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Abstract

In this thesis, we extended the applicability of the full-potential linearized augmented-plane-
wave (FLAPW) method, one of the most precise, versatile and generally applicable elec-
tronic structure methods for solids working within the framework of density-functional the-
ory (DFT), to orbital-dependent functionals for the exchange-correlation (xc) energy. In con-
trast to the commonly applied local-density approximation (LDA) and generalized gradient
approximation (GGA) for the xc energy, orbital-dependent functionals depend directly on
the Kohn-Sham (KS) orbitals and only indirectly on the density.

Two di erent schemes that deal with orbital-dependent functionals, the KS and the gen-
eralized Kohn-Sham (gKS) formalism, have been realized. While the KS scheme requires a
local multiplicative xc potential, the gKS scheme allows for a non-local potential in the one-
particle SchrHdinger equations.

Hybrid functionals, combining some amount of the orbital-dependent exact exchange en-
ergy with local or semi-local functionals of the density, are implemented within the gKS
scheme. We work in particular with the PBE hybrid of Perdew, Burke, and Ernzerhof. Our
implementation relies on a representation of the non-local exact exchange potential — its cal-
culation constitutes the most time consuming step in a practical calculation — by an auxiliary
mixed product basis (MPB). In this way, the matrix elements of the Hamiltonian correspond-
ing to the non-local potential become a Brillouin-zone (BZ) sum over vector-matrix-vector
products. Several techniques are developed and explored to further accelerate our numerical
scheme. We show PBE results for a variety of semiconductors and insulators. In compar-
ison with experiment, the PBE functional leads to improved band gaps and an improved
description of localized states. Even for the ferromagnetic semiconductor EuO with local-
ized ¥f electrons, the electronic and magnetic properties are correctly described by the PBE
functional.

Subsequently, we discuss the construction of the local, multiplicative exact exchange (EXX)
potential from the non-local, orbital-dependent exact exchange energy. For this purpose we
employ the optimized e ective potential (OEP) method. Central ingredients of the OEP
equation are the KS wave-function response and the single-particle density response func-
tion. A formulation in terms of a slightly modi ed MPB enables to solve the OEP integral



equation for the local potential without any shape approximations for the potential. We show
that a balance between the LAPW and mixed product basis is mandatory for a smooth and
physical local EXX potential. e LAPW basis must be converged to an accuracy which is
far beyond that for LDA or GGA calculations. We demonstrate that this is necessary to lend
the LAPW basis and thus the KS wave functions and density su cient exibility to react ad-
equately to the changes of the e ective potential, which are described in our formalism by
the MPB. If both basis sets are properly balanced, our results for C, Si, SiC, Ge, GaAs as well
as solid Ne and Ar are in favorable agreement with plane-wave pseudopotential results. Be-
cause of the exceedingly large LAPW basis sets the EXX-OEP approach is computationally
expensive. We propose a correction, the nite basis-set correction (FBC), for the density and
wave-function response, which explicitly considers the dependence of the LAPW basis on
the e ective potential and which vanishes in the limit of an in nite, complete basis. For the
example of ScN, we demonstrate that the FBC leads to converged potentials at much smaller
LAPW basis sets and thus turns the EXX-OEP approach into a practical method. Finally, we
discuss a generalization of the formalism to metals and report results for the cubic perovskites
CaTiO , SrTiO , and BaTiO , the transition-metal oxides MnO, FeO, and CoO as well as the
metals Al, Na, and Cu.



Zusammenfassung

Im Rahmen dieser Arbeit wurde die full-potential linearized augmented-plane-wave
(FLAPW) Methode, eine der pr*zisesten, vielseitigsten und allgemein anwendbarsten
elektronischen Strukturmethoden der Dichtefunktionaltheorie (DFT) fXr FestkHrper, um
orbitalabh"ngige Funktionale fXr die Austausch-Korrelations (xc) Energie erweitert. Im
Gegensatz zu den gel"u gen Funktionalen, wie der lokalen Dichten"hrung (LDA) und der
verallgemeinerten Gradientenn"hrung (GGA), h"ngen orbitalabh*'ngige Funktionale direkt
von den Kohn-Sham (KS) Orbitalen ab und sind damit nur indirekte Funktionale der Dichte.

FXr die numerische Umsetzung orbitalabh"ngiger Funktionale haben sich zwei unter-
schiedliche Ans"tze etabliert, der KS und der verallgemeinerte KS (gKS) Formalismus. Sie
unterscheiden sich in der Behandlung des xc Potentials. W'hrend der KS Formalismus ein
lokales, multiplikatives xc Potential erfordert, I"sst das gKS Schema auch ein nicht-lokales
Potential zu. Im Rahmen dieser Arbeit werden beiden Ans"tze diskutiert und untersucht.

Hybridfunktionale, die typischerweise im gKS Schema behandelt werden, kombinieren
orbitalabh"ngigen exakten Austausch mit dichteabh"ngigen LDA oder GGA Funktionalen.
Im Speziellen konzentrieren wir uns in dieser Arbeit auf das Hybridfunktional von Perdew,
Burke und Ernzerhof (PBE ). Die entwickelte Implementierung des PBE Funktionales
beruht auf einer Darstellung des nicht-lokalen Austauschpotentials durch eine Hilfsbasis,
die gemischte Produktbasis (MPB). Mittels dieser werden die Matrixelemente des nicht-
lokalen Austauschpotentials zum Hamiltonian eine Brillouin-Zone (BZ) Summe Xber
Vektor-Matrix-Vektor Produkte. Zur beschleunigten Berechnung dieser Matrixelemente
werden weitere Techniken entwickelt und erforscht. Im Vergleich zu LDA und GGA fXhrt
das PBE Funktional zu einer verbesserten Beschreibung der experimentellen BandIXcke
und zu einer verbesserten Beschreibung von lokalisierten Zust"'nden, wie d- und f -Elektron
Zust"nden. Zum Beispiel beschreibt das PBE Funktional die elektronischen und mag-
netischen Eigenscha en des ferromagnetischen Halbleiters EuO mit seinen lokalisierten ¥ f
Zust"nden im Einklang mit dem Experiment.

Die Konstruktion eines lokalen, multiplikativen Austauschpotentials im Rahmen des KS
Formalismus ausgehend von der nicht-lokalen, orbitalabh"ngigen, exakten Austauschen-
ergie (EXX) erfordert hingegen die optimierte-e ektive-Potential (OEP) Methode. Sie fXhrt



zu einer Integralgleichung fXr das lokale Austauschpotential, deren zentrale Bestandteile die
KS Wellenfunktionsresponse und die KS Dichteresponse sind. Eine Darstellung des lokalen
Potentials durch eine leicht modi zierte MPB gestattet die LHsung der Integralgleichung. Wir
zeigen, dass ein glattes und physikalisches Austauschpotential eine Balance zwischen LAPW
und gemischter Produkt Basis erfordert, d.h. die LAPW Basis muss zu einer Genauigkeit
konvergiert werden, die weit jenseits derer fXr LDA oder GGA Rechnungen liegt. Diese
Genauigkeit der LAPW Basis ist notwendig, damit die KS Wellenfunktion und damit die
Dichte ad"quat auf die Potential"nderungen, welche in unserem Formalismus durch die
MPB beschrieben werden, antworten kHnnen. Sofern beide Basen balanciert sind, nden
wir eine gute  bereinstimmung zwischen unseren All-Elektronen FLAPW Resultaten fXr C,
Si, SiC, Ge, GaAs, festes Ne und Ar und Pseudopotentialergebnissen der Literatur. Aufgrund
der nHtigen Balance beider Basen ist der EXX-OEP Ansatz numerisch sehr aufwendig. Wir
haben eine nite Basissatzkorrektur (FBC) entwickelt, welche die Abh"ngigkeit der LAPW
Basis vom Potential explizit berXcksichtigt und im Grenzfall einer vollst"ndigen LAPW
Basis verschwindet. Anhand von ScN demonstrieren wir, dass die FBC zu konvergierten
Austauchpotentialen bei kleinerer LAPW Basis fXhrt, was eine EXX-OEP Rechnung auf
der Basis der FLAPW-Methode erst praktisch ermHglicht. Desweiteren diskutieren wir eine
Verallgemeinerung des Formalismus fXr Metalle und berichten Ergebnisse fXr die kubischen
Perovskite CaTiO , SrTiO und BaTiO , die bergangsmetalloxide MnO, FeO und CoO, wie
auch fXr die Metalle Al, Na und Cu.
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1. Introduction

A description of the electronic structure of a material from rst-principles requires to solve
the quantum-mechanical SchrHdinger equation for the electrons and atomic nuclei consti-
tuting the material. e large mass di erence between the electrons and the atomic nuclei
permits to separate the electronic motion from that of the nuclei [ ], which nally results in
a SchrHdinger equation solely for the electrons. e electrons move in an external potential
created by the atomic nuclei and interact among themselves via the electrostatic Coulomb
interaction. As a consequence the motion of the electrons is correlated, i.e., the motion of
an individual electron is in uenced by all other electrons and, conversely, it a ects the mo-
tion of all others. e Coulomb interaction impedes a direct solution of the many-electron
SchrHdinger equation, a partial di erential equation for the many-electron wave function,
except for a very limited number of (small) systems.

Density-functional theory (DFT) provides an ingenious reformulation of the many-
electron problem and thus avoids the direct solution of the many-electron SchrHdinger
equation. e central quantity of DFT is the electron ground-state density, a function of
the three spatial coordinates, which is much less complex than the many-electron wave
function, which dependson N coordinates, where N denotes the number of electrons of the
system. Despite this reduction in complexity, the electron ground-state density incorporates
all information about the system, in principle. Hohenberg and Kohn [ ] showed that the
ground-state density uniquely determines the external potential (up to a constant) of the
many-electron system so that the many-electron Hamiltonian, its ground state, and excited
states can be regarded as functionals of the ground-state density. Ultimately, the expectation
value of any observable becomes a functional of the density. However, the ground-state
density of a material is unknown a priori and must be calculated. It can be determined by
applying the variational principle for the total energy, which constitutes the second part of
the Hohenberg and Kohn theorem [ ] and states that the total energy becomes minimal
for the ground-state density. Yet, the explicit functional dependence of the total energy on
the density is unknown.  erefore, Kohn and Sham [ ] proposed an indirect procedure to
minimize the total energy and determine the ground-state density.

Kohn and Sham introduced an auxiliary system of non-interacting electrons, the Kohn-



. Introduction

Sham (KS) system, whose e ective potential is adjusted such that its ground-state density
coincides with that of the real interacting system. In order to determine the e ective po-
tential, they partitioned the total energy of the interacting system into the kinetic energy of
non-interacting electrons, the classical Hartree energy, the energy arising from the external
potential and an everything-else term, the so-called exchange-correlation (xc) energy. e
latter comprises exchange and correlation e ects of the many-electron system as well as a
correction for the kinetic energy. Application of the variational principle then leads to the
identi cation of thee ective, local potential as the sum of three terms: external, Hartree, and
xc potential, where the latter is de ned as the functional derivative of the xc energy with re-
spect to the density. In this way, Kohn and Sham mapped the complicated interacting electron
problem onto an auxiliary system of non-interacting electrons with the same ground-state
density.

is mapping is, in principle, exact. All complicated many-electron e ects are hidden in
the xc energy functional. However, its mathematical form is unknown, and we must resort to
approximations for practical calculations. e local-density approximation (LDA) [¥- ] and
the generalized gradient approximation (GGA) [ , ] are nowadays routinely employed ap-
proximations. While in the LDA the xc energy is approximated by a (direct) functional of the
density, the GGA additionally incorporates the density gradient. Despite their success, they
su er from several shortcomings: (a) the Hartree potential contains an unphysical interaction
of the electron with itself, which should be compensated exactly by the exchange potential.
However, the only approximate treatment of exchange in the LDA and the GGA leads only
to a partial compensation and a spurious self-interaction remains [ ]. As a consequence, lo-
calized states are typically bound too loosely and appear too high in energy. (b) LDA and
GGA do not exhibit a derivative discontinuity of the xc energy functional with respect to
the particle number and, hence, underestimate the experimental fundamental band gap by
¥ %orevenmore[ — ].(c) einherentlocality of LDA and GGA prohibits to describe
van-der-Waals bonded systems [ ].

Orbital-dependent xc functionals constitute a new and promising class of xc function-
als[¥, ] ey are functionals of the KS orbitals and are only indirect functionals of the
density. In contrast to the LDA and the GGA, orbital-dependent functionals can be improved
systematically. ey naturally arise from an expansion of the exact xc energy in powers of the
electron-electron interaction [ ]. In rst order, this expansion gives the orbital-dependent
exact exchange energy, which is formally identical to the Hartree-Fock (HF) exchange en-
ergy, but evaluated with the KS orbitals. e higher-order terms de ne an orbital-dependent
correlation functional. Already, the rst-order term, the exact exchange energy, cures the self-
interaction problem of LDA and GGA and gives rise to a derivative discontinuity, whereas



the second-order term of the expansion enables a description of the van-der-Waals interac-
tion[ 1.

A combination of density- and orbital-dependent functionals into one functional yields
the hybrid functionals. ey usually mix orbital-dependent exact exchange with LDA and
GGA functionals and are motivated by the adiabatic-connection method [ — ]. e rst
hybrid functional has been proposed by Becke in the year [ 1and consists of % ex-
act exchange and % LDA exchange and correlation. Since then, many hybrid functionals
have been developed. For example, Perdew, Burke, and Ernzerhof [ ] proposed a hybrid,
named PBE , which combines % of exact exchange with % PBE exchangeand % PBE
correlation, where PBE [ ] denotes one speci ¢ GGA functional. e amount of orbital-
dependent exact exchange has been inferred from theoretical arguments. Typically, hybrid
functionals are employed within the generalized Kohn-Sham (gKS) system [ ], in which the
orbital-dependent exact exchange energy is treated as a non-local HF-like potential in the
one-particle SchrHdinger equations.

In this thesis, we have developed an implementation of the PBE hybrid functional in
the gKS system and of the exact exchange energy functional in the KS formalism, which
in contrast to the gKS formalism demands a local instead of a non-local potential. Both ap-
proaches and functionals are realized within the all-electron full-potential linearized aug-
mented-plane-wave (FLAPW) method [ ¥— ], which treats core and valence electrons on
an equal footing. e FLAPW method does not employ any shape approximations for the
density and potential and allows a treatment of open as well as close-packed multicompo-
nent systems including d- and f-electron states. Frequently, FLAPW results are considered
as the “gold standard” for the problem at hand.

e rst hybrid functional implementations and calculations for solids within the gKS
system were reported in the late s and the early s[ - 1 ey employed
Gaussian-type functions or plane-waves in the pseudopotential or the projector augmented-
wave (PAW) approach. In the all-electron FLAPW method, so far only an approximate
scheme [ ] has been proposed due to the methodological complexity involved in the im-
plementation as well as the large computational demand required for the calculation of the
non-local potential. In this approximation, the non-local exchange term is restricted to cer-
tain atoms and selected angular momenta I. We have developed an implementation of hybrid
functionals, in particular of the PBE hybrid, without the limitations of Ref. . It relies on
an additional auxiliary basis, the mixed product basis (MPB), which is constructed from
products of LAPW basis functions. e MPB is suited for the representation of products of
LAPW wave functions. It retains the all-electron character of the wave function product and
can be converged in a systematic manner. e usage of the MPB turns the matrix elements
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of the Hamiltonian corresponding to the non-local exchange potential into vector-matrix-
vector products, where the matrix can be calculated once at the beginning of a calculation.
Only the vectors are computed in each iteration. Due to the large computational demand
for the calculation of the non-local exchange potential, we develop several techniques to
accelerate our numerical scheme. In order to verify our implementation, we compare our
results of PBE hybrid-functional calculations for prototype semiconductors and insulators
with theoretical results from the literature. As an application we discuss and compare the
structural, electronic, and magnetic properties of rock-salt EuO obtained with the PBE and
PBE functional. While the PBE functional predicts EuO to be a metal in contradiction to
experiment, the PBE hybrid opens a band gap and leads to a consistent description of the
structural and magnetic properties of EuO.

A treatment of hybrid functionals and orbital-dependent functionals within the KS for-
malism, in contrast to the gKS formalism, requires a local, multiplicative xc potential. e
only indirect dependence of orbital functionals on the density, however, does not allow for
adirect di erentiation of the xc energy with respect to the density. Instead one has to apply
the optimized e ective potential (OEP) method [ — ¥], which yields an integral equation
for the local xc potential. For periodic systems and the exact exchange (EXX) functional, this
integral equation was solved rstby Kotaniin  ¥[ ]. He employed the linearized mu n-
tin orbital (LMTO) method with the additional approximation that the potential is purely
spherical around each atom (atomic sphere approximation). Implementations of the EXX-
OEP approach within the pseudopotential plane-wave method followed [ — ]. e rst
all-electron full-potential implementation, realized within the FLAPW method, goes back
to Sharmaetal. [ ]in . However, their results deviated substantially from the pseu-
dopotential values reported before, which initiated a controversy about the adequacy of the
pseudopotential approximation in the context of the EXX-OEP approach. Engel [¥ ] demon-
strated that all-electron and pseudopotential EXX-OEP results for lithium and diamond dif-
fer only slightly. He mimicked the all-electron results by pushing the pseudopotential and
plane-wave cuto s to their all-electron limit. Reasonable agreement between all-electron and
pseudopotential EXX-OEP calculations has also been observed by Makmal et al. [¥ ] for the
diatomic molecules BeO and CO employing a real-space grid approach. We have developed
an alternative implementation of the EXX-OEP approach within the FLAPW method — dif-
ferent and independent from that in Ref. . It employs a slightly modi ed version of the
MPB for the representation of the local exact exchange potential. So, the integral equation
becomes an algebraic equation, which can be solved for the local potential by standard numer-
ical techniques. We discuss and demonstrate the requirement of a balance between MPB and
LAPW basis to obtain physical and stable EXX potentials. Only if both basis sets are properly



balanced, a favorable agreement between our all-electron full-potential and pseudopotential
plane-wave EXX KS transition energies reported in literature is observed. is balance de-
mands a very exible LAPW basis set and, thus, leads to a high computational cost of EXX
calculations in practice. In order to reduce the demand on the LAPW basis we develop and
explorea nite basis correction (FBC) for the KS response function, which arises from the de-
pendence of the LAPW basis functions on the spherical e ective potential in the MT spheres.
It leads to stable exchange potentials at much smaller LAPW basis sets.  is FBC turns out
to be a very general concept that paves the road to response quantities and density functional
perturbation theory applicable to electronic structure methods with potential-dependent ba-
sis sets. We also report results for the cubic transition-metal perovskites CaTiO , SrTiO , and
BaTiO as well as the transition-metal monoxides MnO, FeO, and CoO. We will see that the
EXX functional leads to an opening of the KS band gap. Most notably, antiferromagnetic FeO
and CoO are correctly predicted to be insulating. Finally, we present a generalization of the
EXX-OEP formalism for metals and show results for Na, Al, and Cu.
e thesis is organized as follows. e second chapter provides a short introduction to

KS DFT, where the basic equations and quantities are de ned. e xc energy functional is
thoroughly discussed in the third chapter. Orbital-dependent as well as hybrid functionals
are motivated and the basic concepts for the development of functionals are introduced. e
FLAPW method is explained in chapter ¥, where emphasis lies on the local-orbital extension
of the LAPW approach and the construction of the MPB. Chapter introduces the gKS system
and discusses the implementation of the hybrid functionals within the gKS system. e OEP
method and its numerical realization within the FLAPW approach for the EXX functional is
described in chapter . e thesisis concluded in chapter .

