007
Speedup 1 1.91 3.62 6.78 13.45 22.35 36.22 41.78

Tabelle1: SpeedupsbeiMultiplikation von 1000� 1000Matrizen

Tabelle1 zeigt denSpeedupbei festerMatrixgrößeund Verdopplungder Prozessorzahlen.Man sieht,
dassmanin derRealitätniemals128Prozessorenfür einesogeringeMatrixgrößenutzenwürde,dajeder
einzelneProzessorbei einer1000� 1000-Matrix nur nochsehrkleine Blöcke zur Berechnungerhält.
Bei größerenMatrizenwärejedochderSpeedupauchmit mehrProzessorennochakzeptabel.

Man benötigt,um die Zeitenzu halbieren,eineimmer größereAnzahl an Prozessoren,dadurchmuss
man abschätzen,bis wohin sich eine Beschleunigungnoch lohnt und ab wann man eherwieder auf

104



weniger Prozessorenzurückgreift, um Ressourcenzu sparen.Der Vergleich zwischen36 und 72
Prozessorenin Tabelle aufSeite120zeigtdiesdeutlich,trotzVerdopplungderProzessor-Anzahlbeträgt
derZeitgewinn geradenoch26%.
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Abbildung4: Dauerin Sekundenfür Berechnungmit verschiedenerProzessoranzahl(optimalesGitter /
optimaleBlockgröße)

Abbildung 4 veranschaulicht,wie der Nutzen von mehr Prozessorenimmer geringerwird, und die
Ausführungszeitteilweisesogarwiederansteigt,wenneineungünstigeAnzahlanProzessorengewählt
wurde.

Die Blockgröße

Die Blockgrößeist für dieeigentlichePerformancederallesentscheidendeFaktor, denndieseGrößegibt
an,wie großdieBlöckesind,die jedemProzessorzugeteiltwerden.DabeisindgrößereBlöckekleineren
vorzuziehen.

Sind dieseBlöcke ungünstiggewählt, so kannespassieren,dassein Ungleichgewicht bei der Berech-
nungentsteht- ein Prozessormussbedeutendmehrberechnen,als ein anderer. Im Extremfall kannes
bei viel zugroßgewähltenBlöckensogarpassieren,dasseinigeProzessorennichtsmehrberechnenund
dieLastaufdieanderenfällt.

HierzueinBeispiel:Eswurdeeine300� 300-Matrix für 4 Prozessorenaufeinem2� 2-Prozessor-Gitter
aufgeteilt,alsBlockgrößewurde100gewählt.
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Man siehtan der Matrix-Darstellung,welcherProzessorwelcheTeile der Matrix zur Berechnungzu-
gewiesenbekommt, dabeifällt auf, dassProzessor0 vier Teile, Prozessor1 und Prozessor2 jeweils
zwei Teile undProzessor3 nur ein Teil derMatrix erhält,dadurchentstehtein Ungleichgewicht bei der
Berechnung.

Es ist alsosinnvoll die Blöcke so zu wählen,dassdie einzelnenProzessorenin etwa gleichviel zu tun
haben.DieslässtsichdurchfolgendeFormelgewährleisten:

guteBlockgröße= d
Matrixgröße

AnzahlanProzessoren
e� 1 (1)

In Abbildung5 ist diesgutzu erkennen:
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Abbildung5: Performancevon PDGEMMaufeinem5 � 3-Gitter, variableBlockgröße

DasMaximumderPerformanceliegt beiderBlockgröße68,lautFormelerhältman67� 1, wasalsomit
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derBerechnungübereinstimmt.

Wird die berechneteBlockgrößeallerdingszu klein oder zu groß,weil zum Beispiel eine sehrhohe
AnzahlanProzessorenvorhandenist, ist dienachfolgendeFormelbessergeeignet:

guteBlockgröße= d
Matrixgröße
kgV (p;q)

e=a � 2 mit a 2 N (2)

wobeip;q dieDimensionendesProzessorgitterssind

Dadurchdassdie MatrixgrößedurchdaskgV der DimensiondesGittersgeteilt wird, erhältmandie
größtmöglicheBlockgröße,beideralleProzessorengleichvielLasthaben.a solltehierbeiwennmöglich
sogewähltwerden,dasseineBlockgrößeim Bereichvon 50- 200zustandekommt.
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Abbildung6: Performancevon PDGEMMaufeinem8 � 8-Gitter, variableBlockgröße

Laut Formel1 auf dervorherigenSeitemüsstemandasMaximumderPerformancein Abbildung bei
einerBlockgrößevoncirca16� 1 erhalten,diegemessenMFLOPSbetragendortallerdingsnur119485,
im Gegensatzzu172175MFLOPSbeieinerBlockgrößevon 125,wie manmittelsFormel2 errechnet.

