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Introduction 

ü  Embedded-atom method-type force fields (EAM) are among the 
most popular classical model potentials for pure metals and alloys 

2 

ü  EAM composed of core repulsion V, embedding energy F 
and charge density ρ. V and F can be chosen to reproduce 
a given equation of state (EOS). 
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ü  Some advantages: 
          For exponential V and ρ, and F ~ -ρα, (0 < α < 1), 

ü  Some challenges: 

§  Charge distribution is rigid, no electrostatics 
§  Directionality of bonding 

§  FCC/HCP energy difference due to long range part   

Introduction 

3 

§  Dissociation energy per atom E0 scales as Zα  
§  Vacancy energies ~ Z[Zα – (Z-1)α] ~ αZα - ...	


§  Nearest neighbor distances a0 ~ log(Z/Z0)	
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Motivation 

4 

§  Transferability of EAM between different 
coordination environments? 

§  Ingredients yielding the highest transferability? 
§  How to overcome the limitations? 
§  How much complexity is really needed?   
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ü  Set of clusters, quasi-1D chains, layers 
and 3D lattices is constructed 

ü  All systems are charge transfer free 
ü  Ab initio copper taken as fictional 

reference material 
ü E0 , a0  and                          from  
    density functional  
    theory (DFT) calculations 
ü  Some systems metastable or purely 

hypothetical 
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Methods 

•  Quantum Espresso DFT suite 5.0.3 
•  Hartwigsen-Goedecker-Hutter pseudopotential with 

semicore state in valence 
•  Perdew-Burke-Ernzerhof exchange-correlation functional 
•  16x16x16 k-point grid 
•  Planewave cut-off 200 Ry 

 

S = ∂
2E(a)
∂a2 a=a0
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Methods 

ü  Gupta potential1 is chosen as reference model: 

6 

ü  Charge density, core repulsion and embedding function are 
varied one at a time 

ü  Parameters fitted by optimizing a fitness function χ2(E0, a0, S) 

 

•  1R. P. Gupta, Phys. Rev. B, 23, 6265, (1981) 

     V(r) = V0exp(-r/σR),   ρ(r) = exp(-r/σQ),           =         -Aρ1/2 
_ 

F[ρ] 
_ 
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Ab initio nearest neighbor distances 

7 

 
ü   Trend is roughly logarithmic  
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ü   Line corresponds to exponent ~ 0.405 

Ab initio dissociation energies 
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ü   Bulk underestimated, low dimensions 

overestimated 

Gupta nearest neighbor distances 

9 

4

1 2 3 4 5 6 8 10 12
Z

0.98

0.99

1.00

1.01

1.02
a

0
(E

A
M

) 
/ 

a
0
(D

F
T

)

o
ct

ah
ed

ro
n

tr
ia

n
g

u
la

r
ti

li
n

g

ic
o
sa

h
ed

ro
n

cu
b

e

sq
u
ar

e
ti

li
n

g

k
ag

o
m

e

sc

cu
b

o
ct

ah
ed

ro
n

b
cc

h
cp

d
im

er

tr
im

er

sq
u

ar
e

li
n
ea

r 
ch

ai
n

te
tr

ah
ed

ro
n

d
o
d

ec
ah

ed
ro

n
h

ex
ag

o
n

al
 t

il
in

g

sq
u

ar
e 

ch
ai

n

fc
c

d
ia

m
o

n
d

tr
ia

n
g

u
la

r
ch

ai
n



Mitglied der Helmholtz-Gemeinschaft 

5

1 2 3 4 5 6 8 10 12
Z

200

300

400

500

600

E
0
(E

A
M

) 
  
(1

0
-2

1
J)

te
tr

ah
ed

ro
n

sq
u

ar
e 

ch
ai

n

h
ex

ag
o

n
al

 t
il

in
g

cu
b

e

d
o

d
ec

ah
ed

ro
n

tr
ia

n
g

u
la

r 
ch

ai
n

o
ct

ah
ed

ro
n

k
ag

o
m

e cu
b

o
ct

ah
ed

ro
n

sq
u

ar
e 

ti
li

n
g

d
ia

m
o

n
d

tr
ia

n
g

u
la

r 
ti

li
n

g

d
im

er

tr
im

er

li
n

ea
r 

ch
ai

n

sq
u

ar
e

fc
c

h
cp

b
ccsc

 
ü   The scatter is relatively narrow 
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Gupta dissociation energies 
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Core Repulsions 

 χ2 = 1 when Δa/aDFT ~ 1%, ΔE/EDFT ~ 5% and ΔS/SDFT ~ 15%. 