Parts and results of chapter and have recently been published in Physical Review B [¥ ,
¥






2. Basics of density-functional theory

e physical properties of a material, be they of mechanical, electrical or magnetic character,
rest on the motion of the electrons under the in uence of the ions constituting the material.
is motion is governed by the time-dependent SchrHdinger equation

. K
HS e 1—5 e .
T ()

with the many-body wave function § e and the Hamiltonian

’ _ _ 7 zZ7Z
_(? i Qg AT ?sn R $ ‘Qm’ )

ixj X

where Z and M denote the atomic number and mass of the -th atomic ion, R its space
coordinates and r; the coordinates of the i-th electron. Inthe time-independentcase Eq. ( . )
becomes

HS e ES e (.)

with the total energy E. In Dirac [¥¥] already noted that with Egs. ( . )—( . ) “the laws
necessary for [...] a large part of physics and the whole of chemistry are thus completely
known, and the di culty is only that exact application of these laws lead to equations which
are to complicated too be soluble”. Indeed, even  years a er Dirac the exact solution of
the SchrHdinger equation for the enormous number of interacting electrons and atomic ions
present in real materials is impossible. It is therefore necessary to develop models or approx-
imations that are able to describe the main aspects of the physical problem under consider-
ation. e density-functional theory (DFT) is such an approximation and has been proven
to be very successful over the last decades. But before the DFT is introduced, the Born-
Oppenheimer approximation, which allows to separate the electronic from the ionic motion,
is discussed. It is essential for DFT, as well. In order to contrast DFT with wave function
based approaches, we will also brie y discuss the Hartree and Hartree-Fock (HF) approach.

e enormous mass di erence between the electrons and ions — the mass of the latter is at

We use atomic units except where noted otherwise: < m e
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least a factor of larger than that of the electrons — causes the motion of the electrons and
ions to take place in di erent time scales. On the time scale of the electron motion the ions
appear xed, which justi es to decouple the electronic from the ionic motion and to de ne
an electronic Hamiltonian

H Q -5 Vo Vee (¥

where we have introduced the external potential V' r; P SriZ—RS P . &~ and

R RS
X
the abbreviation Vee -Pij o for the electron-electron interaction. e ion positions
ixj ]

enter in ( .¥) solely as xed parameters. is is the so-called Born-Oppenheimer approxi-
mation [ ].

However, solving Eq. ( . ) with the Born-Oppenheimer Hamiltonian ( .¥) is still too com-
plex for systems with many electrons. Actually, a simple brute-force solution, which samples
each coordinate direction of the wave function with only  grid points, requires for an atom
with N electrons the storage of N numbers. For an iron atom N this amounts to

numbers. s ‘gedankenexperiment’ already indicates that from a practical point of view
the many-body wave function § e might not be the optimal quantity to describe the many
electron system with.,

In the Hartree theory [¥ ]the many-electron wave function$ e isapproximated by a prod-
uct of one-particle wave functions

HELE Lo M T % TNy I (.)

where n; denotes a set of quantum numbers. Due to the separation of the variables, the

demand of storing N numbers in our ‘gedankenexperiment’ for the true many-electron

wave functions is reduced to N numbers. Using ansatz ( . ) in combination with the
Hamiltonian ( .¥) yields the total energy

N N TS 1S

Ev ° WHS ne QS - Vrite -Q : ‘

i ij
iXj

Minimization of Ey with respect to the one-particle wave functions ~,, r; under the con-
straint that the latter are normalized leads to a SchrHdinger equation for the one-particle wave
functions

- Vr Vir ~yr Ry r (.)
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with the electrostatic potential Vi 1 Pj jxi —/5dr. esetofEgs. (. )mustbe
solved self-consistently, as the electrostatic potential already depends on the one particle wave
functions and thus on the solution of Eq. ( . ). Starting with a guess of wave functions the
electrostatic potential is calculated and a new set of orbitals is gained by solving Egs. ( . ),
which is then used to calculate a new electrostatic potential.  is scheme is iterated until the
orbitals do not alter anymore. According to the Ritz variational principle the total energy Ey
constitutes an upper bound for the exact one.

In the Hartree approach the Pauli principle is only considered insofar that two one-particle
wave functions are not allowed to agree in all guantum numbers. A rigorous consideration
of the Pauli principle however requires that the electron wave function § e is antisymmetric
under the exchange of two particles. A corresponding re nement of the Hartree-ansatz ( . )
leads to a single Slater determinant as an approximation for the many-electron wave function

23 N .
HE I, T, ..., TN mdetS n Tj S (.)

is is the HF approach [¥ , ¥ ]. e explicit anti-symmetrization of the wave function en-
tails an additional energy contribution to the total energy, the so-called exchange energy or
HF exchange energy Eyx
Ene En  Eyx (.)
with

/\.r/\njr/\njr/\nir

Ex -Q drdr. (.)

iXj

Sror§

In analogy to the Hartree approach minimization of Eyr with respect to the one-particle wave
functions yields SchrHdinger-type equations for the orbitals ~y, r

N r Ani r

- Vr Vir Mr  Q

J i

Wdr/\njr Ri/\nir, ()

where the HF exchange energy results in an additional non-local exchange potential. e
HF approach considers exchange exactly, but completely neglects correlation e ects. A linear
combination of Slater determinants [con guration interaction (CI)] is able to give the exact
many-electron wave function in the limit of in nite many determinants. However, the com-
putational demand scales exponentially with the system size. As a consequence, only small

In Eq. (. ) the diagonal term j i can be added to the local potential Vi r and the non-local exchange
potential as they cancel out mutually.
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systems (atoms, molecules) can be treated.

In contrast to the Hartree, Hartree-Fock or ClI approach, the DFT pursues a di erent ap-
proach. e electron density instead of the complex many-electron wave function is the cen-
tral quantity. e density depends only on three spatial coordinates in contrast to the N
coordinates of the many-electron wave function, where N denotes the number of electrons
in the system. is is a tremendous simpli cation and DFT still represents an exact theory
of the many-electron system, in principle. e central theorem of DFT is the Hohenberg and
Kohn theorem and will be discussed in the next section.

2.1. Hohenberg-Kohn theorem

e Hohenberg and Kohn theorem [ ] forms the foundation of DFT. It comprises the follow-
ing two statements:

e e ground-state density of any electronic system n r uniquely determines the ex-
ternal potential V r (up to a constant) and, thus, with Egs. ( . ) and ( .¥) the ground-
state wave function  r . Consequently, the expectation value of any observable of a
many-electron system can be regarded as a functional of its ground-state density, in
particular the total energy.

e etotal energy functional
En Fn Vrinrdr (.)
with the universal functional
Fn mirr1]‘ ST Veel e, (.)

where the minimization is over all N-electron wave functions yielding the density n,
becomes equal to the exact ground-state energy E for n r n r . For all other
densitieswithn r xn r

En AEn (.%

holds. s is the variational principle of DFT leading to the Euler-Lagrange equation

En % nrdr N , .
7 (.)

where the Lagrange  multiplier % ensures particle  conservation.
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F n is universal in the sense that it is independent from the actual external po-
tential. It is the same for all electronic systems.

ese theorems alone are, however, of little practical use, as for a practical calculation of the
ground-state density and energy the universal functional F n has to be evaluated. So far,
besides its formal de nition in terms of the many-electron wave function no method has
been given to nd or approximate F n . A simple but crude approximation for the universal
functional is given within the  omas-Fermi approach.

2.2. Thomas-Fermi approach

e omas-Fermi approach [¥ , ¥ ] goes back to the year . isis years before the
rigorous fundament of DFT was laid by Hohenberg and Kohn. In retrospect, however, it can
be understood as the rst realization of DFT. In the following, the main ideas of the  omas-
Fermi method are discussed in the terminology of DFT.

e omas-Fermi method approximates the universal functional by an explicit functional
of the density
nrnr
Fen — + ° nrdr - —drdr. )
T rors ¢

e rst term is an approximation to the kinetic energy assuming that it can be described
locally by that of a homogeneous electron gas. e second term is the classical electrostatic
Coulomb energy, which is in the context of DFT usually denoted by Hartree energy

nrnr
Uqn - —drdr. )
H rorg ¢
Application of the variational principle ( . ) leads to the = omas-Fermi equation for the
densityn r
-+ nr° Wr Vr % (.)

where we additionally introduced the Hartree potential

Uy n nr
Vyr dr . .
H nr Sror§ C)

Solution of the integral equation ( . ) results in the ground-state density and with Eqgs. ( . )
and ( . ) the ground-state total energy can be calculated. But it turns out that the  omas-
Fermi approach is not able to describe the bonding of molecules or solids, because the ki-
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netic energy functional is only a poor approximation for the true kinetic energy and essential
physics like electron exchange and correlation are neglected. e decisive step for an accurate,
practical realization of DFT is the Kohn-Sham approach [ ].

2.3. Kohn-Sham system

e brilliant idea of Kohn and Sham [ ] was to map the interacting many-electron system
onto an auxiliary system of non-interacting electrons, the Kohn-Sham (KS) system. e in-
dependent electrons of the KS system move in an e ective, local potential V, r , which is
adjusted such that the ground-state density of the KS system equals the ground-state density
of the interacting system.

e Hohenberg and Kohn theorem is independent of the particular form of the electron-
electron interaction. Especially, it holds for the non-interacting KS system

He Q -7 Ve ri . (. )

Consequently, Ve r is uniquely determined by the ground-state density, and the KS single
Slater determinant

He r,...,ry Eks r,...,In ( )

as well as its single-particle wave functions ~j r
=" Ve r Nr RN (. )
can be regarded as functionals of the density. e total energy of the KS system is given by
Eksn Tsn Ve rnrdr (. )
with the kinetic energy functional

Tsn Q ~r =7 %rdr. (.¥

i
In order to guarantee that the KS system has the same ground-state density as the interacting
onge, Kohn and Sham rewrite the universal functional F n of the interacting, many electron
system as a sum of the kinetic energy Ts n of the non-interacting system, the Hartree energy
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Un n , and an exchange-correlation (xc) energy
Fn Tsn Upgn Exn, (.)

where Ey; subsumes all many-electron exchange and correlation e ects and the di erence
between the kinetic energy of the interacting and the non-interacting system.

en, the stationary equation ( . ) becomes

T E
s Vi r XC
nr nr

Vr o . (. )

is Euler-Lagrange equation is formally equivalent to that obtained for the non-interacting
KS system, if the e ective potential ful lls

Ve I Vr Vygr Vyr (.)

with the xc potential given by
Vie ' ———. (. )

Consequently, Kohn and Sham recast the problem such that the ground-state density n r
of the interacting system can be found by solving the one-particle KS equations ( . ) with
the potential ( . ) and subsequently occupying the electron states according to the Pauli
principle. e density is then given by a sum over the occupied KS orbitals

occ.

nroQWirs. (. )

As V, r itself depends on the density, the set of equations (. ) must be solved self-
consistently. e ground-state energy E is nally obtained from

E En Tsn Uy n Exc N Vrn rdr, (. )

Formally, the mapping of the interacting system onto the KS system is exact. However,
except for the formal de nition of the xc energy functional

Exn Fn Tin Uxln (.)
its exact form is unknown. E4. n is usually split into an exchange and a correlation part

Excn EXn Ecn (' )
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which are de ned by
Exn ° nVeS ne Uyn (.)

Ecn  ° niT VS ne ° niT VS ne. (.%

Here, n denotes the KS single Slater determinant that yields the densityn r and n is
the many-electron ground-state wave function of density n.

In practice, the xc energy functional must be approximated. Chapter gives some phys-
ical insight into the xc functional, discusses the nowadays routinely used local-density ap-
proximation (LDA) and generalized gradient approximation (GGA), and nally introduces
orbital-dependent functionals.

Incontrasttothe  omas-Fermiapproach, the KS method approximates the kinetic energy
by the exact orbital-dependent, non-interacting kinetic energy term instead of an explicit
density functional. In this way, the dominant contribution to the total energy is described well
and only the smaller di erence to the exact kinetic energy must be approximated by E,..  is
explains, at least partially, the success of KS DFT, as already relatively simple approximations
for Ey lead to reliable results for a wide range of materials.

2.4. Spin DFT

e DFT formalism, developed so far, does not incorporate the spin of the electron as a degree
of freedom. However, the spin is essential to describe, for example, the magnetism in the d
metals Fe, Co, Ni, and Cr. Here, we sketch the extension of the Hohenberg and Kohn theorem
as well as the KS formalism to spin DFT.

Instead of the spin-independent interacting Hamiltonian ( .¥), the interacting Pauli-type
Hamiltonian

H Q _.i Vv I %DB. Bri —QQ
1

forms the starting point of spin DFT, where %g is the Bohr magneton, . is the vector of the
Pauli spin matrices, and B r denotes a magnetic eld. Von Barth and Hedin [ ] showed
that the ground-state wave function§ e of the Hamiltonian ( . ) and hence all ground-state
properties are functionals of the density matrix, which is de ned by

n-r S5 r, rS$e. (. )

Here, , . r denotes the eld operator for an electron of spin . (., ). is statement
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corresponds to the rst part of the Hohenberg and Kohn theorem for non-spin-polarized

systems. Accordingly, the second part — the variational principle — can be generalized: the

ground-state energy E is stationary with respect to variations of the density matrixn-- r .
e concept of the KS system as an auxiliary system of non-interacting electrons, which

yield the same ground-state density (matrix) can be carried over, too. e KS equations for
N

o r
the KS orbitals, which are then two-component Pauli spinors A' , thus become
o r
|
nr Exc
=" dr Vexr = % .B " ————i™N or RN r.
rors & ° n-r 'l b
(. )
e density matrix in terms of the occupied KS spinors is given by
occ.

nsr QN rh . (. )

For collinear structures, on which we will focus in this thesis, i.e., ferromagnetic or antifer-
romagnetic materials, the KS Hamiltonian becomes diagonal and Eq. ( . ) decouples into
two equations

nr
- o rd Vel B Ve Ri~yr ()
. nro, . A

- g rdf Veal  ReBr o Ve rifr RNy r, (¥)

where V,; r is the spin-dependent generalization of the xc potential de ned as

E
Ver oo (¥)
and the N lowest states are occupied without regard to the spin such that the particle number
is conserved
N Q nrdr QQ NorNrdr. (¥)

I
R: BEF

e energy of the highest occupied state corresponds to the Fermi energy Er of the system.






3. The exchange-correlation energy
functional of KS DFT

Kohn-Sham (KS) density-functional theory (DFT) relies on an exact mapping of the interact-
ing, many-electron system onto an auxiliary one of non-interacting electrons such that the
ground-state densities of the auxiliary and true systems coincide. All complicated many-body
e ects are taken into account in the KS formalism, in principle, via the exchange-correlation
(xc) energy functional. e exact form of the latter, however, is unknown, so that approxi-
mations for E,. are mandatory in practice. Fortunately, already simple approximations give
reliable results for a wide range of materials.

In this chapter we give some physical insight into the xc functional of DFT. We begin with
the adiabatic-connection method, which connects the KS with the true, fully interacting sys-
tem by gradually switching on the electron-electron interaction. It provides a de nition of
the xc energy in terms of the xc hole and constitutes the basis for the rest of this chapter.  en,
we introduce the nowadays standard functionals the local-density approximation (LDA) and
the generalized gradient approximation (GGA) and shortly discuss their success and failures.
For the construction of approximate functionals, exact constraints for the xc functional are
of utmost importance. Such constraints can, for example, be developed by the technique of
uniform coordinate scaling. e latter will be explained and a link between uniform coordi-
nate scaling and the adiabatic-connection method will be established. A erwards, based on
the adiabatic-connection method, we introduce the hybrid functionals that combine orbital-
dependent exact exchange with (semi-)local xc functionals. While the hybrids exactly de-
scribe the coupling constant integrand in the non-interacting limit , a systematic
expansion of the xc functional in the electron-electron interaction around * is provided
by GHrling-Levy perturbation theory. e perturbation theory yields, in principle, an exact
expansion of the xc functional. Finally, we point out a di erent route for the construction
of approximate functionals by combining many-body perturbation theory (MBPT) and KS
DFT. e Sham-SchiXter equation connects the self-energy of MBPT with the xc potential.
In principle, a diagrammatic expansion of the dynamical and non-local self-energy in higher
and higher orders of the electron-electron interaction leads to xc potentials of ever increasing



e exchange-correlation energy functional of KS DFT

accuracy. We close this chapter by a short summary.
For the sake of simplicity, we have suppressed the spin index throughout this chapter.

3.1. Adiabatic-connection method

In the adiabatic connection[ — ], which is sometimes also called coupling-constant inte-
gration method, the KS system is connected with the fully interacting many-electron system
by adiabatically switching on the electron-electron interaction Vee

H T "Vee V' (.)

and adjusting the external potential V" such that the ground-state density equals the real

physical density of the interacting system forany "> , . For" the external potential
V" then corresponds to the e ective KS potential, whereas for " it is the true external
potential.

According to the coupling-constant Hamiltonian H", the universal functional F n of
Eq. (. ) may be generalized to

F'n  min® ST "Ve e. (.)
n
In analogy to Eq. ( . ), the xc energy functional that correspondsto H' is de ned by
E.N F n Tgn "Usn. (.)

Inthelimit" |, E,. iszero,asF° n  Ts n holds, which re ects that the KS system of
a non-interacting system is the system itself. Consequently, the xc energy functional can be
written as

ddEde" © "WVeeS & Uy n d", (¥

where " denotes the many-electron ground-state wave function of H".

Ex N

At rst glance, this exact equation for E,. seems to be of little practical use, as the many-
electron wave function ~ enters for each "'. But we will see in the following that it is a central
equation for developing and understanding functionals.

We de ne the " dependent pair-density

nrnr *SQ roror s e (.)
)

iXj
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and the " dependent xc hole

n“rrr nrnr

N r,r . .
xc - (.)

e latter describes the reduced probability of nding an electron at r if a given electron sits
atr. isholeis, on the one hand, created by the Coulomb repulsion and, on the other hand,
by the Pauli principle separating two electrons of equal spin in space. Combining Eq. ( .¥)
with Egs. ( . ) and ( . ) we obtain for the xc energy

Exc N - T nrr nrnrdtdrdr (.)
NTNgrr

- ————drdr, -

rors )

where we additionally introduced the "'-averaged xc hole
Ny I\ T Ne r,r d". (.)

us, the xc energy is the Coulomb energy of the electron density with the surrounding xc
hole. e xc hole around an electron at r does not depend on the absolute positionr.  us,
we can represent the xc hole ny. r,r by

I
Ny I, T Q Q Nyeim Lr ri Yy r . (.)
I m |

Using this expansion in Eq. ( . ) it becomes evident that only the spherical average of the xc
hole nyc,  r,r determines the xc energy

ExxenN - ¥+ nr N, ©,rrdrdr. (.)

Approximate xc functionals therefore must not mimic the exact xc hole, itis su cient if they
are able to reproduce its spherical average. Moreover, the exact xc hole obeys the sum rule

N r,r dr . (. )

In the next section the nowadays routinely used approximations for the xc functional, the
LDA and the GGA, are discussed.
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3.2. LDA and GGA

e LDA assumes that the interacting electron system locally acts as a homogeneous electron
gas. Correspondingly, the xc energy is written as an integral over space, where at each point
in space the xc energy is approximated by the xc energy density RkP* of the homogeneous
electron gas

ELPA n nrR>A nr dr. (.)

e exchange part of R:DA can be derived exactly within the Hartree-Fock (HF) method

RLPA n o T (.9

while the remaining correlation energy is parametrized by a t to quantum Monte-Carlo cal-
culations [¥]. edi erentavailable LDA xc functionals, e.g. Vosko-Wilk-Nusair (VWN) [ ],
Perdew-Zunger (PZ) [ ], and Perdew-Wang (PW) [ ]di er in details of the parametrization
for RLDA,

Despite its simplicity, the LDA gives reliable results for a wide range of materials and prop-
erties. Its success goes back to the fact that EXP* provides (nearly) an exact description of the
xc energy for the model system of the homogeneous electron gas.  erefore, the LDA xc hole
ful lls the sum rule (. ) and its spherical average is usually a reasonable approximation to
the exact average, whereas the full non-spherical hole is usually in poor agreement with the
exactone[ 1.

A simple expansion around the uniform limit by taking into account the inhomogeneity of
the system via its density gradient leads in practice to less accurate resultsasthe LDA[ , 1.
Explicit incorporation of the sum rule ( . ) and additional exact constraints nally lead to
the generalized-gradient approximation (GGA) with an improved accuracy in general. e
GGA iso en called a semi-local approximation and formally given by

ESCA n nrRSA nr *nr dr. (.)

A large variety of GGA functionals exists nowadays: Perdew-Wang- (PW ) [ ], Perdew-
Burke-Ernzerhof (PBE) [ ], Becke-Lee-Yang-Parr (BLYP) [ ¥, ]and many others.

For a comparison of the performance of LDA and GGA we cite some well known
trends[ - 1

» LDA as well as GGA give ground-state structural properties with a deviation of a few
percent to the experimental value. e LDA usually underestimates the lattice param-
eter. It over-binds. On the contrary, GGA has a tendency to under-bind, where the
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magnitude of the error is typically not as large as the LDA one.

< With respect to the experimental values cohesive energies are in general signi cantly
overestimated in LDA. e GGA gives usually better energies.

» KS band gaps of LDA and GGA are far too small in comparison with experimental
results. isiso en called the band gap problem of LDA and GGA.