Mit diesenbeidenFormeln,lässtsicheine„brauchbare“Blockgrößeerrechnen(sieheauchTabelle2 im
Anhang),esseidenndasErgebnisliefert einenWert in derNäheeiner2-erPotenzdiegrößerals512ist.
Dort gibt esCache-Probleme,die die Performanceeinbrechenlassen.DieseCacheProblemekommen
von der auf jedemProzessorsequenziellausgeführtenDGEMM - Routine,sieheauch[5], bei der bei
2-erPotenzenextremviel Ladeaufwandbetriebenwird.
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(c) Blockgr�ûen um 2048 bei einer
8192� 8192-Matrix auf 16Prozessoren

 25000

 30000

 35000

 40000

 45000

 50000

 55000

 60000

 65000

 4050  4060  4070  4080  4090  4100  4110  4120  4130

M
FL

O
P

S

Blockgroesse

(d) Blockgr�ûen um 4096 bei einer
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Abbildung7: PerformanceeinbrüchebeiBlockgrößenin derNähevon 2-erPotenzen

Bei einerBlockgrößevon1024tretendieseProblemezumerstenMal aufundmachensichnur in einzel-
nenAusbrüchenbemerkbar, sobaldallerdingsdie Blockgrößeauf die nächste2-erPotenzansteigtoder
nochgrößerwird, gibt esmassive Probleme,dieeinenPerformance-Einbruchvon über50 Prozentnach
sichziehenundauchnicht mehrnur direkt dieseneinenWert betreffen, sondernauchdie Performance
beiumliegendenBlockgrößen(sieheAbbildung7).

Performancevon PDSYMM

Die Voraussetzungenfür einegutePerformancesind genauwie bei PDGEMM, die richtige Wahl der
Prozessor-Anordnung,derProzessor-AnzahlundderBlockgröße.Bei diesenWertensindnur minimale
Unterschiedezu PDGEMM zu erkennen,wasdamit erklärt werdenkann,dassPDSYMM die Routine
DGEMM mehrfachfür Berechnungenbenutzt,somitentstehendieselbenProblemewie beiPDGEMM.

Die Prozessor-Anordnung

Noch wichtiger als bei PDGEMM ist die Prozessor-Anordnung bei PDSYMM, die Performance
schwankt stark, je nachdemob man die Prozessorenin einerReihe,in einerSpalteoderquadratisch
anordnet.Dies liegt daran,dassdie Kommunikationbei PDSYMM komplizierteraufgebautist, da die
Matrix A nur zur Hälfte besetztist und der Restdannauf jedemProzessorhinzugefügtwird. Am lei-
stungsfähigstenist wiederdie gleichverteilteVariante,bei derkurzeKommunikationswege undbessere
Lastverteilungenentstehen.
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Abbildung8: Performancevon PDSYMM: 9 Prozessoren,verschiedeneGitter, variableBlockgröße

Die Prozessor-Anzahl

Es ist bei PDSYMM sehrsinnvoll Prozessor-Anzahlenzu verwenden,die gut teilbar sind,damit eine
möglichstgeschickteAnordnunggenutztwerdenkann;dennPrimzahlenoderandereWerte,die dann
eineungünstigeProzessor-Anordnungerfordern,sindnochperformance-schwächeralsbei PDGEMM,
sieheAbbildung9 aufdernächstenSeite.
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Abbildung9: Effektivität von PDSYMM: verschiedeneProzessoranzahlbei optimalemGitter undopti-
malerBlockgröße

Im Allgemeinenist zusagen,dassPDSYMM ehermit einergeringenAnzahlanProzessorenausgeführt
werdensollte,dadieRoutinesehrstarkanEffektivität verliert.