Ei =
1
2

V (!rij )+F ρ(!rij )
j≠i
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Exponential 
(Gupta) 

Gaussian Screened 
Coulomb 

Rose-Vinét Birch-
Murnaghan 
 

χ	

 0.67 0.69 0.67 
 

0.84 0.81 
 

V(r) 
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Embedding Functions 

Square root 
(Gupta) 

ρ log ρ Taylor 
polynomial 
O(ρ4) 

Rose-Vinét Birch-
Murnaghan 
 

χ	

 0.67 0.92 1.17 
 

0.75 
 

0.57 
 

F(ρ) 
_ 

 χ2 = 1 when Δa/aDFT ~ 1%, ΔE/EDFT ~ 5% and ΔS/SDFT ~ 15%. 
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  Exponential 
(Gupta) 

Gaussian Double 
Gamma 

Finnis-
Sinclair 

MEAM 
 

χ	

 0.67 0.78 0.89 
 

0.65 
 

0.64 
 

ρ(r) 
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Charge Densities 

 χ2 = 1 when Δa/aDFT ~ 1%, ΔE/EDFT ~ 5% and ΔS/SDFT ~ 15%. 
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  Exponential 
(Gupta) 

Gaussian Double 
Gamma 

Finnis-
Sinclair 

Orig. MEAM 
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Charge Densities 

 χ2 = 1 when Δa/aDFT ~ 1%, ΔE/EDFT ~ 5% and ΔS/SDFT ~ 15%. 

ρ(r) 
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ρα1,...,αn =σQ
n ∂nρ(r)
∂α1!∂αn

Charge Density Gradient 
Corrections  

ü  Stott and Zaremba1 proposed gradient corrections 
already in 1980 

ü  Modified Embedded-Atom Method2 charge density can 
also be cast in a similar form 

where each                                          

 
 
ü  We denote 

αi ∈ x, y, z{ }

15 

•  1M. J. Stott and E. Zaremba, Phys. Rev. B, 22, 1564, (1980) 
•  2M. I. Baskes, J. S. Nelson and A. F. Wright, Phys. Rev. B, 40, 6085, (1989) 
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Charge Density  
Gradient Expansions  
of Energy Functional 

ü   Energy functional can be 
expanded in terms of 
rotation- and reflection 
symmetric combinations of 
     ρα1,…,αN

Table 1: All invariants of ranks 2 and 4 

ρα1α1

ρα1ρα1 ≡ SG
≡ H

ρα1ρα1α2α2
ρα1α2ρα1α2
ρα1α1α2α2

ρα1ρα2ρα1α2

≡GT
≡ H "2
≡ F

SGH

(SG)2 ≡ SG2

≡ SG "H

H 2 ≡ H2

16 

ρ(!r ) = ρ( !rj −
!r )

j
∑

, 

where it has been denoted 
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SMEAM method 

ü   Not all invariants are of equal importance 
 
ü   We find promising results with χ ~ 0.33 when the prefactor 

of the Gupta embedding function is replaced with a linear 
combination of invariants SG, H2’ and SG3:	



FSMEAM = −A ρ 1+ cSG
ρα
2

ρ 2
+ cH2'

ραβ
2

ρ 2
+ c

SG3
ρα
2

ρ 2
ρβ
2

ρ 2
ργ
2

ρ 2
"

#
$$

%

&
''
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ü   Nearly all within 1% from reference 
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SMEAM nearest neighbor distances 
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ü   Resemblance to ab initio is improved 

19 

SMEAM dissociation energies 

 
 

8

1 2 3 4 5 6 8 10 12
Z

200

300

400

500

600
E

0
(S

M
E

A
M

S
) 