« Duetothe self-interaction error inherentin LDA and GGA, localized d- and f -electron
statesare 0 en bound to loosely and their binding energies appear too high in energy.
In the worst case, this can lead to a metallic instead of an insulating ground state.

e self-interaction error arises from the separation of the Hartree energy in Eq. ( . ) and
the only approximate treatment of exchange in LDA and GGA. Hence the total energy E n
contains an unphysical self-interaction, i.e., the electrons move inan e ective potential which
is partially created by its own charge. e error is more severe for localized states, like d- and
f -electrons of transition metal oxides, and tends to delocalize these electrons.

3.3. Uniform coordinate scaling and the adiabatic
connection

As already pointed out, exact constraints for the xc functional are essential for the construc-
tion of approximate xc functionals Ey.. Each constraint limits the 'phase space’ of possible
forms for Ey.. In particular, the technique of uniform coordinate scaling has been proven as
a useful tool to nd such constraints[ , .

e uniformly scaled density n r arises from n r by scaling all length scales by and
ensuring thatn r s still normalized to N electrons

For > , thescaleddensityn r isstretchedincomparisonwithn r ,whereas > ,“*
corresponds to a compression of the density. Accordingly, the uniformly scaled KS single
Slater determinant ~ and the many-electron wave function  are de ned by

r,...,rn N~ r,..., In (.)

r,...,rn N~ r,..., rn . (.)
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e kinetic energy of the scaled wave function depends quadratically on the scaling factor
T £ OSTS e © TS e T . (.)
On the contrary, the expectation value of the electron-electron interaction is linear in
Vee 0 WVeeS e Vel & Ve . (. )

e scaling relations of T and Ve, are here given for the physical many-electron wave func-
tion, but they hold as well for the KS wave function.

e question arises which is the KS or physical ground-state wave function belonging to
the scaled density? We rst answer the question for the KS wave function. e KS wave
function of density n is the wave function that minimizes * n §TS n e. As the scaled KS
wave function  also minimizes the kinetic energy

“ n{TS ne “ nfTS ne, (.)

the KS ground-state wave function for the scaled density is the scaled KS wave function of
density n

n n . (. )

For the physical interacting problem this is not the case anymore, i.e., the scaled wave function
is not the ground-state wave function that gives the scaled density n . e many-electron
wave function  of density n minimizes ©° n T Vg§ n e. Due to the electron-electron
interaction  doesnotminimize * n ST VeSS ne.
However, the scaled ground-state wave function "~ of the coupling-constant Hamiltonian
(.)ful lis

“"NST VeeS ne © NS T VeS ne " nST —Ved ne (. )

Here, we used the scaling relations Egs. ( . )and ( . ). We note that the ground-state wave
function  of the coupling constant Hamiltonian minimizes * ST "Vee$ €. So, if we
choose the coupling constant * as the reciprocal value of the scaling factor

- (. %

the wave function ~ minimizes T Vee, since = minimizes T -Ve. Consequently,
the many-electron ground-state wave function of density n is the scaled ground-state wave
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function of the coupling constant Hamiltonian with "  ~

n n. (.)

Conversely, the many-electron ground-state wave function ~ of the coupling-constant
Hamiltonian ( . ) is the uniformly scaled ground-state wave function of density n _. of the
fully interacting system

“n W (. )

is manifests an important relation between coordinate scaling and the adiabatic connection
approach.

From Eq. ( . ) the scaling relations for the non-interacting kinetic energy ( . ¥) and the
exchange energy ( . ) follow immediately

Combination of Eq. (. ) with Egs. (. ) and ( . ) yields the relation for the universal
functional ( . ) of the coupling-constant Hamiltonian

F'n “ "nST "Ve$ ne "Fn. . (.)
e coupling-constant dependent xc energy functional ( . ) ful lls an equivalent relation

EeN "Fno "Tono "Ugno "Egno . (. )

e xc energy of the Hamiltonian H™ with coupling constant " is identical to " times the
XC energy at " but evaluated at the scaled density n ... s last relation can be used to
calculate the coupling constant integrand dE,.~d" ( .¥)

dE, d
d* d-

" By N o (.)

for any approximate xc functional.

For small systems it is possible to calculate the coupling constant integrand

ddEfC © "Wed e Uyn (.)

exactly. A comparison of the exact integrand with its approximate counterpart gives insight
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Figure . .: Exactand LDA coupling-constant integrand E,. of the He atom. (Data of graph
taken from Ref. )

into the power and shortcomings of the approximate xc functional. e calculation of the
exact integrand requires to solve the interacting electron system H™ many times. Ina rst
step for each coupling constant " the external potential, that keeps the density xed at the
ground-state density of the fully interacting system, must be found.  en the many electron
ground-state wave function  can be determined. Asan example Fig. . shows the exactand
LDA integrand dE,.~d" for the Heatom. e LDA integrand has been evaluated by means of
Eqg.(. ). For™ the LDA overestimates the exact value quite notable. Here, the curve is
solely determined by exchange, as dE,.~d" at" s identical to the exact exchange energy
(. ). With increasing " the distance between the LDA and the exact integrand decreases.
e LDA can, thus, be considered as more accurate in the limit "

Moreover, Fig. . demonstrates the o en cited error cancellation between the exchange
and correlation part of the LDA. AccordingtoEgs. (. )and( . )theexchange contribution
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dE, ~d" to the coupling-constant integrand is a constant and given by the integrand at

dE, dE,
W .
dll dll " ( )

Hence, the area between the constant dE,~d"" and the curve y corresponds to the ex-
change energy, whereas the correlation energy can be identi ed with the area between the
coupling-constant integrand dE,.~d" and the constant dE,~d". A simple comparison of
both areas for the LDA and the exact integrand shows that the LDA overestimates the ex-
change energy for He, but underestimates the correlation energy.  eir sum, however, is a
reasonable approximation for the exact xc energy, since the correlation energy counterbal-
ances the overestimation of the exchange energy. s error cancellation between exchange
and correlation energy, here observed for He, is a quite general statement. It holds for larger
systemns as well as for the GGA.

As there is a quite substantial deviation between the exact integrand and the LDA in the
limit " , one might think of using the exact orbital-dependent expression for the exchange
energy ( . ) instead of an explicit density-dependent approximation as in LDA or GGA. In
this way, the " limit would be described exactly. As in the opposite limit " the LDA
performs quite well, a suitable combination of exact exchange with LDA or GGA might be
a good approximation for Ey..  is is the underlying idea of hybrid functionals and will be
discussed in more detail in the next section.

3.4. Hybrid functionals

Hybrid functionals combine local or semi-local functionals with the exact orbital-dependent
exchange term Ex (. ). s class of functionals relies on the observation that LDA as well
as GGA perform better in the * limit of the coupling-constant integration method than
in the limit " , Where the exact integrand is known and is given by the exact exchange
energy ( . ). Nowadays, a whole zoo of hybrid functionals is available. We concentrate our
discussion here on three prototype hybrid functionals.

e simplest way to approximate the coupling constant integrand dE,.~d" is a linear in-
terpolation between its limits " and "'

" dE)’(‘C dE)’(‘C
W W
dn dn . dn B dn

(.¥
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A erintegration we obtain for the xc energy functional

dE;Cd,, dE.

d- I

dE,,
W .
dll " ( )

Exc Cy
For the " end the orbital dependent exact exchange energy is used dE,.~d"T. Ex,
whereas in the opposite limit dE,.~d"T. is usually approximated by a local or semi-local
density functional (DF) dE,.~d"T.  EDF. We note, however, that the latter is an additional
approximation beyond the linearization of the integrand Eq. ( . ¥). Consequently, one nally
obtains the functional

Exx. - Ex EL , (.)

which is known as half and half (HaH) mixing and which has been proposed by Becke [ ].

Perdewetal. [ ] proposed to interpolate the " dependence of the integrand by

dE,, dEDF”

d" d"

EX E)E)F N ( . )

where dEDQ™"~d"" denotes the "-dependent integrand of any local or semi-local functional,
which is given by ( . ), and EPF is the exchange part of the DF functional. e integer n
determines how rapid the integrand tends to dEX™"~d" for " . Itisargued [ ], that
the integer n should be the lowest order of Mgller-Plesset (MP) perturbation theory, which
provides a realistic description of the many-electron system. As for a large class of materials
MP perturbation theory of fourth order (MP¥) gives accurate results, it follows

B Be y EBx B ()
With the density functional of Perdew, Burke, and Ernzerhof EDF  EFBE[ 1Eq.( . )de nes
the PBE functional.

In Fig. . the exact coupling-constant integrand for the He atom is compared with the
integrand of the LDA and the integrand of the hybrids introduced so far. e HaH-I curve
corresponds to the half and half mixing of Eq. ( . ), where dE,.~d"T.,  dELPA"~d"T,
has been used. e curve denoted with HaH-11 is the hybrid of Eq. ( . ) with ERF  ELDA,
and the one labelled with Perdew correspondsto Eq. ( . ). Inthe last case we have employed
the LDA for EPF and dERF"~d"". By construction the hybrids match the exact curve at "

is graphical analysis reveals that the HaH-I hybrid should be the most accurate approxi-
mation for the xc functional for the He atom. It is closely followed by the functional labelled
with Perdew. Furthermore, Fig. . clearly demonstrates that the additional approximation
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Figure . .. eexact coupling-constant integrand E, for the He atom is compared with the

integrand in the LDA, the half-and-half hybrid according to Eq. ( . ) denoted
by HaH-I, the half-and-half hybrid of Eq. ( . ) denoted by HaH-Il,and nally
with the hybrid proposed by Perdew et al. withn ¥ [Eq. ( . )]. For all three
hybrids EDF  ELPAis used.

made in the HaH-11 of replacing the integrand at dE,.~d"T.. by the full functional worsens
the description of the integrand.

e hybrid functionals introduced so far are derived from theoretical considerations.  us,
theyare o en considered as ab-initio functionals. However, there exist a few hybrid function-
als, whose parameters are tted to experimental datasets. e most famous one isthe B LYP
hybrid [ , ], which has the generic form

LDA LDA B LDA LYP LDA
Ex EPA a E, EL ay E2  EL ac EX® ELPA L (L)

e B stands for its inventor Becke, denotes the three parameters a , ay, and ac, which are
determinedbya tto atomization energies, ¥ ionization energies, protona nitiesand
the rst-row total atomic energies of the molecules of the G database [ , ¥], and LYP
speci es the correlation functional of Lee, Yang, and Parr [ ].
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In conclusion, hybrid functionals interpolate the coupling constant integrand between its
exact exchange limit for " and the fully interacting limit "' , Where local or semi-
local functionals are supposed to work well. For the hybrid functionals introduced so far
correlation is treated on the level of LDA and GGA. Alternatively, one can search for orbital-
dependent expressions for the correlation energy. GHrling-Levy perturbation theory for ex-
ample o ers a systematic expansion of the xc energy functional in terms of orbital-dependent
functionals and thus provides an orbital de nition of correlation.

3.5. G rling-Levy perturbation theory

GHrling-Levy perturbation theory [ ] expresses the ground-state energy of the coupling-
constant Hamiltonian H™ [Eq. ( . )] by a perturbation expansion in the scaling parameter "
of the electron-electron interaction around " . e coupling constant " appears in the in-
teraction termand in the external potential V™ r , which keeps the density independent from
"". With the help of uniform coordinate scaling GHrling and Levy have been able to specify
the '-dependent external potential V™ r in the coupling-constant integration Hamiltonian
( . ) and carry out the perturbation theory, which nally provides a systematic expansion of
the xc energy functional in terms of KS wave functions and eigenvalues.

Insection . all necessary equations are already developed in order to derive GHrling-Levy
perturbation theory. Combination of Egs. (. ) and ( . ) links the xc energy of the scaled
system E, . with those at "

E" (1]

XCn

Exne E.n. "Exn "Ecn., (¥)

where we split up the xc energy into exchange and correlation contributions. ee ective po-
tential V, of the KS system, that corresponds to the scaled interacting system H", is therefore

given by
" E. n_»
r- v.r "Wygr "Wr " — (¥)

Vv,

is e ective potential Ve" ensures that the ground-state density of the KS system is identi-
cal to the ground-state density of the interacting scaled system H". Per construction of the
adiabatic connection, however, the density of the latter is identical to the true ground-state
density for " and hence independent of **. According to the Hohenberg and Kohn theo-
rem Ve' " must, thus, be the same for each "' up to a constant. Consequently, the "'-dependent
external potential can be written as
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Ec n_

Vir Vioor " Var Vr " . (¥)
nr

epotential V"~ r isidenticaltothee ective potential of the KS system, which mimics the
fully interacting many-electron system. Accordingto Eq. ( . ) itis partitioned into external,
Hartree, and xc part

Vi r Voor Vgr Ver Vr Vgr Ver. (¥)

us, the coupling constant Hamiltonian H" can be written as

) Ecn_
H H "Q Wyr Wr " e "Vee (¥
i i
where H is independent of "

H Q -- V rj Wy T Ve Ti . ( .¥)
i

By means of standard perturbation theory the ground-state energy of H™ can be expressed in
terms of the scaling parameter ** of the electron-electron interaction. At full coupling strength
" it nally becomes

En QE'n Tin nrvVrdr Usn Esn Ecn.
While the zero-order i terms of the expansion are given by the kinetic energy Ts n

and the energy contribution arising from the external potential V r , the rst-order terms
i are the Hartree energy Uy n and the exact exchange energy

occ. NN T Aj r"™Nr
Ex n - drdr. ¥
X (,? rors (¥)
All higher-orderterms i ,...,““ de ne the correlation energy in terms of the KS wave
functions and eigenvalues 3
E. QEln. (¥)
j

e leading term of the correlation energy E. is given by
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S Ve Vg VLS 68
i Eks Eks

: (¥)

where s the ground-state KS single Slater determinantand ' denotes the i-th excited KS
Slater determinant. Exs and E,i<S are the corresponding total energies. e correlation energy
E. is very similar to the energy expression of second-order MP perturbation theory. In fact,
Eq. ( .¥ ) can be decomposed into a contribution, which is formally identical to the energy in
second-order MP perturbation theory, but evaluated with the KS orbitals and KS eigenvalues,
and a second term, which arises from the di erence between non-local and local treatment of
exchange in MP perturbation theory and KS DFT, respectively [ ]. Incontrastto Eq. ( .¥ ),
E. andall higher-order correlation terms depend on the unoccupied states. e complexity of
the mathematical expressions increases with the order of the expansion. However, the consid-
eration of E, already enables a description of dispersion forces[ , ]. Unfortunately, there
is no guarantee that the higher-order terms are negligible. In fact, a partial re-summation of
the perturbation series is required for a variationally stable functional [ ].

Taking everything into consideration, GHrling-Levy perturbation theory provides a sys-
tematic and exact expansion of the xc energy in terms of orbital-dependent functionals. One
ordera er the other can be used to de ne xc functionals of increasing accuracy, in principle.

e leading term in this expansion is the exact exchange energy. Furthermore, GHrling-Levy
perturbation theory can be combined with the idea of hybrid functionals, as the GHrling-
Levy expansion of the xc energy simultaneously de nes a series for the coupling constant
integrand

dE,
d')'(C EX EC" O n . ( ¥ )
While Ey is the exact value of the coupling constant integrand at * | the slope of the inte-
grandat " is given by twice the correlation energy E... In elaborate hybrid functionals[ ]
both informations, the exact value together with the exact slopeat "', are incorporated.

3.6. Sham-Schl ter equation

An alternative approach for a systematic improvement of the xc potential of DFT is provided
by the Sham-SchlXter equation [ , ], which connects the xc potential of DFT with MBPT.

By construction of the KS system its ground-state density equals the true ground-state
density of the many-electron system. e KS density as well as the density of the many-
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electron system can be expressed by the respective Green function

Nr nNgstr :I d$G r,r,$ :I d$Gks 1,1,$ . (. )
With the Dyson equation that connects many-electron and KS Green function

Gryry$ GKSryry$ ()
Gs r,r ,$ w S Ver r r Gr ,r,$drdr

the density condition ( . ) becomes
Gks hr,$ xcr,r',$ Vgr r r Gr,r,$drdrd$ . (. )

is is the so-called Sham-SchiXter equation. It establishes a direct link between the self-
energy x of MBPT and the xc potential of DFT. e xc potential corresponding to a given
self-energy 4 can be understood as the best local approximation to the non-local dynamic
self-energy. As the self-energy can be improved diagrammatically, Eq. (. ) o ersaway for
a systematic improvement of the xc potential. However, the solution of Eq. ( . ) is by far
not trivial. e linear-response Sham-SchiXter equation, which is obtained by combining
Egs. (. )and (. )andneglectingall non-lineartermsin 4 r,r,$ Ve r r r
has been solved to our knowledge so far only for bulk silicon [ , ] and for a jellium sur-
face[ 1.

3.7. Summary

Orbital-dependent xc functionals of DFT have been introduced and motivated in this chap-
ter. It has been shown that the orbital-dependent exact exchange energy Ex, which is formally
identical to the HF exchange energy, but evaluated with the KS orbitals, improves the descrip-
tion of the coupling-constant integrand in the " limit. So, it is reasonable to combine Ey
with pure density functionals like LDA or GGA, which usually perform well in the opposite
limit " , into one functional, a hybrid functional. We have demonstrated that E is, fur-
thermore, the leading term in a systematic expansion of the xc functional in powers of the
electron-electron interaction. e higher order terms in this expansion de ne an orbital and
eigenvalue dependent correlation functional.

e introduction of orbital dependent xc functionals is conceptionally comparable with
the transition from the  omas-Fermi method to the KS approach, where the density func-
tional for the kinetic energy has been replaced by the orbital dependent kinetic energy of
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non-interacting electrons. Any orbital dependent xc functional in analogy to the KS kinetic
energy is still an implicit functional of the density, because the KS orbitals are functionals of
the e ective potential through the KS single-particle SchrHdinger equation and the e ective
potential is a functional of the density through the Hohenberg and Kohn theorem. e same
argumentation holds for functionals, which are additionally eigenvalue-dependent.

e construction of the xc potential from an orbital-dependent functional has not been
discussed so far. Two substantially di erent approaches are available: on the one hand, a strict
treatment of orbital-dependent functionals within the KS framework, which requires a local
multiplicative xc potential, per de nition, for the KS system as a non-interacting electron
system. However, a straight-forward analytical functional derivative of the xc energy with
respect to the density is not feasible in contrast to LDA and GGA. is problem is resolved
in the optimized e ective potential (OEP) method, which yields the local xc potential as the
solution of an integral equation. e OEP approach as well as its numerical implementation
within the full-potential linearized augmented-plane-wave (FLAPW) method is discussed in
detail in chapter .

On the other hand, instead of constructing a local xc potential in agreement with the
KS formalism one can de ne a di erent reference system, the so-called generalized Kohn-
Sham (gKS) system. Hybrid functionals are typically treated within the latter. e orbital-
dependent exchange energy, which is characteristic for hybrid functionals, leads to a non-
local HF like exchange term in the one-particle equations of the gKS system. e gKS scheme,
its implementation as well as its application are discussed in chapter . Before, we will intro-
duce the FLAPW method in the next chapter.



4. Electronic structure methods: the
FLAPW approach

A wide spectrum of electronic structure methods exists for the numerical solution of the
Kohn-Sham (KS) equation.  ese methods can be divided into all-electron and pseudopo-
tential approaches. In the latter only the valence electrons are described explicitly, while the
core electrons are frozen in their atomic con guration, and the Coulomb potential of the
nuclei is replaced by a smooth e ective one, the pseudopotential. e smoothness of the po-
tential, which in turn leads to smooth pseudo wave functions, enables to use plane waves for
the representation of the wave functions. Plane waves have several advantages: each power
of the momentum operator is diagonal, in particular the kinetic energy, the charge density
can be calculated e ciently via a fast Fourier transform (FFT), and the Hartree potential can
be obtained by a simple algebraic expression in reciprocal space. e plane-wave pseudopo-
tential approach, however, faces its limits in the precise treatment of localized electron-states,
e.g. dor¥f electron-states.

e all-electron approaches, on the contrary, treat core and valence electrons on an equal
footing without any pseudization of the potential. e presence of the ~r-like behavior of the
true potential in the vicinity of the atomic nuclei leads to rapidly varying wave functions there.

us, an enormous number of plane waves would be required for the accurate description of
the all-electron wave function.  is shows that plane waves do not constitute the optimal
basis set in an all-electron method. Typically, in all-electron methods space is partitioned
into atom-centered spheres, the so-called mu n-tin (MT) spheres, and the remaining inter-
stitial region (IR). In order to cope with the ~r-like potential in the MT spheres, one usually
uses numerical functions, which explicitly incorporate the rapid oscillations caused by the
~r singularity of the potential.  ese numerical functions are then matched to an envelope
functionintheIR. emu n-tinorbital (MTO) and augmented plane-wave (APW) method
and its linearized variants LMTO and LAPW belong to this kind of approach.