Prozessoren 1 2 4 8 16 32 64 128
Zeit in s .46398 .31944 .18690 .11203 .06536 .05345 .03795 .02972
Speedup 1 1.45 2.48 4.14 7.10 8.68 12.23 15.61

Tabelle2: SpeedupsbeiVerwendungvon PDSYMM

Die Blockgröße

Die grundlegendenDinge,die aufSeite105zurBlockgrößegesagtwurden,bleibenauchhierbestehen,
nur dassdie Formelnnicht gelten.Für PDSYMM sind Blockgrößenvon unter50, die durch4 teilbar
sind,ideal.

Vergleichder verschiedenenOperationenvon PDGEMM

TranspositionderMatrizen

PDGEMM bietetdie Möglichkeit, einederbeidenMatrizen,die multipliziert werden,zu transponieren.
Darunterleidet die Performance,da mittels einerexternenRoutinetransponiertwird. Am schnellsten
ist die normaleMultiplikation, gefolgtvon derMultiplikation, bei dereineMatrix transponiertist. Am
schlechtestenschneidethierbeidie Berechnungvon zwei transponiertenMatrizenab,wasauchklar ist,
danochbevor dieBerechnungbeginnt,beideMatrizenumgerechnetwerdenmüssen.
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Abbildung10:PerformancevonPDGEMM:verschiedeneTranspositionsvarianten,9 Prozessoren,768�
768- Matrizen

DasgrundlegendeVerhaltenvon PDGEMM hat sich nicht verändert,die Blockgrößespielt auchwei-
terhin eine wichtige Rolle, nur die absoluteLeistungist durch die Vorberechnungenund zusätzliche
Kommunikationetwasheruntergegangen.

Mit der Darstellungvon Prozentzahlenkann man sehr gut veranschaulichen,wie die Performance
schwankt. Die Operationmit einer transponiertenMatrix ist circa 10 Prozentlangsamerals die reine
Multiplikation. Die rein transponiertenMatrizensindsogarumcirca15 Prozentlangsamer.
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Abbildung 11: Performancevon PDGEMM: verschiedeneTranspositionsvarianten auf 9 Prozessoren,
Berechnungsgrundlage 768� 768- Matrizen
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Im Weiterenfolgen einige Abbildungen,die dieseBeobachtungenzeigen,ebensokann man an der
MFLOPS- Achseerkennen,wie dieunterschiedlichgroßenBlockgrößendiePerformanceverändern.
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Abbildung12:9 Prozessoren,Blockgröße5
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Abbildung14:9 Prozessoren,Blockgröße75

UnterschiedlicheWertefür �

Die RoutinePDGEMM überprüftzu Beginn,ob die Matrix C wirklich hinzuaddiertwird undmit wel-
chemFaktor(� = 1 oder� 6= 1) oderobdurchein � von0 keineAddition statt�ndet.Dementsprechend
gibt esLeistungsunterschiede zwischen� = 0, � = 1 und � 6= 1. Für � = 0 ist derAlgorithmusim
Schnittcirca100Mikrosekundenundfür � = 1 circa30 Mikrosekundenschnelleralsfür andereWerte,
beieiner1000� 1000-Matrix auf16 Prozessoren.
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Vergleichder verschiedeneOperationenvon PDSYMM

Die RoutinePDSYMM bietetdie Möglichkeit anzugebenob essichum eineobereoderum eineuntere
Dreiecksmatrixhandelt.Bei dengenauerenBetrachtungenstellt manfest, dassPDSYMM im Schnitt
circa2Prozentschnellerist,wennessichumeineobereDreiecksmatrixhandelt.EineweitereOptionvon
PDSYMM bestehtdarin,dassmanwählenkann,ob AB oderB A gerechnetwird. DieseOptionwurde
bei der weiterenAnalysevernachlässigt,da sich zwischendenbeidenVariantenkeinerleiUnterschied
zeigte.