 (
1
0

-2
1
J)

o
ct

ah
ed

ro
n tr

ia
n
g
u
la

r 
ti

li
n
g

ic
o
sa

h
ed

ro
n

d
ia

m
o
n
d

sq
u
ar

e 
ti

li
n
g

tr
ig

o
n
al

 c
h
ai

n
k
ag

o
m

e

sc

cu
b
o
ct

ah
ed

ro
n

b
cc

fc
c,

 h
cp

d
im

er

tr
im

er

sq
u
ar

e

li
n
ea

r 
ch

ai
n

te
tr

ah
ed

ro
n

sq
u
ar

e 
ch

ai
n

cu
b
e

d
o
d
ec

ah
ed

ro
n

h
ex

ag
o
n
al

 t
il

in
g

7

1 2 3 4 5 6 8 1010 12
Z

0.98

0.99

1.00

1.01

1.02
a

0
(S

M
E

A
M

) 
/ 

a
0
(D

F
T

)

tr
ia

n
g

u
la

r
ti

li
n

g

ic
o

sa
h

ed
ro

n

d
ia

m
o

n
d

sq
u

ar
e 

ti
li

n
g

tr
ig

o
n

al
 c

h
ai

n
k

ag
o

m
e

sc

cu
b

o
ct

ah
ed

ro
n

b
cc

h
cp

d
im

er

tr
im

er
sq

u
ar

e

li
n

ea
r 

ch
ai

n

te
tr

ah
ed

ro
n

d
o

d
ec

ah
ed

ro
n

cu
b

e
h

ex
ag

o
n

al
 t

il
in

g sq
u

ar
e 

ch
ai

n

fc
c

o
ct

ah
ed

ro
n



Mitglied der Helmholtz-Gemeinschaft 

(a)

(b)
(c)

(d)

(e) (f)

(a)(c)

(d)

(b)

(e)

(f)

(a)

(c)

(b)

(d)

(e)

(f)

(a)

(b)(c)
(d)

(e)

(a)

(c)(e)

(d)(b)

(a)

(b)

(e)

(d)

(c)

20 

Further results 

Z = 3 Z = 4 

DFT Gupta SMEAM DFT Gupta SMEAM 

E 0
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Embedded-atom potentials 24
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Figure 10. Pressure as a function of the volume per atom for three different
crystalline structures. Symbols show DFT results, while dashed and full lines refer to
reparametrised Gupta potentials with and without SMEAM corrections, respectively.

tests using Rosen repulsion terms [67] did not prove successful.

Although the full elastic tensor is not described very accurately for either the

diamond or the simple cubic structures, the equation of state is reproduced quite well

for these two phases over a pressure range of more than 100 GPa in addition to that

of the fcc structure, as shown in figure 10. Interestingly, the SMEAM correction to the

Gupta potential improve all shown EOS in the full pressure range, i.e., for structures

that are much compressed or stretched compared to those entering the fits.

Lastly, we note some results on defect energies, even if the presence of defects

implies inequivalent atoms and thus the possibility of charge transfer, which, as argued

in the introduction, is beyond the capability of a conventional EAM potential. For point

defects, the effect however should be small, assuming simple models for the effective

electronegativity µ of an atom. For most mono-atomic systems, one might assume that

µ changes as a function of the number of nearest neighbors and thus the electronegativity

differences between 11 and 12-coordinated atoms should be relatively small. In fact, for

“vertical” point vacancies in fcc (i.e., no structural relaxation of atoms near the defect)

we find that the Gupta-SMEAM potential predicts defect energies of 1.84 × 10−19 J,

which is 10% less than the 2.05× 10−19 J value from DFT. In contrast, surface energies

are overestimated. Now the Gupta-SMEAM prediction is 1.45 J/m2 for a (111) surface,

which exceeds the DFT results 1.36 J/m2 by 6%. Further surface energies together with

selected results for elastic moduli are listed in tables 2 and 3.

21 

Further results 

 
ü   EOS for DC, SC and FCC reproduced   

up to and beyond 100 GPa 
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Further results 

  C11(fcc) C12(fcc) C44(fcc) Ev	



DFT 164 128 80 1.36 1.44 1.66 0.205 
Gupta 164 115 81 1.45 1.64 1.53 0.215 

SMEAM 160 122 67 1.45 1.62 1.74 0.184 

γ(111) γ(100) γ(110) 

  C11(sc) C12(sc) C44(sc) C11(dc) C12(dc) C44(dc) 

DFT 136 80 -13 85 36 93 
Gupta 275 2.7 -24 34 57 42 

SMEAM 263 15 -20 42 58 59 
•  Cij in units of GPa, surface energies in J/m2, vacancy energies in 10-18 J. 
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Conclusions 

§  Most forms of EAM components can be fitted to 
yield a similar level of transferability between 
geometries with  

§  Birch-Murnaghan EOS, Finnis-Sinclair and Gupta 
are slightly above average. 

§  Transferability can be improved with charge density 
gradient dependent terms. 

1≤ Z ≤12.