In the following, we will introduce the LAPW method step by step. We will begin with the
APW approach, the precursor of the LAPW method. en, we discuss the LAPW method,
where we concentrate in particular on the formulation for bulk solids, and its local-orbital
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Figure ¥. .: Division of space into mu n-tin (MT) spheres and the interstitial region (IR).
Each atomic nucleus lies in a center R, of a MT sphere of radius S,. e radii of
the spheres are chosen such that the spheres do not overlap.

extension. Finally, we introduce the mixed product basis (MPB), which is an auxiliary basis
for the representation of LAPW wave-function products. e MPB fully preserves the all-
electron character of the product and can be converged in a systematic manner.

4.1. APW method

As already pointed out in the introduction of the chapter, the APW approach [ ] partitions
space into atom-centered MT spheres and the IR (s. Fig. ¥. ). e potential in the IR is rela-
tively smooth, which allows to use plane waves as basis functions there. In the MT spheres,
solutions of the scalar-relativistic, spin-dependent, spherical SchrHdinger equation are em-
ployed and matched to the interstitial plane wave.  us, for a given unit cell the APW basis
function of Bloch vector k, reciprocal lattice vector G and spin index . is given by

* § Z_exp i k G r r>IR
o 1 E a a . , (¥.)
le Im k'G'E ul ’ SraSIE Ylm Ia r>MT a

where the vector r, has its origin at the center of the sphere R;,  is the unit-cell volume, and
u?- r,E isthe radial solution of the SchrHdinger equation

K11

Kr r

V& r  E rufrrE *)
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with the spin-dependent, spherical e ective potential Vea-y r atatom a and the energy pa-

rameter E.  ecoe cient f-

nuity at the sphere boundary

k,G, E issolely determined from the requirement of conti-

_ ¥ o —— ik GSS
A K, G,E —exp ik G Ry 'Y,k GWaEa

*)

where S, denotes the radius of the MT sphere of atom a and j, r are the spherical Bessel
functions. e latter arise from the Rayleigh expansion of the plane waveexp i k G r.
e KS wave function of Bloch vector k and band index n is then expressed in the APW basis

kT Qs nk ¥ NLE . (¥
G
In this way, the di erential KS equation [Eqg. ( . )] is cast into an algebraic form
Q Hge K E  RySge K E zg nk ®*)
G
with the Hamiltonian
Hse K E *enHE - Vo r *s rEdr (¥ )
and the overlap matrix
See k,E *w NE *g nE dr, ¥ )

respectively. It turns out, that the APW basis only leads to an accurate description of the wave
function ~;, if the energy parameter E is set to the eigenvalue R-, . As the eigenvalue is not
known a priori, Eq. (¥. ) constitutes a non-linear problem. Starting with a initial guess for
the eigenvalue R, the APW basis (¥. ), the Hamiltonian (¥. ), and the overlap matrix (¥. )
are constructed with E  R:,. e root of the determinant

detSHgg K,E Ry Sgg K.E S ¥ )

then yields a re ned guess for the eigenvalue R;,. is scheme is iterated until input and
output guess coincide. In this way, the true eigenvalue R;, is found. A erwards the eigen-
vector z5 n,k can be calculated by solving Eq. (¥. ).  is procedure must be repeated for

For simplicity, we give the non-relativistic equations here. A discussion of the scalar-relativistic equations is
deferred to Appendix B.
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each band n, Bloch vector k, and spin ., which makes the APW method computationally
demanding.

Additionally, the APW approach su ers from the so-called asymptote problem, i.e., the
decoupling of the radial function and the plane wave at the MT sphere boundary, if u?- r, E
vanishes forr S,. A more detailed discussion of the APW method can be found in Ref. ¥.

e non-linearity and the asymptote problem of the APW approach are overcome in the
LAPW method by using an additional radial function in the MT spheres as described in the
next section.

4.2. LAPW method

e LAPW method [ ¥— ]isthe linearized version of the APW approach. It uses, similar to
the APW method, piecewise de ned functions to deal simultaneously with the atomic-like
potential close to the nuclei and the smooth potential in the IR. However, the exibility in the
MT spheres in contrast to the APW basis is enhanced by adding for each angular momentum
| and each MT sphere a second radial function Gf- r , which is the energy derivative of
u?- r . Additionally, a separate energy parameter E?- is introduced for each atom a, angular
momentum |, and spin .. In this way, for a given unit cell the LAPW basis function of Bloch
vector k and reciprocal lattice vector G is given by

* : Z_expi k G r r>IR
I-(G r a a a -a ~ . (¥ )
Pim & kGud Sra8 2 kG U2 §ra8 Yy fa r>MT a

For the sake of clarity, we suppressed the dependence of the radial functions u?- r , Gi*- r

aswell as of thecoe cients - k,G, &= k,G on theenergy parameter E%-.

While the radial function uf- r is the solution of Eq. (¥. ) for E  E}-, the energy deriva-
tive u? r obeys the inhomogeneous SchrHdinger equation

K 11 .
T - V& r Ef orofrorufor * )

Its solution becomes unique by the additional requirement that Gf- r is orthogonal to

u?- r. ecoe cients o k,G and [ k,G ensure continuity in value and rst radial
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derivative at the MT sphere boundary

im k.G %)
#* xpik G R, iV, k G 0 S, Lj, k GiS
- a Im ula Sa ,ula_ Sa | a ]l a

im k.G * )
A expik G R, iV, k G ud Sy L Sk GSS
— a Im Ula' Sa 'ula- Sa | a 1 JI a

e square brackets denote the Wronskian

dgr dfr

fr,gr fr ar ar

gr . ¥ )

e addition of the energy derivative in the MT spheres enables to represent a solution
u?- r,E of the radial SchrHdinger equation (¥. ) of energy E by the radial functions u?- r
and Ui~ r

u* E uf r,E O r,Ef E E O E E} (% ¥

up to an error which is quadratic in the energy di erence E  E?-. With this increased ex-
ibility the energy parameters E- need not equal the band energies as in the APW method,
s0 that the algebraic equation (¥. ) becomes linear in the LAPW basis. All eigenvalues and
eigenvectors for a given Bloch vector and spin are then obtained by a single diagonalization.

Furthermore, there is no asymptote problem in the LAPW approach. By using Egs. (¥. )
and (¥. ) it can be shown that the denominator in Egs. (¥. ) and (¥. ) does not vanish.
Instead it ful lls the relation

Ul Sa ,ul Sa T * )
a
e LAPW basis functions *; - r are usually employed to represent the valence-electron
states accurately.  erefore, the energy parameters E7- are placed in the valence band region.
One possible choice is to set E?- in the center of gravity of the I-like band.

However, the LAPW method is an all-electron approach comprising valence and core
states. e orthogonality of the tightly bound core states with respect to the LAPW basis
[ ., ]allows to separate the core from the valence states. Due to the spatial con nement
of the core electrons it is an excellent approximation to describe them as atomic states by
solving a fully relativistic Dirac equation with the spherically symmetric part of the e ective
potential.
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Although the LAPW basis functions are constructed with respect to the spherical average
ofthee ective potential, the full potential entersin Eq. (¥. ) without shape approximations. It
iscommonly accepted that the LAPW basis possessessu  cient exibility to represent the full-
potential KS wave function within the MT spheres. A comparison between the full-potential
LAPW (FLAPW) method and the full-potential Korringa-Kohn-Rostocker (KKR) method,
where the basis functions are constructed with respect to the full non-spherical potential,
yields a perfect agreement [ ] and is thus a practical justi cation of this procedure.

For the representation of the all-electron potential and density, similar to the LAPW ba-
sis, a dual representation is employed, i.e., plane waves in the IR and radial functions times
spherical harmonics in the MT spheres. Density and potential are invariant under symmetry
operations of the system, which enables to decrease the basis set size considerably. s is
achieved by constructing symmetry-adapted linear combinations of plane waves, so-called
stars, in the IR and symmetry-adapted spherical harmonics, so-called lattice harmonics, in
the MT spheres for the representation of the density and potential [ ]. e number of stars
and lattice harmonics is usually much smaller than the number of plane waves and spherical
harmonics, respectively.

Furthermore, for a practical calculation cuto values for the reciprocal lattice vectors Sk
G$ B Gmax and the angular momentum | B |ax are introduced.

4.2.1. Local-orbital extension

States that lie in the vicinity of the energy parameters Ef- are accurately described by the
LAPW basis. However, the basis becomes less adequate for states that are energetically far
away fromE?-.  eseare for example semi-core states, i.e., high-lying core states, whose wave
functions extend considerably over the MT sphere. Due to their spatial extent a treatment as
core states is not justi ed. Nevertheless, the linearization error of the standard LAPW basis
prohibits an accurate description of such states, as well. High-lying unoccupied states are
another example, where the linearization error matters.

In order to improve the representation of such states, the basis may be extended with local
orbitals (LOs) [ — ]. Let us assume that we want to improve the LAPW basis for states
with an angular momentum | in the MT sphere of atom a around an energy EZ5.  en, an
additional radial function u?- r, Efy is constructed from Eq. (¥. ) for the energy parameter
Efo. isradial function is combined with u®- r and Gf- r to

a. a. a. a. sa. a. a. a.
Uiio T LoUr r loUr  r  jiou nEH . ¥ )

such that uf; , r is normalized and its value and radial derivative vanish at the MT sphere
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boundary. In this way, the local orbital is completely con ned to the MT sphere and does not
need to be matched to a plane wave. Multiplication of the radial function uﬁl-_o r with the

spherical harmonic Y|, 7 thenleadsto | additional LAPW basis functions in the unit
cell g
r>IR
“Fim TES _ : ® )
* Utio raS Yim fa  r>MT a

For the improved description of a semi-core state of atom a, which is nearly dispersion-less,
the energy parameter E2; is  xed at the semi-core energy level.

In order to improve the linearization error for the unoccupied states, two di erent schemes
are possible. On the one hand, local orbitals can be added, where uf‘- r, E;’j‘é is replaced by
a higher energy derivative evaluated at E7y  E™- [ ].  erewith the order of the Taylor
series expansion (¥. ¥) is increased and the LAPW basis becomes more and more exible in
awindow around E?-. is ansatz does not require the choice of an additional energy pa-
rameter, but it has the disadvantage that due to the improved variational freedom around E?-
with respect to higher as well as lower energies, core states can appear in the valence energy
window. Alternatively, the LAPW basis can be extended by local orbitals, where the energy
parameter E2; is determined such that the logarithmic derivative of the solution uf* r, Efg
of Eq. (¥. ) ful lIs

d
ar In ul rEfg V . I ¥ )
I Sa

at the MT sphere boundaryr S [ ].  is condition yields for each | quantum number
[cf. Fig. ¥. ] a series of orthogonal solutions of increasing energies and number of nodes.
Consecutively, local orbitals constructed from these series of radial functions can be added
for a systematic convergence of the LAPW basis with respect to the unoccupied states. e
advantage of the latter approach is that the LAPW basis is only improved for the unoccupied
states. Core states do not occur in the valence window.

In order to demonstrate that the addition of local orbitals to the LAPW basis makes the MT
LAPW basis more and more complete, we calculate the radial function uf‘- r,E thatsolves
Eqg. (¥. ) at energy mesh points E over an energy range from  to¥ htr. At each energy the
exact solution u®- r,E isrepresented by the radial MT functions of the LAPW basis set. We
de netheerror | in the representation of the exact radial function u®- r,E at the energy

E by the integral
S

| E aSuf" rrE  Qcpuj; rsrdr, * )
p

where ¢ are the expansion coe cients of the exact solution uf‘- r,E in the radial LAPW
functions uf; r . For a uni ed notation, we have subsumed the di erent radial functions
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Logarithmic derivative of the radial function u?- r as a function of the energy
parameter E at the MT sphere boundary S;. e logarithmic derivative splits up
into branches, in which the radial functions u?- r have a constant number of
nodes for r @ S,. A branch of type nl hasn | nodes. e intersection
points of the red line, which correspondsto |, with the curve representing
the logarithmic derivative de ne a series of energies, which are used to converge
the LAPW basis with respect to the unoccupied states.
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into the composite index p

uip T fuR T p ¢ )
> rEly pC .

Figure ¥. shows the representationerror | E for the case of diamond for di erent LAPW
basis-set con gurations. As an example, we have chosen the angular momentum | A
similar behavior is observed for the higher angular momenta, as well. e red curve corre-
sponds to the conventional LAPW basis without any local orbitals. For the green, blue, and
magenta curves one, two, and three local orbitals have been added according to the prescrip-
tion (¥. ), respectively. e energy parameters of the conventional LAPW basis and local
orbitals correspond to the spikes in the curves. e conventional LAPW basis set provides
an accurate description around the energy parameter of the conventional radial LAPW func-
tions EX . htr . However, with increasing energy the representation error increases
and approaches at about htr, which means that the radial functions uf‘p- r (p )
are (nearly) orthogonal to the exact solution u; r,E . By adding one local orbital (green
curve) the representation error can be reduced to ki in an energy range of about  htr. Yet,
above an energy of  htr the exact radial function cannot be represented. e addition of
more and more local orbitals reduces the linearization error | E over an increasing energy
range. ree local orbitals are necessary to restricttheerror | E below k overan energy
range of ¥ htr. In conclusion, Fig. ¥. demonstrates that the LAPW basis becomes more and
more complete over a wide energy range by adding local orbitals constructed according to

Eq. (¥ ).

4.2.2. Mixed product basis

e mixed product basis (MPB) is speci cally designed for the representation of products of
LAPW wave functions. Such products naturally occur in orbital-dependent functionals. e
MPB retains the all-electron description of the product and can be converged in a systematic
manner. We will describe the construction of the MPB in the following.

In order to accurately describe the products of two LAPW wave functions in the MT
spheres the MPB must be capable of describing the products

a. a. a. a.
up 1 Yim ¥ us FrYim r Up rup, r Q GMImimYim r, (¥ )

[ I I B |
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Figure ¥. .: Representation error | E for the case of diamond and for | as a function
of the energy and the number of local orbitals added to the LAPW basis set. e
red curve corresponds to an LAPW basis without any local orbitals, whereas for
the green, blue, and magenta curves we consecutively add one local orbital more
with energy parameters according to Eq. (¥. ).

where we exploit the addition theorem of spherical harmonics and Gy | m im are the Gaunt
coe cients
GLM,I m,Im YLM r YI m T Y|m rd . (¥- )

For a given angular momentum L we de ne the set of radial functions by

Udbs r u

o Uty r, ¥ )

where P counts all combination of p, p, |, and | that contribute to L. is set of radial func-
tions exhibits usually a high degree of linear dependence. In order to remove the linear de-
pendence, we diagonalize the overlap matrix

L pp Ud% r U rrdr ® Y

for each a and L, and retain only those eigenfunctions whose eigenvalues exceed a given
threshold value (typically . ). us, the (nearly) linearly dependent combinations are
removed and a smaller, but still exible basis is obtained. In the case of spin-polarized cal-
culations the resulting radial functions become spin-independent as products of spin-up and
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spin-down radial functions enter in the overlap matrix. Additionally, we add a constant func-
tion to the optimized set of spherical radial product functions. From the resulting radial MT
functions M, r we then construct Bloch functions

Mg vp T ”NQMEP r Ry TSYmr Ry TexpikT Ry , (%)
T

where the sum runs over the lattice vectors T and N denotes the number of unit cells. In the

IR, the product of two LAPW wave functions gives rise to products of interstitial plane waves

(IPWs), which yield another IPW.  erefore, the MPB in the IR consists of IPWs

Mg ”N_exp ik Gr r * )

with the step function
g r>IR
r . * )
r>MT

From here we can proceed in two ways: we can either combine the MT and IR functions to a
full MPB, that consists of two spatially separate basis sets, which are not matched at the MT
sphere boundary, or we can alternatively construct continuous functions with a continuous
radial derivative over all space.

e former concept is used for the implementation of hybrid functionals (cf. Chap. ),
where the MPB is employed to represent products of wave functions. e partition of the
MPB in MT and IR functions, which are either zero in the IR or in the MT spheres, enables
to accelerate the most time consuming part of a hybrid functional calculation, the compu-
tation of the non-local exchange potential (s. Sec. . . ). On the contrary, in the optimized
e ective potential (OEP) approach (cf. Chap. ), a continuous MPB is essential in order to
avoid discontinuities in the resulting local potential.  erefore, we form linear combinations
of the MT functions and IPWs that are continuous in value and rst radial derivative at the
MT sphere boundary. We can use the same construction as for the LAPW basis, i.e., two
radial functions per Im channel are used to augment the IPWs in the MT spheres. As there
are usually far more than two radial functions per Im channel in the MPB, local orbitals are
constructed from the remaining MT functions. A more general approach, which allows to
elegantly incorporate further constraints, is deferred to Appendix A.

In both cases, the nal MPB functions are not orthogonal and hence give rise to a non-
diagonal overlap matrix
On k M, r Mgy rdr, ¥ )
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where | and J are used to index the MPB functions. Due to the non-orthogonality the com-
pleteness relation of the MPB, which is only valid in the subspace spanned by the MPB, be-
comes
QSMkJeO” k ‘Mk“]S. (¥ )
1J
With the de nition of the biorthogonal set

'\7|k,| roQOy; kMg;r, ¥ )
J
the completeness relation can be written in a more compact form
QSMK’Je‘Mk’JS QSMK’Je‘Mk’JS. (¥. )
J J
Biorthogonal and normal MPB are pairwise orthogonal
‘MiiSMge 15 * )

In chapter and , the MPB with its completeness relation (¥. ) is employed to implement
hybrid functionals as well as the OEP method in the FLAPW method.

¥¥



5. Hybrid functionals within the
generalized Kohn-Sham scheme

In chapter , we already introduced the hybrid functionals, which approximate the coupling-
constant integrand by combining exact exchange with (semi-)local approximations for the
exchange-correlation (xc) functional of density-functional theory (DFT). Typically, hybrid
functionals are treated within the generalized Kohn-Sham (gKS) system instead of the Kohn-
Sham (KS) system. While the latter requires a local, multiplicative potential by construction
(cf. Chap. ), the gKS system allows a non-local Hartree-Fock(HF)-like exchange potential
to be used in the one-particle SchrHdinger equations. A er a short introduction to the gKS
system the focus of this chapter is on the implementation of the non-local exchange potential
within the full-potential linearized augmented-plane-wave (FLAPW) method. It employs
the mixed product basis (MPB) (s. Sec. ¥. . ) with which the matrix elements of the non-
local potential, which correspond to state-dependent six-dimensional integrals, decompose
into two three-dimensional and one state-independent six-dimensional integral. While the
three-dimensional integrals must be calculated for each self-consistent eld (SCF) cycle, the
state-independent six-dimensional integral is evaluated only once at the beginning of the cal-
culation. By subsuming the three- and six-dimensional integrals into state-dependent vectors
and a matrix, the Coulomb matrix, the matrix elements of the non-local exchange potential
can be formulated as a Brillouin-zone (BZ) sum over vector-matrix-vector products.

e calculation of the non-local potential constitutes the most-time consuming step in
a practical hybrid functional calculation. We present several techniques to accelerate the
computation. For example, the Coulomb matrix is made sparse by a unitary transformation of
themu n-tin (MT) MPB functions. Its sparsity is then exploited to reduce the computational
demand of the vector-matrix-vector product considerably. Furthermore, spatial and time-
reversal symmetries are used to decide in advance which matrix elements are non-zero, and
only these are calculated. Symmetry arguments also allow to restrict the BZ sum in the non-
local exchange potential to a smaller, irreducible set of k points. e convergence of the
BZ sum with respect to the k-point sampling, however, is hampered by a divergence of the
Coulomb matrix at the point. For a favorable convergence of the BZ sum with respect to the
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k-point sampling, the divergence of the Coulomb matrixatthe point must be properly taken
into account. For this purpose, the BZ sum is separated into a divergent and a non-divergent
contribution. e divergent part, whose leading term is proportional to ~q , is integrated
analytically, while the non-divergent contribution is treated numerically by a weighted sum.