UnterschiedlicheWertefür �

Auch die RoutinePDSYMM hateine� - Abfrageundüberprüftdementsprechend,waszu tun ist. Ein
� von 0 bringt einendurchschnittlichenGeschwindigkeitsvorteil von circa 70 Mikrosekundenund ein
� von 1 ungefähr25 Mikrosekundengegenübereinemandersgewählten� (Wertestammenvon einer
1000� 1000-Matrix auf16 Prozessoren).
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Abbildung16:Performancevon PDSYMM: 16Prozessoren,variables�

VergleichzwischenPDGEMM und PDSYMM

Bei dem Vergleich der RoutinenPDGEMM und PDSYMM stellt man mit Erstaunenfest, dassPD-
SYMM bedeutendlangsamerist alsPDGEMM.Die RoutinePDSYMM benötigtmeistmehralsdoppelt
so lange,um dasgleicheErgebniszu erhalten,dafürhatmanmit PDSYMM aberdenVorteil, dassnur
eineDreiecksmatrixbenötigtwird. Es ist durchausüblich, dass,falls dasErgebniseinerBerechnung
einesymmetrischeMatrix ist, mannur eineDreiecksmatrixerhält,undnicht die kompletteMatrix. Für
eineanschließendeMatrixmultiplikation entstündedanndasProblem,dassdieseMatrix erstkünstlich
aufgeblähtwerdenmuss,bevor siedannanPDGEMM- zumweiterrechnen- übergebenwerdenkann.
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Abbildung 17: Performancevon PDGEMM und PDSYMM: 4 � 4 -Prozessor-Gitter, verschiedenen
Blockgrößen.

Die Kommunikation,die entsteht,wenn eine Dreiecksmatrixzur komplettensymmetrischenMatrix
ergänztwerdenmuss,ist bedeutendaufwändigerals die bei einerkomplettenMatrix. Dadurchist es
sinnvoller, falls einesymmetrischeMatrix existiert undsienicht in Dreiecksformvorliegt, die Routine
PDGEMMzunutzen.
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Abbildung18:DieseAbbildungentsprichtderAbbildung17,Angabenin Prozent

Die Effektivität von PDGEMM ist bedeutendbesser, alsdie von PDSYMM, schonbei einemWechsel
von einenaufzwei ProzessorengehenbeiPDSYMM fast30 ProzentanLeistungverloren,wohingegen
PDGEMM„nur“ 9 Prozentverliert.
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Abbildung19:Ef�zienz von PDGEMMundPDSYMM

Besondersdrastischist derPerformance-EinbruchbeieinerPrimzahlalsAnzahlvonProzessoren,wobei
PDGEMM mit dieserTatsachenoch besserumgehenkannals PDSYMM. In Abbildung 20 sind die
absolutenTiefpunktedesVergleichsbeidengewähltenProzessor-anzahlen17 und19.
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Abbildung20:Geschwindigkeit vonPDSYMMgegenüberPDGEMM,DatenbasierenaufAbbildung19.

Vergleichvon DGEMM / DSYMM und PDGEMM / PDSYMM

Die RoutinePDGEMM ruft intern die RoutineDGEMM auf, PDSYMM hingegenruft DGEMM und
DSYMM auf. Die beidenRoutinenDGEMM undDSYMM erledigendie sequenzielleBerechnungauf
jedemProzessor. Im folgendenwurdendie parallelenmit densequenziellenRoutinenverglichen,inter-
essanterweisesindhierbeidie sequenziellenRoutinenDGEMM undDSYMM langsamer, alsdie paral-
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lelenRoutinen.Worandiesgenauliegt, obdieparallelenRoutineneinebessereBlockungrealisieren,als
die sequenziellen,lässtsich nicht mit Sicherheitsagen.Es kannauchdaranliegen,dassunterschiedli-
cheVersionenaufgerufenwerden,dieskannmanjedochnicht überprüfen,daderSourcecodenicht frei
verfügbarist.