Furthermore, we report the convergence behavior of the gKS transition energies employing
the PBE hybrid functional for Si and SrTiO as well as of the total energy for Si.  en, we
apply the PBE hybrid functional to a set of prototype semiconductors and insulators and

nd a reasonable agreement with recent results from the literature. Moreover, we show band
structure and density-of-states calculations with the PBE hybrid functional exploiting the
Wannier interpolation technique [ , ]. Finally, we apply the PBE hybrid functional to
EuO and discuss its structural, electronic, and magnetic properties.

5.1. Generalized KS system

e central idea of the KS formalism is the introduction of an auxiliary system of non-
interacting electrons, whose single Slater determinant yields the ground-state density of
the real interacting system. So instead of the complicated many-electron system, a set of
one-particle equations must be solved. e complexity of the interacting electron system,
however, is hidden in the xc energy functional of the KS system (s. Chap. ). Yet, the KS
system is only one speci c, arbitrary reference system. Di erent choices of reference systems
are possible [ ]. For example, we can de ne a reference system, whose many-body wave
function is still a single Slater determinant of one-particle orbitals, but a fraction of exchange
is treated by a orbital-dependent, non-local HF-like exchange potential.  is corresponds
to an approximation of the universal spin-dependent functional F n ,n as the minimum
of the sum of kinetic and scaled electron-electron interaction over all Slater determinants
yielding the spin densitiesn r andn r

Fn.n  min ,,° ST aVed e aUyn n . (.)

e parameter a a > ,  scales the electron-electron interaction Vg and will be xed

later. By adding a timesthe HartreeenergyUy n n inEq. ( . ), we pick up in com-

bination with the Hartree term contained in the expectation value of aVe the Hartree energy
completely. edi erence between the exact universal functional F n ,n and F¥S n | n

For the spin-independent case the de nition of the universal functional is given in Eq. ( . ).



.. Generalized KS system

de nesin analogy to the KS system the xc energy functional of the gKS system

Enn Fn,n F¥n.n . (.)
If n,n denotes the true many-electron ground-state wave function of spin-densities
n randn r andif 95 n n isaccordingly the ground-state single Slater determinant
of the gKS system, the xc energy ( . ) can be written as

EXS n n S non ST Ve nyone < %¥n nsTS S Snone
aE¥n.n Uyn,n . (.)
Here, EEKS n ,n istheexact exchange energy ( . ) evaluated with the gKS Slater determi-

nant %S n . n . Usingthede nition of the xc functional of the KS system [cf. Eq. ( . )]
the xc energy of the gKS system turns into a sum of the xc energy of the KS system, the exact
exchange energy E%KS, and a correction for the kinetic energy, which arises from the di er-
ence between KS and gKS single Slater determinant

EXS non EXSn.,n  aE¥ n,n

NS Snne %o TS K n ne(y

Usually, this di erence between the KS and the gKS single Slater determinant is neglected
and Eq. ( .¥), thus, becomes

EXShn aEfn.,n ESn,n . (.)
e one-particle orbitals of band index n, Bloch vector k, and spin index . that correspond

to the minimizing Slater determinant 9% of Eq. ( . ) are solutions of
roAr oa Ve A rdr RN r (.)

with the non-local exchange potential

NL occ. BZ Af]k r Af]k r
V, oo, r —_ .
X ?? rors ()
and the local e ective potential
Vir Vo Varo VIS (.)
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e xc potential of the gKS system V>2;KS" r isde nedin analogy to the KS system by

KS,. Eye
Vg oror o (.)
We note that Eq. ( . ) together with (. ) de nes a whole series of reference systems. Each
choice of a corresponds to a di erent reference system with a di erent xc energy functional
Ei’fs. Inthecase a |, the gKS system is identical to the KS system. e opposite limit a
corresponds to a HF scheme with a DFT correlation functional. In principle, however, the
gKS formalism is exact for each a.

e gKS system is usually employed for the hybrid functionals (cf. Sec. .¥). For exam-
ple, for the PBE hybrid functional [ ] the amount of orbital-dependent non-local HF-type

exchange is set to a . and the xc energy functional EEFS is approximated by E%S

PBE PBE
EPBE  EPBE

5.2. Implementation of hybrid functionals

Inthe LAPW basis [Eq. (¥. )]thedi erential equation ( . ) becomes a generalized eigenvalue
problem

Q Hge k  aVygs k zg nk Ry QSss kzg nk (.)
G G

€
notes the matrix of the non-local exchange potential Eq. ( . ),and Sg; Kk is the overlap ma-

trix of the LAPW basis functions. Hg,; Kk and Sg; k are nowadays calculated routinely
in FLAPW DFT codes.  erefore, we will concentrate in the following on the computation of
the non-local exchange matrix elements, whose evaluation is by far the most time-consuming
step in DFT calculations employing hybrid xc functionals. e reason is the non-locality of
the operator in Eq. ( . ), which gives rise to six-dimensional integrals

where Hi,; Kk is the representation of the local part -= V. r of (. ), VX’?‘('S'(*S' K de-

occ. BZ *- or N r - r *;

NL, . kG nq nq kG
Vige K QQ =

drdr. (.)

In contrast, for the local operators in standard DFT calculations only three-dimensional in-
tegrals must be evaluated.

A representation of the exchange operator in terms of the wave functions instead of the
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LAPW basis

occ. BZ N N r N\ r ~or
k k
VX,\InLﬁ-k QQ : n ~ T drdr (.)
' N q rorsd

is advantageous for two reasons: (a) If the states n and n fall into di erent irreducible sym-
metry representations, the corresponding matrix element is zero and need not be calculated
at all. (b) Although very important, the exchange energy is a relatively small energy contri-
bution compared to kinetic and potential energies.  erefore, we can a ord to describe the
non-local exchange potential in a subspace of wave functions up to aband cuto Npax. €
matrix ( . ) isthen only constructed for the elements with n, n B npac and the rest is set to
Zero. Npmax IS a convergence parameter and we will show in section ¥ that the results con-
verge reasonably fast with respect to this parameter. e matrix Vx',\léé k is obtained from
VN Kk by multiplying with the inverse matrix of eigenvectors and its adjoint from the right

x,nn
and le , respectively

vxﬁ'gé- Kk Q QSgs kzg nk vxﬁ'nan- k SZ'G nkSsg k . (.)

nn G

e inverse matrix of eigenvectors results from the normalization condition

Q15 nK S kzg nk . (.%
GG

e sum over the occupied states in Eq. ( . ) involves core and valence states. e core
states in the FLAPW method are the solutions of the fully relativistic Dirac equation with the
spherically averaged e ective potential. ey are, thus, classi ed by the principal quantum
number n, the angular momentum quantum number I, the total angular momentum quan-
tumnumber j |~ ,andthe magnetic quantum number m; m;  j,...,] . Duetothe
sphericity of the potential the core states are degenerate with respect to the magnetic quan-
tum number. For each n and | we average over the two di erent values of j weighted by its
degeneracy of j . With this, we go over to a non-relativistic description of the core states
and can apply the formula by Dagens and Perot [ ] to compute the core contribution to the
matrix elements of Eq. ( . ). Its evaluation is simple and computationally cheap, in contrast
to the valence electron contribution.

For the latter, we employ the MPB (s. Sec. ¥. . ). e products of valence-electron wave
functions are represented by the MPB such that the six-dimensional integral, Eq. ( . ), de-



. Hybrid functionals within the generalized Kohn-Sham scheme

composes into a vector-matrix-vector product

occ. BZ
NL,. ‘A A ‘ . .

Vx,nn k Q Q Q™™ « quyleVU a ‘Mg « qs/\n K€ (.)

n q IJ
evectors ‘Mg ", o earede nedby“fige  f r g r d randrepresentthewave
function product ~; ¥ ;1 inthe MPB. Inorder to ensure thatk g is again a mem-
ber of the k-point set, we choose an equidistant k-point mesh. Additionally, we require that
the k-point set contains the point.  is is necessary for an accurate treatment of the diver-

gence of the Coulomb matrix

Mg, T Mqs T
Srors

vy g drdr (.)
around g (s.Sec. . .). eCoulomb matrix does not dependent on the wave functions.
As the MPB does not change during the SCF, the Coulomb matrix is constructed once at
the beginning of the SCF cycle, while the vectors are calculated in each iteration. Due to
the partition of the MPB in MT functions and interstitial plane waves (IPWs) the Coulomb
matrix consists of four distinct blocks: the diagonal parts MT-MT and IPW-IPW as well as
thetwo o -diagonal part MT-IPW and IPW-MT, which are the complex conjungates of each
other. e evaluation of the di erent blocks is discussed in detail in Ref. ¥.

5.2.1. Sparsity of the Coulomb matrix

e vector-matrix-vector products of Eq. ( . ) must be evaluated in every iteration of the
self-consistent eld cycle for each combination of band indices n,n , and n as well as Bloch
vectors k and g. s easily amounts to billion matrix-vector operations or more. We will
show that the matrix-vector product becomes considerably faster, if the Coulomb matrix is
made sparse. s is achieved by a unitary transformation of the MT functions that acts in
the subspace of each atom and LM channel.

Let us consider the two radial MT functions M r and M2 r , whose electrostatic mul-
tipole moments are given by

W, MGt d
L p Lp P ar (.)
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forP , . If we apply the unitary transformation
ME r — %M r W MEr :
L %DE %ﬂﬁ L L L™VIL ( )
ME r —— W M2 r W MZ T .
L W W L ML L ML (.)

the multipole moment of the second function M r will vanish. With this procedure we
can generally transform a set of MT functions so that the resulting functions are multipole-
free for all except one function. For example, out of ten functions we obtain nine multipole-
free functions and one with a non-vanishing multipole moment. We denote the sets of these
transformed functions by MT % and MT % x , respectively. By construction, the for-
mer does not generate a potential outside the MT spheres. So, the Coulomb matrix elements
involving such a function can only be non-zero, if the other function is a MT function resid-
ing in the same MT sphere. Matrix elements with a MT function in a di erent MT sphere
or an interstitial plane wave vanish. is leads to a very sparse, nearly block-diagonal form
of the Coulomb matrix as illustrated in Fig. .. We have ordered the MPB according to:
MT % ,MT % x ,and IPWs. ere are on-site blocks (one for each LM channel) for
the MT % part and one big block for the combined set of the MT % x  and the IPWs.
Only a few o -diagonal elements exists between MT % and MT % x  functions at
the same atom. Exploiting this sparsity in the matrix-vector products of Eq. ( . ) drastically
reduces the number of oating point operations and, thus, the computational demand.

In order to demonstrate the reduction in the computational demand and, thus, the speed-
up we report timings for matrix-vector products with and without the sparse matrix
technique. e conventional matrix-vector product scales quadratically with the size N of the
MPB N Nwmt  Nipw , whereas the timing of the sparse-matrix vector product is usually
dominated by the large block of IPWsand MT % x  functions.  esize of thisblock isgiven

by Nipw MT 4x Nipw  Naom  Lmax . Hence, we can ideally obtain a speed-up of
N~Npw mT wx - For the simple case of diamond with atoms in the unit cell and a MPB
that consists of  interstitial plane waves (G,,x - @ )and  MT function (Lmax %),

the sparse matrix approachisafactor . faster than the conventional matrix-vector product.
is factor is much smaller than the ideal speed-up of . , which, however, does not consider
the time for the multiplication of the block-diagonal matrix MT % with the vector.
Due to the relatively small number of interstitial plane waves in this example the timing for
the block-diagonal part MT ' is not negligible. For the perovskite SrTiO with
interstitial plane waves (G,,,, . a )and MT functions (Lmax ~ ¥) the conventional

e calculations have been performed on a single core of a Intel Core | processor with . GHz.
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MT MT
(1=0) (ux0) IPWs
MT . |
(H=0)
MT 1 —-__
(1#0)
IPWs
Figure . .: lllustration of the Coulomb matrix a er transforming the MPB according to

Egs.(. )and( . ). eelementsthatarein general non-zero are marked. e
matrix is predominantly block-diagonal.

approach requires about ¥ . s to execute the matrix product times, while the sparse

matrix approach needs only .¥s. Consequently, the sparse-matrix approach is a factor of
faster, which is quite close to the ideal factor of ¥.¥. We note that the number of matrix

vector products easily amounts to : a combination of merely  k points, g points,
occupied bands, and  unoccupied bands already yields in total products.

5.2.2. Symmetry

In addition to the sparse-matrix technique, we accelerate the calculation of VX'?'nLr;' K by ex-
ploiting spatial and time reversal symmetries.  ese symmetries can be used to facilitate the
computation in three ways: (a) Inversion symmetry leads to real-valued quantities. (b) If the
wave functions ~;, and »;, | in Eq. (. ) fall into di erent irreducible representations, the
corresponding exchange matrix element vanishes.  is can be used as a criterion whether an
element must be calculated explicitly or not. And (c), for each k chosen from the irreducible
wedge of the BZ the g summation in Eq. ( . ) is restricted to a smaller set of Bloch vectors

giving rise to an extended irreducible BZ. We will discuss each item in the following in detail.



. Implementation of hybrid functionals

(2) Inversion symmetry

In general, the Coulomb matrix ( . ) is Hermitian. However, if the system under consider-
ation exhibits inversion symmetry and the MPB functions ful Il the condition

it becomes real-symmetric. Similarly, the vectors in ( . ) are then real instead of complex.

is reduces the computational demand in terms of both CPU time and memory consider-
ably. However, presently the condition only holds for the IPWs, but not for the MT functions.
W, therefore, combine the MT functions of each pair of atoms a and a, which are related
via inversion symmetry,

a L] a L M a
Mg imp T == Mgimp T Ml mop T (. 9

a ,j a L M a
Ml mp T — Mgime T Ml mp P (. b

If the atom is placed in the origin, i.e., the atom indices a and a correspond to the same
atom, the transformations ( . a) and ( . b) only hold for the integer index M @ , and we
de ne

ME, o 1 g MZ p r, ifLeven ()
* Bimg . ifLodd

for M . It is then easy to show that the transformed functions will ful 1l the condition
(. ). We note that this symmetrization does not destroy the form of the Coulomb matrix
shown in Fig. . .

(b) Irreducible representations

e great orthogonality theorem of group theory [ ] demands that the matrix elements
N SAV | eofany operator A, which commutes with the symmetry operations of the system,
are zero, if the wave functions fall into di erentirreducible representations. In particular, this
holds for the exchange operator ( . ). Instead of evaluating the irreducible representations
explicitly, we exploit the fact that the great orthogonality theorem applies to any operator that
has the full symmetry of the system. A suitable operator is given by the MT step function

MT ¢ r, (.)
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where r is de ned according to Eq. (¥. ). e calculation of its matrix elements
“A- 8 MTen- . eiselementary and takes negligible CPU time. If the matrix elements between
two groups of degenerate wave functions are numerically zero, we conclude that these
two groups belong to di erent irreducible representations.  en the corresponding matrix
elements of the non-local exchange potential ( . ) must be zero, too. e question remains
whether, conversely, the matrix elements of ( . ) are always non-zero, if the two irreducible
representations are identical.  is is not ful lled in only two cases. First, either of the two
wave functions is completely con ned to the MT sphere.  is can be ruled out, since we
deal with valence or conduction states. Second, the matrix elements are zero by accident:
the overlaps in the interstitial and the MT spheres exactly cancel. s is extremely unlikely,
verging on the impossible. We nd that the procedure provides a fast and reliable criterion
to decide in advance, which exchange matrix elements are non-zero and must be calculated
explicitly.

(c) Extended irreducible BZ

In general, if a symmetry operation, which leaves the Hamiltonian invariant, acts on a wave
function, it generates another wave function with the same energy. In other words, the so-
lutions of the one-particle equations at two di erent k points are equivalent, if the k vectors
are related by a symmetry operation.  is can be used to restrict the set of k points, at which
the Hamiltonian must be diagonalized, to a smaller set, whose members are not pair-wise re-
lated. isde nestheso-called irreducible Brillouin zone (IBZ), which is routinely employed
in calculations with periodic boundary conditions. In a similar way, the summation over g
points in the non-local exchange term can be con ned, too. However, due to the additional
dependence on k and k g, we can only employ those symmetry operations Pik that leave the
given k vector invariant, i.e., PXk  k GK, where G is a reciprocal lattice vector.  is subset
of operations Pik is commonly called little group LG k . In the same way as for the IBZ
the little group gives rise to a minimal set of inequivalent g points, which we denote by the
extended IBZ [EIBZ k ]. e exchange potential in the LAPW basis can then be written as

NL,.
Vx,GG k ( . ¥)
] k ; k - -
LG k EIBZ k occ. P G AT S A P §
o O o g g drdr
i 5 Nign Sr rS$
*. N N- *-
LG k EIBZ k occ. k PkG Gk r ik q F “hk q r k PKG Gk r
o o 5 o — drdr,
i q k,g n
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where Ny q is the number of symmetry operations that are members of both LG k and
LG q . As a result, we can restrict the g summation to the EIBZ k and add the contri-
bution of all other g points by transforming the nal matrix with the operations LG k and
summing up the transformed matrices. s takes very little computation time, because a
symmetry operation acts as a one-to-one mapping in the space of the augmented plane waves
as indicated in Eq. ( . ¥). Local orbitals transform in a similar way. s is why we apply the
symmetrization to Vg5 k instead of Vi1~ k . In the latter case we would need the irre-

ducible representations again. We note that the whole formalism can be easily extended to
the case of non-symmorphic and time-reversal symmetry operations.

In conclusion, we compute the non-local exchange potential VX’?'nLr;' k in the space of the
wave functions, where we restrict the g summation to the EIBZ k and evaluate only those
band combinations nand n , which can be expected to be non-zero. We then apply the trans-
formation (. ) and sum up the di erent matrix elements according to ( . ¥).

5.2.3. Singularity of the Coulomb matrix

Due to the long-range nature of the Coulomb interaction the matrix vi; q , Eq. (. ), is
singularatq , which leads to a divergent integrand in ( . ). As the divergence is propor-
tional to ~qg , a three-dimensional integration over the BZ yields a nite value. However, in
a practical calculation the g summation in ( . ) is not an integral, but a weighted sum over
the discrete BZ mesh. A simple way to avoid the divergence is to exclude the point g
from the k-pointset.  enalltermsin (. )are nite, and the g sum can be evaluated easily.

is, however, leads to very poor convergence with respect to the BZ sampling, because the
quantitatively important region around q is not properly taken into account. Hence, it is
advantageous to explicitly treat the point and the singularity of the Coulomb matrix at

is is possible by a decomposition of vi; g into a divergent and a non-divergent part [ ¥]

¥ T eniq e
Vip g ——"Mg%e'9"ee' " SMq e vy g, (.)
Vq
where the second term v, q is nite for all g and is identical tov;; g forg x . e
divergent rsttermisexactinthelimitq ,asthe MPB contains the constant basis function

explicitly (s. Sec. ¥. . ). Correspondingly, the combination of Eq. (. )and ( . ) yields two

contributions, a divergent and a non-divergent one, to the matrix element V,\-- k

VNL" k VNL" k1 VNL,. k Tdiv, ( . )

x,nn x,nn non div x,nn
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where the non-divergent part is given by

occ. BZ
NL,. EA- . 13 . .
Vx,nn k Tnon div QQQ Anks/\n k qu,|EV|J q Mq,JAn k qSAn K€ (. )
n q IJ

Its g summation can be performed numerically. For the divergent part Vx’,\InLﬁ' k Ty, Weswitch

from a representation with the MPB to a representation with plane waves e'®". For the im-
portant regioncloseto g thisisexact.  us, V,\- Kk T is given by

X,nn

Viern K v 0‘; BZ‘AﬁkSAﬁ K qeiqreq_‘eiqr’\h k¢ nked g dec. , (. )
where d.c. denotes a double-counting correction for the nite g points (see below). In the
limit g we can replace “Sein( . )by nn and . ,respectively. For an expansion of
*§e beyond the leading term in g we refer to Refs. ¥ and . eintegrationin Eq. (. )
is restricted to the rst part of the BZ. An extension over the whole reciprocal space requires
to take the periodicity of the integrand into account explicitly.  erefore, we replace ~q by
the function

e W GS
F —
I ¥y
which was proposed by Massidda et al. in Ref. . Incontrast to Ref.  we choose the param-
eter assmall as possible such that (. ) issu ciently closeto ~q . A erinserting (. )

in( . )we obtain

VML T fo, — d : .
x,nn div nn nk + q q Nk q? q ( )
where the summation over q x  avoids double counting, Ny denotes the number of k points
and fis the occupation number. Eq. ( . ) shows that the divergent contribution is only
non-zero for diagonal, occupied matrix elements. In order to evaluate the integral and the
sumin Eq. ( . ) we introduce a reciprocal cuto radius g and nally obtain

NL >— e
Vx,nﬁ- k Tdiv m ok »+:erf q N, @%q q - (.)
We get rid o the convergence parameter q by relating andq bye ¢ . isrelation

ensures that a small parameter , which corresponds to a slow exponential decay, entails a
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large g . We nd that . is a good choice in practice.

InFig. . the convergence of the exchange energy ERX- PSS VL Kk with respect to
the k-point sampling for NaCl is demonstrated. While the separate contributions from the
divergentterm, Eg. ( . ), and the remainder converge poorly, their sum nearly looks constant
on the energy scale of Fig. . (a). As shown in Fig. . (b), the k-point convergence can be
improved further by taking corrections at q into account that arise from multiplying ~q
with second-order terms of “ § e Se derived by k p perturbation theory [¥ , 1.

5.3. Self-consistent eld cycle

e one-particle equation ( . ) must be solved self-consistently, as the e ective potential
V, 1, whichentersin Hy; Kk , and the non-local HF potential Vx',\léé k depend on the
density and density matrix, respectively. In standard DFT calculations employing a local or
semi-local xc functional, the one-particle KS equation solely depends on the density. In or-
der to achieve self-consistency in this case an elaborate mixing scheme, for example Broyden
mixing[ , ], is applied, where a new density out of the densities of the previous iterations
is constructed as the input density for the next iteration. Hybrid functionals, in principle, re-
quire a mixing of the density matrix, as well. Indeed, we nd that a standard Broyden mixing
of the density and simply using the output density matrix as the input for the next iteration
leads to a poor convergence. iterations for Si and more than iterations for SrTiO are
required to obtain converged PBE results (s. Fig. . ), where we consider a calculation as
converged if the root-mean square of the density di erence n between input and output
densities fall below me~a (e denotes the elementary charge and a is the Bohr radius).

e de nition of a mixing scheme for the density matrix in the FLAPW method, however,
is di cult, maybe impossible, as the LAPW basis for the wave functions changes in each it-
eration. We propose here an alternative approach, which leads to a fast density convergence.
It consists of an outer self-consistency cycle for the density-matrix and an inner one for the
density (cf. Fig. .¥). A er the construction of the non-local exchange potential we keep its
matrix representation VX'T'GL'G' xed and iterate Eq. ( . ), until self-consistency in the density is
reached; only then the exchange potential VX’?‘('S'(*S' is updated from the current wave functions,
which starts a new set of inner self-consistency iterations. With this nested iterative proce-
dure the outer loop converges a er eight steps for a PBE calculation of Si (s. Fig. . ) and
a er only twelve steps for SrTiO . One iteration of the inner loop lasts only . s for Si and

. sfor SrTiO on asingle Intel Xeon X at . GHzusinga¥ ¥ ¥k-pointset. isis
negligible compared with the cost for the construction of the non-local potential in the outer
loop, which amountsto . sforSiand . sfor SrTiO . In summary, the nested iteration
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Figure . .. Convergence behavior of the electron density for Si: the change in the density n
is shown as a function of the self-consistent- eld cycles. e red solid and blue
dashed curves correspond to calculations with and without the nested density
convergence scheme (see text).

scheme constitutes a practical SCF scheme which leads to a considerably faster convergence.

5.4. Convergence tests

In order to assess the e ciency of our numerical scheme, we analyze the convergence of the
gKS transition energies and of the total energy with respect to the numerical cuto parameters
Lmax and G, of the MPB as well as the number of bands nmax, which are used to represent
the non-local exchange potential. In particular, we show the convergence of the c
and X, transitions for Si and the . candR ¢ transition energies
for SITiO as functions of the convergence parameters for the PBE functional. Figure . (a)
and (b) demonstrate that the convergence of these transition energies, obtained from a self-

consistent solution of Eq. ( . ), isachieved to within . eV for G, . a andGp,y
. a forSiand SrTiO , respectively. It is remarkable that these cuto values are far below
the exact limit of G, Gmax for the wave function products (Gmax . a for Siand

Gmax ¥. a for SrTiO ) and even below the reciprocal cuto radius Gmax for the wave
functions themselves. A similar observation can be made for the cuto parameter for the
angular momentum Lyax. For both materials Linax ¥ [S. Fig. ( . )] issu cient, while an
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exact representation of the wave function products would require Lmax ~ Imax ( Imax for

Si and |yax for SITIO ). e number of bands nma that de nes the Hilbert space, in

which the exchange potential is represented, can be restricted to only bands per atom.
isamountsto  and bands for Si and SrTiO , respectively.

Furthermore, we examine the convergence of the total energy di erence between the di-
amond and wurtzite crystal structure of Si. e total energy di erence is converged to an
accuracy of meV with a reciprocal cuto radius G, . a , an angular-momentum
CUto Lmax ¥ and Npmax . We note that the accuracy of meV is one order of magnitude
smaller than the tolerance for the transition energies and well below the error resulting from
the BZ discretization of the ¥ ¥ ¥ k-point sampling. With an k-point mesh the cal-
culations are converged to within meV. e diamond structureis  meV lower in energy
than the wurtzite structure. For the PBE functional the energy di erenceamountsto  meV.

In conclusion, as demonstrated for the example of Si and SrTiO we found that G ,,,, can
be chosen universally smaller than Gmax. Typically G, . Gmax IS a reasonable choice.

e angular-momentum cuto  Lmax and the number of bands npax is more material speci c.

orough convergence tests are necessary for these parameters.

5.5. Results for prototype semiconductors and insulators

For the semiconductors and insulators Si, C, GaAs, MgO, NaCl, and crystalline Ar we report
in Table . gKS transition energies obtained with the PBE hybrid functional. All calcu-
lations are performed at the experimental lattice constant. e transition energies are con-
verged to within . eV with respect to the MPB parameters G,,,.x, Lmax and the band cuto

Nmax- A k-point mesh ensures converged results with respect to the sampling of the
BZ.
While the PBE functional (s. Table . ) underestimates the , L, and X

transitions for this set of materials substantially, the admixture of % HF exchange in the
PBE functional leads to a consistent increase of the energies. Consequently, the PBE values
come closer to the experimental results. A slight overestimation of the energies is observed
for the semiconductors Si and GaAs. In contrast, the transition energies for the insulators are
still underestimated by PBE . e mean absolute error of the PBE transition energies with
respect to the available experimental valuesof ~ %isreducedto % by the PBE functional.

We, furthermore, compare our results with recent projector augmented-wave (PAW) cal-
culations [ ]. For Si and GaAs the FLAPW PBE and PBE transition energies deviate by

For crystalline Ar we augmented the LAPW basis set in the MT spheres by ¥ local orbitals. Two of them are
added to the angular momentum | and the other two to | . e energy parameters of these local
orbitals have been determined according to Eq. (¥. ).
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(blue dashed line, right scale) transitions for Si, (b) the direct (red solid line,
le scale) and indirect band gaps (blue dashed line, right scale) of SrTiO , and

(c) the total energy di erence E between the wurtzite (wz) and diamond (dia)

phases of Si with respect to the reciprocal cuto values G, and the angular
momentum cuto Lmay for the MPB, as well as the number of bands per atom
used to construct the exchange potential in the space of the wave functions. For
these convergence tests we have employed a¥ ¥ ¥ k-point set.
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maximally . eV from the corresponding PAW values. Larger discrepancies are observed
for the residual systems with larger band gaps. However, these di erences are already present
on the PBE level. So, we assume that they result from the di erent basis sets used in the
FLAPW and PAW approach. Overall, we nd a good agreement between the PBE results in
both methods.

5.6. Calculation of band structures and density of states

In a DFT calculation with a purely local e ective potential the strategy for constructing a
band structure is a follows: in a rst step the calculation is converged with a moderate k-
point mesh.  en, the converged density and thus the converged e ective potential is used
to setup and diagonalize the Hamiltonian along a k-point path through the BZ, which nally
results in the band structure. In contrast, for hybrid functionals the diagonalization of the
Hamiltonian at an arbitrary k-point in the BZ would require the knowledge of all occupied
statesatthe pointsk .  ese wave functions are, however, unknown in general.  erefore,
we employ the Wannier interpolation technique as realized in the Wannier code [ ]to
interpolate the band energies between the k-points of the nite mesh.

We give a short introduction to the construction of Wannier functions and then discuss
the Wannier interpolation technique. As examples, we nally show the PBE and PBE inter-
polated band structure of Si and the Wannier interpolated PBE  density of states (DOS) for
ZnO.

e Wannier functionw;z r isde ned as the Fourier transform of the KS wave function

nk

Wi I - &P ikR ™o r d Kk, (.)

where R denotes a lattice vector and is the unit cell volume. While the wave functions *;
are Bloch functions and represented in reciprocal space, the Wannier functions w;; r are
characterized by the real space lattice vector R. Similar to the KS wave functions the Wannier
functions form an orthonormal, complete basis

‘Wirw) R € nn RR (. )
QWir FWig I rr . (.9

nR
However, the Wannier functions as de ned in Eq. ( . ) are not unique, because the wave
functions”;, r areonlyde neduptoanarbitrary phase factor. If ., r isaneigenfunction
of the Hamiltonian, exp i1 ~;, r isalsoasolution of the Hamiltonian corresponding to the
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is work PAW?
PBE PBE PBE PBE Expt.
Si . . . . o
X . —
L ¥ ¥ y¥b
C ¥ ¥ b
X ¥ ¥, —
L ¥ —
GaAs . b
X ¥ ¥ bbb
L . ¥b b
MgO Y. ¥ ¥, ¥ L C
X _
|_ —
NaCl . . . . d
X . —
L ¥ —
Ar ) ) . ) ¥y ¢
aReference bReference CReference
dReference ®Reference ¥

Table . .:PBEandPBE transition energies in eV for Si, C, GaAs, MgO, NaCl, and Ar com-
pared with theoretical and experimental values from the literature. All results are
obtained with a k-point set.
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same eigenvalue. Furthermore, for degenerate wave functions any unitary transformation
within the degenerate subspace leads to another valid set of wave functions. While physical
observables do not depend on the choice of the phase, the spatial localization of the Wannier
functions substantially varies with the phase. e freedom in the phase of the wave function
can be used to localize the Wannier functions w;, r around the lattice vector R.  erefore,
de nition (. ) may be generalized to

Wor T - &P ikR QUpn KM r d Kk, (. )
m

which explicitly considers the freedom in the phase by the unitary matrix U- k . e latter
has the dimension of the eigenspace of /. Following an approach proposed by N. Marzari
and D. Vanderbilt [ ], the unitary transformations U- k are determined such that the
spread
S Q ‘wyriwye ‘wydriwg e (. )
n

of the Wannier functions is minimized. esum in Eq. (. ) runs over all Wannier func-
tions n. In this way, maximally localized Wannier functions (MLWFs) are obtained. e algo-
rithm for minimizing the spread S by Marzari and Vanderbilt[ ]isonly applicable toisolated
groups of bands, but it has been extended to entangled energy bands by Souzaetal. [ ].

Due to their spatial localization, the MLWFs are an e cient basis for an interpolation of
the band structure. Ina rst step, the Hamiltonian H is expressed in the MLWFs

Him R ‘w;, SHiw;ge. (. )

We note that one Wannier function can be chosen to reside at  without loss of generality. In
order to interpolate onto an arbitrary k-point, we perform the inverse Fourier transform

Hom kK Qexp ikR Hyy R . (. )
R

Diagonalization of H;,, k thenleads to the band energies at k. Due to the exponential decay
of the MLWFs, which has been con rmed numerically for several materials [ ], the matrix
elements H;,,, R exhibit this exponential decay with SRS, as well. is permits to truncate
thesumover Rin Eq. ( . ) without loosing (much) accuracy.

As an example, we show in Fig. . the PBE and PBE interpolated band structure for Si.
We have generated sp -like MLWFs, four for the valence and four for the lowest conduction
bands. To demonstrate the accuracy of the Wannier interpolation, we compare in Fig. . (a)
the PBE band structure of Si obtained either by explicitly diagonalizing the PBE Hamilto-
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interpolated PBE band structure (red) for Si.
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nian along the k-point path in the BZ or by employing the Wannier interpolation technique.
Only minor di erences between both approaches are observable. Hence, we expect a similar
accuracy for the interpolated PBE band structure. A comparison of PBE and PBE band
structure [s. Fig. . (b)] reveals that the PBE hybrid functional opens the gap from .¥ eV
in PBE to . ¥eV in PBE . In comparison, the experimental value amountsto . eV [ 1].
e conduction band minimum is for both functionals close to the X point. Moreover, the
PBE hybrid increases the band width of the occupied states from . eV for the PBE func-
tionalto . eV. eexperimentally measured band widthof Siis ¥ . eV[ ]. Apart
from the upward shi , the dispersion of the lowest conduction bands in PBE and PBE are
very similar (nearly indistinguishable).
e Wannier interpolation technique can be used to calculate the DOS, as well. e DOS
at energy E measures the number of states per energy

DE —_— E R;, dk. .
Q?VBZ BZ nk ¢
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Figure . .. Comparison of PBE (blue) and PBE (red) density of states (DOS) for ZnO.

e -functionisusually smeared out by a Gaussian distribution function, and the BZ integral
becomes a sum over a nite number of k points. For a highly resolved DOS a large number
of k-points is necessary, which in turn leads to a large computational cost in the case of the
hybrid functionals. However, the MLWFs permit to interpolate the eigenvaluesR;, accurately
from a coarse to a ne k-point mesh. Hence, we can calculate a highly resolved DOS for
hybrid functionals at a moderate computational expense.

We use this approach to calculate the DOS of the I1-VI semiconductor ZnO in its wurtzite
structure. Using ve MLWFs for the Zn d and three MLWFs for O p states the eigenvalues
R;\ are interpolated from a ¥ ¥ ¥ to a dense k-point mesh. e eigenvalues
on the dense mesh are then used to evaluate Eq. ( . ). e corresponding DOS is shown in
Fig. . . Inthe case of the PBE functional the Zn d states hybridize strongly withthe O p
states. e PBE functional, on the contrary, binds the Zn d more strongly. e center of
gravity of the d bands changes from . eVinPBEto . eV inPBE ,whereasthe experimen-
talvalueis . eV [ ]. Due to thestronger binding of the Zn d states, the d-p hybridization
becomes less pronounced and the O p valence band width is increased from ¥. eV in PBE
to . eV in PBE , which is in excellent agreement with the experimental value [ ]. Con-
comitantly, the band gap opens from . ¥eVto . eV. ewrongd band position relative
to the p states is commonly attributed to the unphysical self-interaction error inherent in
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the local-density approximation (LDA) and the generalized gradient approximation (GGA)
(cf. Sec. . ), which is larger for localized than delocalized electrons. e admixture of HF
exchange into the hybrid functionals partly cancels this error and leads for ZnO to a lower-
ing of the relative d band position. We note that we also observe a stronger binding of the d
electrons in Ge and GaAs.

5.7. EuO: a case study

EuO is a ferromagnetic semiconductor with a band gap of . eV inthelimitof K[ ],
which crystallizes in the rock-salt structure. It is of major interest in the eld of spintronics
due to its ability to generate a highly spin-polarized current by combining non-magnetic elec-
trodes with EuO in-between as a magnetic tunnel barrier. e spin-dependent tunnel barrier
of EuO acts as a spin- Iter, since the tunnel current depends exponentially on the respective

barrier height[ , ]. EuO exhibits a remarkable spectrum of magnetic properties which
are induced by carrier doping, including colossal magnetoresistance ~ -~- [ 1 a
metal-insulator transition  -~- [ ., ¥],spinpolarizedcarriers A % [ , 1]

and an enhancement of the Curie temperature T, [ ]

From a theoretical point of view, however, the description of EuO from rst-principles
calculations constitutes a challenge. LDA and GGA functionals predict ferromagnetic EuO
to be metallic.  is is commonly attributed to the self-interaction error of LDA and GGA,
which becomes severe for the strongly localized f electrons of Eu. e LDA U approach
represents a practical solution by adding on-site Coulomb repulsion through the parameter
U. If the parameter U is chosen properly, the correct electronic ground state of EuO is ob-
tained[ , ] Actually, Ingleetal. [ ] applied two di erent U, one on the O p and
one on the Eu ¥f state to describe EuO reasonably well. However, the LDA U approach is
unsatisfactory, because the parameter U is not universal. It strongly depends on the material
and the material property under consideration [ ].¥ In the following, we will demonstrate
that the PBE hybrid functional, which does not contain an adjustable parameter, leads to a
consistent description of EuO with respect to its structural, electronic, and magnetic proper-
ties.

We have determined the numerical parameters of the LAPW basis for EuO such that the
di erence in the total energy calculated for the experimental and a % larger lattice constant
is converged up to meV. is requires a reciprocal cuto of G ¥. a , an angular
momentum of I~ , and the addition of one local orbital for each atom and each angular
momentum | from | ..., . eenergy parameters of these local orbitals have been

*We note that methods have been developed to calculate U from rst principles[ , 1.
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atom  lmax Lmax  Sa

Eu
@)

Gmax ¥ a

Grax - @

Table . .: Numerical parameters of the LAPW and mixed product basis for EuO.

determined according to Eq. (¥. ). While the Eu ¥f states are treated explicitly by the LAPW
basis, the semi-core sand p states of Eu are described by local orbitals. In this case, the
energy parameters of the local orbital lie at the corresponding energy of the semi-core states.

e MPB has been converged in a similar manner. e resulting parameters are summarized
in Table . .

Inorderto nd the optimal lattice constant of ferromagnetic rock-salt EuO, we calculate the
total energy for di erent lattice constants in the vicinity of the experimental lattice constant.

e parabolic shape of the total energy as function of the lattice parameter a is shown in
Fig. . .Bya ttoaMurnaghan equation of state[ ]

BV % v B
EV ——— 8B — — EV (¥)
B B \ \
we determine the equilibrium unit-cell volume V , which is related to the equilibrium lattice

constanta by a ¥V, the equilibrium bulk modulusB B V K E~KV S v andits

derivative B . While the PBE functional predicts an equilibrium lattice constantof . a,
the PBE hybrid gives a larger lattice constant of . a . In comparison with the experi-
mental lattice constant at room temperature of . a [ ¥], PBE and PBE functional tend

to over-bind. However, the thermal expansion, which leads to an increase of the experimental
lattice constant at room temperature, is not taken into account in the calculations. A lattice
constantof . a isobservedatT ¥. K[ ¥]. Incomparison with thisvalue, the PBE still
underestimates the experimental value by . %. e optimized PBE lattice constant deviates
from the experimental valueat T  ¥. Kbyonly . h. Itis an order of magnitude more ac-
curate than the PBE result. e bulk modulus B , which corresponds to the curvature of the
energy-versus-volume curve at the relaxed volume V , amountsto ¥. GPa for the PBE and
¥ GPaforthe PBE functional. Both values lie within the error bar of the experimentally
determined value of GPa[ ] We note that the experiment was performedat K.
InFig. . the spin-resolved DOS for ferromagnetic EuO is shown for the PBE and PBE
functionals. While EuO is metallic in the PBE, the PBE functional opens a gap between the
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Figure . .:PBE and PBE total energy E as a function of the lattice constant a for ferro-

magnetic EuO. For both curves the energy zero has been chosen to lie at the
minimum of the curve.

spin-up Eu ¥f states at the Fermi energy and the spin-up statesof Eu d and scharacter. e
gap amountsto . eV. Experimentally, a band gap of . eV at room temperature[ ]and
of . eVinthelimitT K[ ]isobserved. Inanalogy to the lattice constant, the theo-
retical gap is in much better agreement with the experimental result in the zero Kelvin limit.
Apart from the opening of the band gap, the di erent energetic position of the unoccupied
spin-down Eu ¥f states becomes evident. While spin-up and spin-down Eu ¥f states are split
by about ¥eV in the PBE, they are separated by €V in the PBE approach. Moreover, the
bottom of the conduction bands is split by . eV. It is this quantity which determines the
e ciency of EuO asaspin Iter. Experimentally, valuesof . ¥eV[ Jand . eV[ ]Jare
reported, respectively. e opening of the band gap and, thus, the total lling of the spin-up
Eu ¥f states gives rise to an increase of the magnetic moment from . ‘%g for the PBE to
%g for the PBE functional.