Routine DGEMM DSYMM PDGEMM PDSYMM
Zeit in s 3.23527360 3.53911656 3.22782028 3.55672908

Tabelle3: SequentiellegegenüberparallelenVersionen:2000� 2000-Matrizen

Bei denparallelenVersionenwurdemit verschiedenenBlockgrößengerechnet.Hierbeiergabensichnur
geringeUnterschiede,daherwurdendieZeitenüberdieBlockgrößengemittelt.
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Tabellen

Gitter Block- Matrixgröße

größe 500 1000 1500 2000 3000 4000 5000 6000

1 x 4 32 14327.7 15043.3 15092.4 15495.6 13535.0 12984.5 13450.4 14242.3
50 12632.7 15275.3 14925.4 16453.8 13001.2 14423.4 14509.8 13456.0
64 14758.1 15768.6 15872.5 16829.3 14261.4 13824.0 13800.0 14363.2
100 9658.9 13817.8 15616.2 17429.4 12639.1 14563.2 14154.6 14310.5
128 13800.2 16008.0 16686.8 17632.6 14292.6 15391.1 15340.2 14841.4

2 x 2 32 14129.6 14276.9 15378.9 15605.7 12504.2 13262.2 13555.6 12938.6
50 14823.8 15769.3 15839.6 16510.9 12702.1 13829.7 12610.6 12751.3
64 14826.2 15427.7 16287.8 14570.7 13368.9 14669.2 14785.3 14208.3
100 10954.1 16201.0 15556.8 17417.7 17204.3 15553.9 13640.0 13964.7
128 14406.7 15594.4 17138.8 16057.1 13271.9 15436.4 14414.8 14754.7

4 x 1 32 14016.8 14572.1 15072.8 14843.5 12733.5 11936.3 15069.0 12848.3
50 10899.3 14726.6 15708.0 15973.8 13885.1 12131.1 13457.4 13608.5
64 14808.5 15700.1 16760.8 16190.2 13177.5 12756.7 13954.4 13911.2
100 9966.1 13764.5 16518.6 16994.8 13459.6 17749.4 15406.7 14057.2
128 14614.0 16097.1 17431.2 17206.3 13801.6 16768.0 16338.2 15742.3

siehen�chsteSeite
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Gitter Block- Matrixgröße

größe 500 1000 1500 2000 3000 4000 5000 6000

1 x 6 32 18318.8 20049.9 21727.7 22064.3 16581.0 18452.0 20954.1 18690.7
50 17895.6 19148.0 22409.6 22789.0 19022.0 19761.2 21717.8 20431.9
64 14969.6 20081.0 22995.4 22304.6 18563.5 24831.5 20270.0 20345.1
100 16480.4 19476.3 20420.5 21684.6 17487.5 25249.6 20603.8 22315.1
128 13710.6 16177.0 23821.8 23023.3 17256.8 23244.6 18191.2 21985.9

2 x 3 32 19401.2 20472.6 22629.0 22916.1 16774.2 18019.1 20626.5 19196.1
50 18579.8 22416.0 23357.3 23456.0 17338.8 18818.1 20639.8 20746.4
64 18857.6 21371.7 23754.2 20750.2 17714.2 25791.2 19604.6 20691.1
100 15680.2 19945.5 24096.8 24535.4 19165.5 25346.7 19871.2 20217.1
128 12816.3 20190.1 24601.0 22219.5 25001.2 17133.3 22104.1 21837.2

3 x 2 32 19477.8 21851.9 21671.4 23513.2 17379.2 24121.4 21576.7 19523.7
50 18687.3 22627.1 23220.1 23371.4 17336.7 24449.0 20824.9 21346.7
64 19345.4 22714.6 23035.7 24316.7 15927.2 16523.7 21794.2 20631.1
100 15905.2 20988.1 23219.9 24113.3 20171.4 25097.4 19094.9 21492.6
128 15097.9 21619.6 23990.9 24638.4 17296.9 25388.5 19925.1 20410.6

6 x 1 32 17929.1 19276.8 21000.3 22371.3 16292.1 18429.0 21082.7 16643.0
50 17392.9 18586.3 21782.7 22463.3 17641.0 23740.8 19175.1 19616.9
64 15407.7 21014.5 23446.0 22708.2 17130.8 18936.2 21979.4 18214.2
100 16935.1 19736.4 20763.2 22261.0 19524.1 24650.7 21457.6 20824.9
128 14478.2 16345.6 24431.5 23194.0 25481.6 23702.9 18567.5 20621.7

Tabelle 1: Vergleich von verschiedenenGittern mit variabler
BlockgrößebeiunterschiedlichMatrizen