In order to describe the magnetic order of EuO, we apply a classical Heisenberg Hamilto-

nian
H —_Q_Jijeiej, (%)

iX]

where J;j describes the exchange coupling between two Eu atoms at the sites i and j and e is
a unit vector pointing in the direction of the magnetic moment at site i. Due to the de nition
of the Heisenberg Hamiltonian with a minus sign in Eq. ( .¥ ) a positive exchange constant
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@ T )

Figure . .:Nearestand next-nearest neighbors of a representative Eu atom (colored in red)
for (a) the FM, (b) the AFM-I, and (c) the AFM-I1I con guration. e nearest
and next-nearest neighbors are shown in pink and blue, respectively. All re-
maining Eu atoms are indicated by the small circles. For simplicity, the oxygen
atoms are not drawn.

corresponds to ferromagnetic coupling. We restrict the coupling to nearest neighbor (nn)
and next-nearest neighbor (nnn) interactions

A
H —Qei@J Qe 1 Q e. (¥)
i >nn >nnn A

In order to extract the coupling constants J and J from a DFT calculation we calculate EuO
initsdi erentmagneticcon gurations. e rock-salt structure of EuO allows the Eu atoms to
couple in four di erent collinear magnetic con gurations [ ]: simple ferromagnetic (FM)
ordering, antiferromagnetic (AFM) ordering of type AFM-I, AFM-I11, and AFM-I11I. In the
AFM-I con guration the Eu atoms along the direction are coupled antiferromagneti-
cally. e AFM-II type structure corresponds to an antiferromagnetic coupling in the
direction, and the AFM-I111 exhibits two layers of Eu atoms with alternating spins in the
direction. We restrict ourselves here to the AFM-I, AFM-II, and FM con guration, as they
are su cient for a determination of the exchange coupling constants J and J . According to
the Heisenberg model [s. Eq. ( .¥ )], the energy per Eu atom for the FM spin con guration
amounts to
Eem - J J J o,

because each Eu atom is surrounded by nn and nnn with parallel spin con guration
[cf. Fig. . ]. Inthe case of the AFM-I structure each Eu atom has ¥ nn which are coupled
ferromagnetically, while nn exhibit a antiferromagnetic spin alignment. e nnn are all
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EuO PBE PBE  Expt.

J meV ¥ ¥ .

J meV ¥ ¥ . ¥
TCMFA K a
TRPA K

Cc

aReference

Table . .: Nearest and next-nearest neighbor exchange coupling constants J and J calcu-
lated with the PBE and PBE functional as well as the resulting Curie temperature
in the mean- eld approximation (MFA) TMF and the random-phase approxima-
tion (RPA) TRPA,

coupled ferromagnetically, so that the energy per Eu atom for the AFM-1 is given by

Eaem1 - ¥ 1 1 0. (¥)

In the AFM-I11 phase the contribution of the nn mutually cancels out as each Eu atom is
surrounded by Eu atoms with paralleland atoms with antiparallel spin. As the nnn are all
aligned antiferromagnetically, we obtain

Earm 11 - J J ( .¥¥)

for theenergy per Eu.  eenergydi erence between the AFM-1and FM con guration allows
to calculate the nn coupling constant

J Eamm 1 Erm -~ . (¥)

Combination of Eq. ( .¥ ) with the energy di erence between AFM-I1 and FM results in J

J Earm 1 Erm -~ Earm 1 Erm ~ . (¥)

In order to avoid numerical inaccuracies, the energy di erence between AFM and FM con g-
uration is computed in the corresponding AFM unit cell. Moreover, we apply the previously
optimized PBE and PBE lattice constants.

e exchange coupling constants extracted in this way are shown in Table . . Asthe FM
con guration turns out to be energetically the most favorable con guration, the nn as well
as nnn coupling constants are positive.  is is in accordance with the ferromagnetic order-
ing observed in experiment below a Curie temperature of K[ ]. At least for the PBE
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functional the nnn exchange coupling constant J is signi cantly smaller than J , which jus-
ti es to disregard contributions from neighbors further afar. e mean- eld approximation
(MFA)[ , ], which neglects the uctuation of the spins around its thermal average, al-
lows to estimate the Curie temperature from the exchange constants J and J by

TMRA S — ), (¥)
ks

where kg denotes the Boltzmann constant. It is known that the MFA tends to overestimate
the experimental Curie temperature [ ]. Indeed, the PBE and PBE exchange constants
J andJ vyield atoo large T, in comparison with experiment (s. Table . ). Nevertheless, the
deviation between MFA and experimental T, is drastically reduced by the PBE functional. A
further improvement can be achieved by employing the random-phase approximation (RPA)
instead of the MFA. e RPA was introduced by Tyablikov [ ] forspin ~ and generalized
by Callen[ ] to Bravais lattices with general spin quantum number. e Curie temperature
in the RPA is nally given by

TRPA - y
¢ kg ?J lq (%)
where J q isthe Fourier transform of the exchange coupling constants
Jg Qljexp igRj J QexpigR; J Q expigRj . (¥)
jxi j>nn j>nnn
For the fcc lattice of Eu atoms, Eq. ( .¥ ) becomes
a a a a a
Jq ¥] COos gx— COS g,—  COS (y— COS gz— COS (Qy—
J cos gxa cos gya COs g,a . (. )

As shown in Table . , the RPA leads to a reduction of the Curie temperature in compari-
son with the MFA. For the PBE functional we obtain a T, of K in the RPA, which still
overestimates the experimental value of K.

e exchange coupling constants, moreover, allow to calculate the energy dispersion of spin
waves. A spin wave is a propagating collective excitation of spins, which can be characterized
by its frequency $ and wave vector g. In a classical Heisenberg model both quantities are
connected by the dispersion relation



. EuO: a case study

6 EuO
S
g2 45¢t 1
5
2
(3]
o 3r )
g
z
k=
o
) 15 F . Expt.
PBE
—— PBEO
0 [111] [100]
L r X
Figure . ..PBE and PBE spin-wave energies are compared with experiment in the
and direction. e experimental data points are taken from Ref.
$ — ] J , .
(I q ()
where M corresponds to the magnetization of the Eu atoms M andJ q isthe Fourier

transform of the coupling constants as de ned above. Insertion of Eq. (. )into( . )en-
ables to calculate the spin-wave dispersion for any g. In Fig. . we compare the PBE and
PBE spin-wave dispersions with experimental data along the directions and . e
experimental values are measured by inelastic neutron scattering [ ]. For small g around

the spin-wave dispersion is proportional toq . e proportionality factor is the spin-wave
sti ness D,whichisgivenbyD J J a ~M. Asalready observable fromFig. . the PBE
functional substantially overestimates the spin-wave sti ness D8 ¥. meVa with re-
spect to the experiment D®*P . meVa [ ]. ePBE functionalslightly overestimates
the experimental sti ness D™ ¥ . meVa , but reproduces the spin-wave dispersion in

the[ Jand[ ] direction quite accurately. We note the small energy scale from up to
meV.

In conclusion, the PBE functional constitutes a de nite improvement over the PBE func-
tional for the rst-principles description of the rare-earth oxide EuO. e structural, elec-
tronic, and magnetic properties are predicted in good agreement with experiment.
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5.8. Summary

A numerical scheme for the calculation of the non-local exchange potential, which is the
central ingredient of hybrid functionals, within the all-electron FLAPW method has been
introduced. Our algorithm relies on the auxiliary mixed product basis (MPB) for the repre-
sentation of wave-function products. In this way, the six-dimensional integrals of the non-
local potential transform into vector-matrix-vector products. e matrix that corresponds to
the representation of the Coulomb interaction in the MPB can be made sparse by a unitary
transformation of the basis leading to a reduction of the computational cost for the matrix-
vector product. e algorithm is accelerated additionally (a) by a rede nition of the MPB
in the case of inversion symmetry such that the Coulomb matrix and the vectors become
real-valued quantities, (b) by using spatial and time-reversal symmetries. e latter allows to
identify those exchange matrix elements that are non-zero and must be calculated explicitly
and, furthermore, to restrict the g-point summation arising from the sum over all occupied
states to an irreducible wedge of the BZ.

e aforementioned techniques are used to accelerate the calculation of the non-local ex-
change potential. Self-consistency of a hybrid functional calculation, though, requires to cal-
culate the potential in each iteration of the self-consistent eld cycle until self-consistency is
achieved. We have shown that, while a direct iteration scheme requires many steps to con-
verge, a nested self-consistent eld cycle consisting of an outer density-matrix and an inner
density-only iteration loop accelerates the convergence of the self-consistent eld cycle con-
siderably.

For the PBE hybrid functional and the two materials Si and SrTiO we have demonstrated
that PBE transition and total energies are easily converged with respect to the numerical pa-
rameters of the MPB. Hence, the MPB provides a small but accurate all-electron basis for the
construction of the exchange potential. Moreover, we have reported PBE transition energies
for a set of prototype semiconductors and insulators. In comparison with PBE they lie much
closer to the experimental values. Furthermore, they are in favorable agreement with recent
PBE calculations within the PAW method [ ].

e non-locality of the exchange potential hampers the calculation of a band structure or a
density of states (DOS). In order to circumvent this, we have employed the Wannier interpo-
lation technique. It allows to construct an accurate band structure and DOS at a reasonable
numerical cost. We have demonstrated this for the PBE band structure of Si and the DOS of
ZnO. e band structure of Si shows that the PBE functional opens the band gap, but leaves
the dispersion of the bands nearly unchanged apart from an increase of the valence band
width. For ZnO the reduced self-interaction of the PBE functional gives rise to a stronger
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binding of the Zn d states. As a consequence, their position comes closer to the experimental
value. e stronger binding, in turn, entails a reduced hybridization of the Zn d states with
the O p states, such that the band width of the O p states is increased.

Moreover, we have applied the PBE functional to EuO. In comparison with the PBE func-
tional, the latter provides a signi cant improvement with respect to the structural, electronic,
and magnetic properties of EUO. e PBE equilibrium lattice constant deviates by only h
from the experimental oneat T ¥. K. Concerning the electronic properties, EuO is cor-
rectly predicted to be a ferromagnetic semiconductor with an indirect band gap of . eV,
while the experimental gap amounts to . eV in the limit of K. Application of a classi-
cal Heisenberg model with nearest and next-nearest-neighbors coupling gives access to the
magnetic properties. In contrast to the PBE functional, the PBE spin-wave dispersion agrees
gualitatively and even quantitatively with experiment. e Curie temperature of ferromag-
netic EuO is overestimated by both functionals in the mean- eld as well as the random-phase
approximation. Yet, the PBE Curie temperature is in signi cant better agreement with ex-
periment.

We note that the numerical scheme is not restricted to the PBE hybrid functional. It can
be used to implement any other hybrid functional with an unscreened non-local exchange
potential, for example the B LYP functional [ ]. Moreover, the numerical procedure can
be generalized to also enable the calculation of a screened non-local exchange potential, that
is, for example, employed in the HSE functional [ ¥, ]. e Coulomb matrix must be
simply replaced by the matrix of the screened Coulomb interaction [ ]. Furthermore, the
matrix elements of the non-local exchange potential are an essential ingredient in the EXX-
OEP formalism, in which a local potential is constructed from the non-local exact exchange
energy. e EXX-OEP method will be discussed in the next chapter.






6. Exact exchange within the
optimized e ective potential
method

In the previous chapter, hybrid functionals combining a fraction of non-local exact exchange
with local approximations for the remaining exchange-correlation (xc) energy functional
were discussed. ey are usually applied in the generalized Kohn-Sham (gKS) scheme, where
the electrons experience a local as well as a non-local potential. e Kohn-Sham (KS) system,
however, requires by construction a purely local potential.  erefore, the treatment of hybrid
functionals as described in the previous chapter is outside the realm of KS density-functional
theory (DFT).

e construction of a local xc potential from any orbital-dependent and maybe eigenvalue-
dependent approximation to the xc energy will be described in the present chapter for the
example of the orbital-dependent exact exchange energy. e optimized e ective potential
(OEP) method, which is sometimes called optimized potential method (OPM) in the litera-
ture, forms the general theoretical framework for the construction of a local potential from
an orbital- and (or) eigenvalue-dependent approximation to the xc energy.

e chapter is organized as follows. A er a theoretical introduction into the OEP method
we discuss the numerical implementation of the exact exchange OEP (EXX-OEP) approach
within the full-potential linearized augmented-plane-wave (FLAPW) method. It employs a
speci cally adjusted mixed product basis (MPB) for the representation of the local exchange
potential. For the case of diamond we carefully analyze the conditions and requirements on
the LAPW and mixed product basis to obtain stable and physical local EXX potentials. e
LAPW basis must be converged with respect to the MPB. We compare our all-electron full
potential KS transition energies for C, Si, SiC, Ge, GaAs, solid Ne and Ar with pseudopoten-
tial plane-wave and experimental results from the literature and nd a favorable agreement.
For the I11-V nitrides and rock-salt SCN we analyze the e ect of the derivative discontinu-
ity of the EXX functional on the theoretical fundamental band gap. In order to improve the
convergence of the EXX potential with respect to the LAPW basis set size, we propose and
explore a nite basis correction (FBC) for the response functions of density and KS wave-
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function, which are substantial ingredients of the EXX-OEP equation. We then apply the
EXX functional to the cubic perovskites CaTiO , SrTiO , and BaTiO as well as the antiferro-
magnetic transition metal oxides MnO, FeO, and CoO. Finally, we present a generalization
of the EXX-OEP approach to metals and report on calculations for Na, Al, and Cu.

6.1. Optimized e ective potential method

e optimized e ective potential (OEP) method is a quite general approach, which allows to
construct a local, multiplicative xc potential from any orbital- and (or) eigenvalue-dependent
xc functional. In order to derive the basic equations for the OEP approach, we go back to
the de nition of the xc potential of KS DFT as the functional derivative of the xc energy with
respect to the density [cf. Eq. ( . ) for the paramagnetic and Eq. ( .¥ ) for the spin-polarized

case]
Exc

V. r .
X n-r

(.)

In the case of the local-density approximation (LDA) or the generalized gradient approxi-
mation (GGA), where the xc energy depends locally on the spin densities and for the GGA
also on their gradients, the functional derivative translates to a derivative of a function and is
evaluated in a straightforward way. However, an orbital- and (or) eigenvalue-dependent func-
tional is only an indirect functional of the spin densities, as the KS orbitals -, r and the KS
eigenvaluesR;, are functionals of the e ective potential V; r through the KS equation and
thee ective potential V; r isafunctional of the spin density n- r through the Hohenberg
and Kohn theorem. s interdependence of the KS orbitals and eigenvalues on the density
via the e ective potential is exploited to evaluate the functional derivative by means of the
chain rule for functional derivatives [ , ¥]

E AN o E R- V-r
Ve Q —— " dr cc Xk e dr .
nk e ¥ Ve r Rnk Ve r n-r

(.)
As the KS orbitals ~;, 1 are in general complex, we can either di erentiate with respect to
the real and imaginary part of ~;, ) or with respect to ~;, 1) and its complex conjungate
(c.c.) ;i 1 . Here, we performed the di erentiation with respect to ;) and its complex
conjungate. esuminEq. ( . ) runsover all KS states present in a given approximate func-
tional Ex.. Moreover, we have exploited that the wave-function response ™, r ~ V, r
the eigenvalue response R-,~ V. r , and the inverse single-particle response function
V; r ~ n- r arediagonal in spin space for semiconductors and insulators. An exten-
sion of the formalism to metals is discussed in section
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e linear response of the wave function ~;, r dueto achange inthee ective potential at
r isexactly accessible in rst-order perturbation theory and given by

N - r A r A r
nk nk nk A-
e n xn nk n k
With this, the single-particle spin-density response function ¢ r,r nr~Vyr
becomes
P B L T L
snr QQ T c.C.. (¥
nk nxn nk n k

e combinations of occupied (occ.) states n with occupied states n cancel mutually in
Eg. ( .¥), so that the sum over n can be restricted to the unoccupied (unocc.) states. Ad-
ditionally, we can exploit time-reversal symmetry ~.  r " r and, thus, Eq. ( ¥)
turns into

occ. unocc. Ahk r /\r.1 « r /\r.1 " r Aﬁk r
s LT Q Q R- R- : (.)
nk n nk n k

Multiplication of Eq. ( . ) with the single-particle spin-density response function ; r,r ,
integration, and use of the symmetry ¢ r,r ¢ r,r resultinan integral equation for
the xc potential

E A ¢ E R-
cnrVer dr Q €41 cc e __nk
nk nk ¥ Ve r Rnk Ve r

So far, the derivation holds for any orbital- and (or) eigenvalue-dependent xc functional. In
the following, we will concentrate on the orbital-dependent exact-exchange (EXX) functional

occ. occ. N-r N N r - r
nk ng ng nk
Ex -QQQ P drdr. (.)
- nkng

It has been shown in section . that Ey is the leading term of the exact xc functional in terms
of the electron-electron interaction. As Ey is only orbital-dependent, the functional derivative
of Ex with respect to the KS eigenvaluesR;, is zero, whereas the derivative of Ey with respect
to the KS wave function is given by
—A_Exr Aot VN e dr (.)
nk

VNL- s the non-local exchange potential as de ned in Eq. ( . ). Consequently, the integral
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equation ( . ) for the EXX functional ( . ) becomes

snrVor dr tor (.)
with the right-hand side
0OcCC. unocc. NL Ar-]k r A|:]k r
tr Q QM e (. )
nk n nk n k
and
n- SUNLga- e A TS re AL e drdr (.)

We have exploited time-reversal symmetry for the right-hand side, as well.

e integral equation for the local EXX potential in the form of Eq. ( . ) iso en called
OEP equation. So far, we have derived the latter within the framework of KS DFT. However,
originally this equation goes back to Sharp and Horton and the year [ ] Sharpand
Horton searched for an approximation to the Hartree-Fock (HF) approach, where the orbitals
forming the single Slater determinant, are the solution of a SchrHdinger equation with a local
instead of the non-local HF potential.  erefore, they minimized the HF total energy with
respect to the orbitals under the constraint that the orbitals move inalocal, e ective potential.
Asthe orbitals are functionals of the local, e ective potential, the constrained minimization is
equivalent to an unconstrained minimization of the total HF energy with respect to the local
potential. With a partition of the local potential into external, Hartree, and exchange parts,
in analogy to the KS potential, the ansatz of Sharp and Horton nally leads to Eq. ( . ), as
well. e equivalence of the variational principle of Hohenberg and Kohn and the condition
of Sharp and Horton can be easily demonstrated. By applying the chain rule the variational
principle of Hohenberg and Kohn

E
nr ¢
can be written as c c v
r
- dr. (.)
nr Ve ¥ nr

As Eq. (. ) holds for an arbitrary density variation, which does not change the particle
number( nrdr ), itfollows that

E

~ (.¥)

must be ful lled. is is the condition of Sharp and Horton. Sahnietal. [ ] realized in
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that the approach of Sharp and Horton is equivalent to the EXX formalism of KS DFT.
According to Eq. ( . ¥), the local exact exchange potential can be understood as the best
local potential which minimizes the HF total energy. Moreover, the construction of Sharp and
Horton shows that HF total energies must always be lower than EXX total energies, because in
the HF approach the total energy is minimized over all possible orbitals without an additional
constraint.
Before the implementation of the EXX-OEP integral equation is discussed in the next sec-
tion, we note that Eq. ( . ) can also be obtained from the linearized Sham-SchlXter equation
[cf. Eq. ( . )] if one approximates the self-energy by the HF energy.

6.2. Implementation of the EXX functional

In order to solve the integral equation for the local EXX potential numerically, we introduce
an auxiliary basisset M, r for the representationof Ve r [V 1 Py My r] e
EXX-OEP equation ( . ) then becomes a linear algebraic equation for the vector V; repre-
senting the local EXX potential

Q suVxs i (.)
J
with the spin-density response matrix

0occ. unocc. « MlAhksAh ke‘/\h I(S/\r.ﬂ( Mje

s Q Q TT (.-)
nk n nk n k
and the vector of the right-hand side
0CcC. unocc. NL € I/\I:] kSAf]ke
i Q Q "MdW N e )
nk n nk n k

Eq. (. ) can be solved for the exchange potential by a matrix inversion of ;.