Prozessor-
Anzahl

Gitter Optimale
Blockgröße

Zeit Ef�zienz Speedup

1 1x1 32 .42079163 100.00 1.00
2 2x1 504 .22047365 95.43 1.91

1x2 504 .22293890 94.37 1.89
3 3x1 336 .15033436 93.30 2.80

1x3 168 .15377045 91.22 2.74
4 4x1 256 .12015736 87.55 3.50

2x2 168 .11630738 90.45 3.62
1x4 256 .12051404 87.29 3.49

5 5x1 200 .09310162 90.39 4.52
1x5 200 .09646726 87.24 4.36

6 6x1 168 .08003068 87.63 5.26
3x2 168 .07859159 89.24 5.35
2x3 168 .08026040 87.38 5.24
1x6 168 .08299470 84.50 5.07

7 7x1 144 .06913877 86.95 6.09
1x7 144 .07204616 83.44 5.84
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Prozessor-
Anzahl

Gitter Optimale
Blockgröße

Zeit Ef�zienz Speedup

8 8x1 124 .06630576 79.33 6.35
4x2 63 .06300080 83.49 6.68
2x4 126 .06206417 84.75 6.78
1x8 124 .06660938 78.97 6.32

9 9x1 112 .05759871 81.17 7.31
3x3 84 .05373299 87.01 7.83
1x9 112 .06038260 77.43 6.97

10 10x1 100 .05681002 74.07 7.41
5x2 100 .05207336 80.81 8.08
2x5 100 .05250967 80.14 8.01
1x10 100 .05743062 73.27 7.33

11 11x1 96 .05227327 73.18 8.05
1x11 92 .05375373 71.16 7.83

12 12x1 84 .04995596 70.19 8.42
6x2 168 .04305708 81.44 9.77
4x3 84 .04130650 84.89 10.19
3x4 84 .04056323 86.45 10.37
2x6 168 .04379416 80.07 9.61
1x12 28 .04914212 71.36 8.56

13 13x1 80 .04713655 68.67 8.93
1x13 76 .04915500 65.85 8.56

14 14x1 72 .04472661 67.20 9.41
7x2 48 .03881466 77.44 10.84
2x7 48 .03781235 79.49 11.13
1x14 24 .04455829 67.45 9.44

15 15x1 68 .04483080 62.57 9.39
5x3 67 .03413856 82.17 12.33
3x5 67 .03407776 82.28 12.34
1x15 68 .04616141 60.77 9.16

16 16x1 64 .03706253 70.96 11.35
8x2 62 .03285336 80.05 12.80
4x4 126 .03128493 84.06 13.45
2x8 63 .03325737 79.08 12.65
1x16 64 .03910947 67.24 10.76

17 17x1 64 .03783441 65.42 11.12
1x17 60 .03814173 64.90 11.03

18 18x1 56 .03588355 65.15 11.73
9x2 56 .03034425 77.04 13.87
6x3 84 .02942288 79.45 14.30
3x6 84 .02878416 81.22 14.62
2x9 56 .03094268 75.55 13.60
1x18 56 .03629863 64.40 11.59

19 19x1 53 .03622675 61.13 11.61
1x19 53 .03581226 61.84 11.75
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Prozessor-
Anzahl

Gitter Optimale
Blockgröße

Zeit Ef�zienz Speedup

20 20x1 50 .03523636 59.71 11.94
10x2 50 .02925181 71.93 14.39
5x4 50 .02703536 77.82 15.56
4x5 50 .02787900 75.47 15.09
2x10 50 .02895558 72.66 14.53
1x20 50 .03557479 59.14 11.83

21 21x1 48 .03211558 62.39 13.10
7x3 48 .02679718 74.78 15.70
3x7 48 .02599728 77.08 16.19
1x21 48 .03325963 60.25 12.65

32 4x8 63 .01883137 69.84 22.35
36 6x6 168 .01667798 70.08 25.23
48 6x8 42 .01517379 57.77 27.73
64 8x8 125 .01161611 56.60 36.22
72 8x9 125 .01323414 44.16 31.80
96 8x12 42 .01131868 38.73 37.18
128 8x16 62 .01007235 32.64 41.78

Tabelle2: Vergleichevon verschiedenenGitternmit unterschied-
licher Anzahl an Prozessorenes wurden Matrizen der Größe
1000� 1000benutzt.
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