So far, the auxiliary basisset M; r hasnotbeenspeci ed. e form of the response ma-
trix ( . )andthevector ( . )shows thatthe auxiliary basis should be primarily constructed
from products of KS wave functions. In section ¥. . we have already introduced such a ba-
sis, the mixed product basis (MPB), which was constructed from products of LAPW basis
functions. e MPB has been employed in chapter to calculate the matrix elements of the
non-local exchange potential. For the solution of the EXX-OEP equation we will slightly
modify the MPB. First, the MPB can be restricted to k  , as the EXX potential is strictly
periodic. Second, atomic EXX calculations show that the local exchange potential has pro-
nounced humps, which re ect the atomic shell structure. Due to the spatial contraction of
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Figure . .: Atomic EXX potentials obtained with the RELKS code for the C, Si, Ge, and Sn
atom. With increasing atomic number from C (Z= ) to Sn (Z= ) the intershell
humps move closer and closer to the atomic nuclei (atr ). Simultaneously,
more and more intershell humps in the EXX potential appear, one for each atomic
shell.

the electron orbitals these humps move closer to the atomic nucleus with increasing atomic
number [s. Fig. ( . )]. Anaccurate description of these humps would require a very exible
basis. However, the crystal EXX potential should resemble the atomic one in the vicinity of
thenuclei.  erefore, we add the atomic EXX potential to the sphericalmu n-tin (MT) MPB
functions. e other MT basis functions then only have to describe the di erence between
the spherical atomic and the crystal EXX potential. e atomic EXX potential is obtained
from the relativistic atomic-structure program RELKS[ , , ]. Moreover, we form lin-
ear combinations of the MT and IR MPB functions that are continuous in value and derivative
over the whole space to avoid discontinuities in the resulting EXX potential at the MT sphere
boundaries. iscan be achieved by a construction similar to that of the LAPW basis, i.e., two
radial functions of the MT MPB in each Im channel are used to augment an interstitial plane
wave in the MT spheres. As the MT MPB usually consists of more than two radial functions
per Im channel, the remaining radial functions are used to form local orbitals. In a last step,
the matched MPB functions are orthogonalized with respect to a constant function in order
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to guarantee that the response matrix ;,; [Eq. ( . )] isinvertible. isis necessary, because
a change of the e ective potential by a constant does not change the electron density. So any
constant function is an eigenfunction of the response matrix with eigenvalue zero.  erefore,
we must go over to a restricted function space that excludes constant potential variations. As
a consequence, the solution of the integral equation ( . ) is not unique. If we have found
onesolution Vy r ,alsoV, r csolves Eq.( . ), wherec denotes a real number.

In Appendix A we present a di erent approach to construct the subspace of the MPB,
which ful lls the constraints of continuity in value and rst radial derivative at the MT sphere
boundaries and is orthogonal with respect to a constant function.  is approach has the
bene tthat it is more general in the sense that further constraints to the MPB can easily be
incorporated as long as the constraint can be formulated as an orthogonality condition to the
MPB. We note that the construction of the modi ed MPB in analogy to the LAPW basis —
as discussed above — and that described in Appendix A lead to a MPB spanning the same
Hilbert space.

e response matrix elements ( . ) and the right-hand side ( . ) of the EXX-OEP equa-
tion contain a sum over all occupied states. Here, both core and valence states are taken into
account. Consequently, matrix elements of the non-local exchange potential between oc-
cupied (core and valence) and unoccupied valence states enter on the right-hand side. In
the previous chapter, we already introduced a numerical scheme to compute the matrix ele-
ments of the non-local exchange potential between valence states.  is scheme is extended
to also calculate the matrix elements between core and valence states as well as core and core
states. e matrix elements of the latter are, in fact, not needed for the calculation of the
local exchange potential but required to compute the all-electron EXX energy. As the non-
local exchange potential VN r,r [Eq. . ] contains a sum over all occupied states, which
comprise core and valence electron states, we distinguish between two cases: the two wave
functions arising from the sum in V,N&- correspond to (a) valence or (b) core states. In case
(a) we employ a MPB to represent wave function products at the same spatial coordinate.
We note that we employ two di erent MPB sets. One for the representation of the local ex-
change potential V, r , asexplained above, and the other to calculate the matrix elements of
the non-local exchange operator V\N&- r,r as accurately as possible. e latter is typically
much larger than the former. With the MPB the six-dimensional integral that corresponds
to the matrix element of VXN'-*- r,r turnsinto a vector-matrix-vector product, where the
matrix represents the Coulomb kernel ~r r§inthe MPB. e vectors correspond to the
representation of the product of two valence states or the product of valence times core state.

For the core states we switch to a non-relativistic description by averaging for each principal quantum number
n and angular momentum | the radial solutions of the Dirac equationwithj | ~ andj | ~.
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For an accurate representation of valence times core state we generalize the MT MPB for the
calculation of VN such that its radial functions are constructed from products of LAPW
radial functions as well as products of LAPW and core radial functions. e techniques de-
veloped in chapter to accelerate the calculation of the matrix elements of V\N&- can be
applied in this more general case, aswell. e computation of the contribution type (b) to the
matrix elements does not require the MPB. Instead, these matrix elements can be calculated
analytically, as the core states are dispersionless and con ned to the MT spheres[ , ].

Furthermore, we exploit spatial and time-reversal symmetries to restrict the k-point sums
inEg. (. )and( . ) totheirreducible wedge of the Brillouin zone (BZ) in a similar man-
ner as for the matrix elements of the non-local exchange potential (s. Sec. . . ). For the
response matrix we will discuss the usage of symmetry in detail. A restriction of the BZ sum
inEq. ( . )totheirreducible BZ (IBZ) is possible without changing the value of the matrix

element ¢ ;, if we simultaneously run over all symmetry operations Pi,i ,...,N ofthe
crystal
N IBZ 0cc. unocc. ‘MI pi/\.k S pi/\. K e Pi/\. K S pi/\.k MJe
s Q Q- Qe : E 3 : : (.)
i k NP n n nk "nk

e factor ~Np k avoids a multi-counting of certain Bloch vectors k. For example, without
this factor the pointiscontained in Eq. ( . ) N-times. Consequently, Np k is the number
of symmetry operations, which leave k invariant, or, to be more precise, Np k is the number
of members in the little group of k. Instead of operating with the symmetry operation P; on
~rand 2 the inverse symmetry operation P; - can be applied to My and M,

N 1BZ occ. unocc. ¢ p. MI /\.ks/\. I(e‘/\. kSA-k P. MJ e
i Q QY Q — )
i k 'NP n n nk "nk

Hence, we can restrict the BZ sum in the response matrix to the IBZ, but have to rotate the
MPB functions a erwards to add the contribution of all k points. e rotation of the MPB
functions is computationally very cheap, as it simply translates to a summation over di erent
matrix elements.

Since an analogous argumentation holds for the vector t- of the right-hand side we only
give the nal result

N 1BZ 0ccC. unocc. NL « Pi MI Af] kSAr-lke
i k 'NP n n nk nk

e local exact exchange potential is then obtained by a multiplication of the inverse re-
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sponse matrix with the vector t-. Finally, the local, multiplicative exchange potential is trans-
formed from a representation in the MPB to a representation in terms of lattice harmonics
and stars (cf. Sec. ¥. ) and added to the external and Hartree potential.

Numerical tests of the implementation

e spin-density response function ¢, the right-handside t-, and the resulting exchange po-
tential V; are functional derivatives of theform Ar ~ B r or A- Br . eydescribe
the linear change of the quantity A due to a change in B. To test our implementation, we
calculate the change of A due to a perturbation in B explicitly and compare the full response
of A with its linear counterpart arising from A~ B. edi erence between exact and linear
response should then vanish quadratically with the perturbation strength.

For the test of the spin-density response function and the right-hand side we perturb the
Hamiltonian with the potential Vi, r P Vper M1 1, where Vg, are random num-
bersand controls the strength of the perturbation. e perturbed Hamiltonian is exactly
diagonalized. From the perturbed wave functions the change in the density n- r and the
exact exchange energy Ej is calculated. On the other hand, we compute the linear change

""n-and ""E; arising from the perturbation Vs, by

np- r SN0 Vg1 dr (.)

and
ling. tr Vo r dr. (.)
Table . (a) and (b) demonstrate for the case of diamond thatthedi erences n-  '"n- and

E; '"E; indeed depend quadratically on the perturbation strength , if the perturbation
is small enough, so that we are in the linear regime.

For the check of the exchange potential V, itself we compare the exact change in the ex-
change energy E; with its linear counterpart “”E);, which is calculated from

= Vir nrdr QV M nordr. (.)
|

We note that n- in Eqg. ( . ) is the exact change in the density due to the perturbing po-
tential V. edi erence E; nE; [cf. Table . (c)] shows a quadratic dependence on
the perturbation strength , as well.

ese three tests con rm the validity and correctness of our implementation.
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Table . .

(a)
§ inpo ng ¥
(b)
Ex ¥ ¥
|inEX . .
§ INE- B L ¥ . ¥
(©)
Ex . ¥ ¥
= .¥ . Y¥
§ |InEX_ EXS . . ¥
Numerical test of (a) the response function ¢ r,r nr~Vsr ,(b)the

right-hand side t r Ex~ Vs r, and (c) the potential Vy r Ex~ n r for
the case of diamond. In (a) the exact response of the density n r is compared
with its linear approximation "n r P, n{"™™; r andni"  P; §1;Vpers
by theL norm § n'" r nrsdr ~. Incases (b) and (c) the exact re-
sponse of the exchange energy  Ex is opposed to its linear approximation, which is
calculatedby "Ey Pyt Vpersin(b)orby "ME, P,V Myr nrdr
in(c). edi erence between exact and linear response shows in all three cases a
guadratic dependence on the perturbation strength
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6.3. Balance of MPB and FLAPW basis

A er the discussion of the implementation of the EXX-OEP approach within the FLAPW
method, we demonstrate in this section that LAPW and mixed product basis are not indepen-
dent from each other. In fact, both basis sets are intertwined through the response functions
Egs. (. ) and ( .¥). We show in particular that a smooth and physical local EXX poten-
tial requires a balance of LAPW and mixed product basis, i.e., the LAPW basis for the KS
wave functions must be converged with respect to a given MPB until the EXX potential does
not change anymore. A similar behavior has been observed in EXX-OEP implementations
employing plane-wave and Gaussian basissets[ , ].

In Fig. . the local EXX potential for diamond is shown between two neighboring car-
bon atoms along () the [ ]and (b) the[ ]direction. e position of the corresponding
atoms and directions in the cubic unit cell of diamond are indicated in Fig. . . For these
calculations we have employed a MPB for the EXX potential with a reciprocal cuto radius
of Gpax ¥a andLmax ¥ whichamountsto ves ,fourp ,fourd ,three f ,and
two g type radial functions per carbon atom. Moreover, the LAPW basis-set parameters are
Gmax ¥. a and s ,and a¥ ¥ ¥ k-point sampling has been employed. If we use
the conventional LAPW basis set (green dashed curve), the local EXX potential tends to a
positive value at the atomic nuclei.  is behavior is unphysical, as the exchange interaction
is attractive. We say that both basis sets are unbalanced in this case. However, if we add local
orbitals to the LAPW basis set, the potential becomes smooth and physical (red solid curve).

e EXX potential then starts at the atomic nuclei with a value of about ¥ htr. At roughly

. a it shows the typical intershell hump and goes smoothly over to the interstitial region.
At the MT sphere boundary S, ¥ a atiny discontinuity in the potential is observable,
which results from the nite angular momentum cuto in the MT spheres. We nd that for
a converged EXX potential six local orbitals per Im channel from | s, andSmSB I,
placed at higher energies according to the criterion (¥. ), are needed. e requirement of
local orbitalsfrom |1 ..., isreasonable, asin the projections ‘M;”; 5", e the occupied

sand p states of diamond and the MT MPB functions with Lo ¥ can maximally cou-
ple to unoccupied states with angular character of | . e need of so many local orbitals
increases the number of basis functions by approximately a factor of . We note that we take
all resulting KS bands, about  , in the sums over the unoccupied states in Egs. ( . ) and
(. ) into account.

For comparison, we also show the atomic EXX potential (blue dotted curve) in Fig.
As expected, in the direct vicinity of the carbon nucleus the atomic and the (balanced) crys-
tal EXX potentials are indistinguishable. However, towards the MT sphere boundary atomic
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.. Local EXX potential of diamond between two C atoms (a) along the [ ] and

(b) along the [ ] directions for the cases where the MPB and LAPW basis set
are unbalanced (green dashed line) and balanced (red solid line). Moreover, the
atomic EXX potential of C is shown as blue dotted lines. Itisshi ed to align with
the crystal potential at the atomic nucleus at r
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Figure . .: Cubic unit cell of diamond with the  plane. e lines along the and
directions corresponding to Fig. . are indicated.

and crystal EXX potential start to deviate.  ere, the atomic EXX potential already shows the
typical ~r behavior, from which the crystal potential deviates due to the demand of periodic-
ity. Hence, it is not surprising, that the MPB function which corresponds to the atomic EXX
potential, gets the largest weight in the MT spheres and, thus, contributes most to the MT
part of the potential. e constant function in the MT spheres, which enables an alignment
of the MT to the interstitial potential, gets the second largest weight.

So far, we pointed out that a physical and stable EXX potential in the MT spheres requires
a balance of LAPW and mixed product basis, which is achieved by adding local orbitals to the
LAPW basis set. In analogy, in the interstitial region the reciprocal cuto radius Gmax Of the
LAPW basis must be converged with respect to the reciprocal cuto of the MPB G,,,,,. In or-
der to demonstrate this behavior more clearly, we have chosen a rather large reciprocal cuto
valueforthe MPBG,,x - @ (S.Fig. .¥). If Gmax is smaller than G,,,, the EXX potential
shows spurious oscillations in the interstitial region. In fact, the potential oscillates around
the converged curve obtained here with Gpyax . a . Fortunately, the converged EXX
potential is a smooth function, and moderate reciprocal cuto radii G, for the MPB are
su cient. We found that G,,,,, . Gmax IS @ reasonable choice. For diamond for example
the combination of G,,,, .¥a andGmax ¥. a leads to stable results.

We go back to the EXX-OEP equation ( . ) to understand the requirement of the basis
set balance in more detail. s equation contains two response functions: on the le -hand
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Figure .¥.. e convergence of the interstitial EXX potential is demonstrated for di erent
reciprocal cuto radii Gmax Of the LAPW basis on a line connecting two carbon
atoms along the[ ] direction. e reciprocal MPB cuto ischosenas . a .

side the density response function s, which must be inverted to obtain Vy, and on the right-
hand side the KS wave-function response. ey describe the change of the density and KS
wave function, respectively, due to a change in the e ective potential. As we represent the
EXX-OEP equation in terms of the MPB, the changes in the e ective potential are given by
the MPB. On the contrary, the change in the density and KS wave function are described by

rst-order perturbation theory giving rise to a sum over all unoccupied states. In practice,
of course, only a nite number N of unoccupied states is available and the sum over the
unoccupied states is truncated.  us, the response is determined by the quality of the LAPW
basis. e latter must provide enough exibility to enable the density or KS wave function to
respond adequately to changes in the e ective potential. s explains the behavior observed
above, and it iscon rmed by the convergence behavior of the density response function with
respect to the LAPW basis as demonstrated in Fig. . . e relative change in the eigenvalues
of the density response function as a function of the number of local orbitals n o added to
the LAPW basis is shown. Ineachstep, |  local orbitals per | channel from | ..., are
added to the LAPW basis resulting in  additional functions per atom. While we observe a
change in the eigenvalues in the range of % between zero and one set of local orbitals, the
relative changes are of the order of . % to . % between n o and n o . Fortunately,
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Figure . .: Convergence of the eigenvalues of the density response function ¢ for diamond

with respect to the number of local orbitals added to the LAPW basis. n o de-
notes the number of local orbitals added in each Im channel from | Cee
to the conventional LAPW basis. e eigenvalues s, are ordered according to
their absolute values along the x axis. ey axis shows the relative change of the
eigenvalue.

in particular the small eigenvalues of the response function, which become important in the
inverse response function, converge well.

e observation that the orbital LAPW basis and auxiliary MPB are not independent and
must be balanced for a physical density-response function and consequently physical EXX
potential, can be understood by analyzing a model system of independent electrons in a con-
stant potential [ ]. For this system the eigenfunctions are known analytically and given by
simple plane waves. But let us assume that we perform an electronic-structure calculation for
such a system, where the orbital basis is given by plane waves, too.  en, each basis function
is also an eigenfunction of the Hamiltonian. In order to be able to describe all occupied states,
the reciprocal cuto value G2, for the orbital basis set is chosen to be larger than the vector
Gk corresponding to the Fermi energy. Moreover, let us assume that we represent the density
response function ¢ by an auxiliary basis of plane waves with the cuto G2y,. e density
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Figure . .:Visualization of the three limiting cases for the representation of the density re-
sponse function ¢ for the model system of independent electrons in a constant
potential. In case (a) with G&X B GO0 Gr all matrix elements of ¢ are obtained
with their correct value as for any G of the auxiliary basis the vector G G lies
within the orbital cuto radius G2, In the case (b) with G2  Gr @ G B
GO Gr the matrix elements with G®, G @ $GS B G2, G are incorrect,
while for (c) with §GS A GO® G all matrix elements are zero.

response matrix then becomes a diagonal matrix with the entries

séc ¥ee Q (.9%

656G G G

We now distinguish three cases: in the rst case, G2 B G2'8 G, all matrix elements of
the density response matrix are obtained with their correct analytical value, because all states
correspondingto G G are accessible in the orbital basis set (cf. Fig. . ). In the second
case, GO Gr @ G2 B G G, however all matrix elements with G2, G @ $G$ B
Gﬁ{gx Gr are incorrect, i.e., their entry deviates from their analytical value, as some of the
unoccupied states required for these matrix elements are not contained in the orbital basis
set. e third case, GAX A G Gg, is the extreme case, where all diagonal elements with
IGS A GO Gr are zero, as none of the required unoccupied states is accessible by the orbital
basis set. In conclusion, this simple model shows that auxiliary and orbital basis cannot be
chosen arbitrarily for a correct representation of the density response function. It con rms
our observation that for a stable and physical EXX potential the orbital LAPW basis set must

be converged with respect to the auxiliary basis MPB.
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6.4. Comparison of EXX and LDA exchange potential

So far, the local EXX potential has only been shown on a line between two neighboring car-
bon atoms. An overall view of the potential on the  plane of diamond is provided in
Fig. .. e  plane contains the and directions that correspond to Fig.

e position of the plane in the cubic unit cell is displayed in Fig.

Figure . (a) shows that the EXX potential around the atomic nuclei is predominantly
spherical. Towards the MT sphere boundary, however, the potential becomes strongly
anisotropic. In particular, the C-C bond axes stand out. Furthermore, Fig. . (a) demon-
strates that the MT potential goes smoothly over to the corrugated interstitial potential at
the MT sphere boundary.

In comparison with the LDA exchange potential [s. Fig. . (b)], the EXX potential exhibits
much more structure and is considerably more anisotropic in the MT spheres. e LDA
exchange potential is exact for the homogeneous electron gas and scales with the electron
density V-2 r - n r ", which explains its similarity to the electron density distribution
(cf. Fig. . ). However, diamond is a covalently bonded material and, hence, substantially
deviates from the homogeneous electron gas. e di erence between LDA and EXX poten-
tial, thus, arises from the fact that in the latter the full non-locality of the EXX functional and
the full inhomogeneity of the system is taken into account by means of the KS wave func-
tions. In particular in the MT spheres, where the KS wave functions are strongly oscillating,
the EXX potential features, in contrast to the LDA exchange potential, strong non-sphericity.
In the interstitial region, on the other hand, both potentials are similar.  is reveals that a
full-potential treatment, incorporating the non-spherical contributions of the potential, is
considerably more important in the case of the EXX-OEP formalism than in the LDA.

Of course, the di erent shapes of LDA and EXX potentials in uence the electron density.
InFig. . (a) theelectron density distribution corresponding to the EXX potential is shown as
a color-coded contour plotonthe ~ plane. As naturally expected, the electrons aggregate
at the atomic nuclei and along the bond axes. Despite the obvious changes between the LDA
and EXX potential the di erences between the densities become only clearly visible in a log-
arithmic plot of the density di erenceSngxx r nipa r S[s.Fig. . (b)]. e black regions
are areas on the plane, where EXX and LDA density coincide (at leastupto  *a ). e
regions, where charge has been accumulated in comparison to the LDA density, are marked
with a plus sign. e EXX functional tends to accumulate charge at the atomic nuclei and
along the bond axes. e LDA, on the contrary, tends to distribute the density more homo-
geneously, which we attribute to the self-interaction error, which is inherent in the LDA but
completely eliminated in the EXX approach.
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Figure &.b.Visualization of (a) the EXX potential and (b) the LDA exchanptential on the
“y@ plane of diamond. Both potentials are gauged such theg"re dSr v
holds. e contour lines which lie in the interval betweer.cy and y.cy htr
with a spacing of y.y htr are shown. e dotted line corresponds td; v htr.
Moreover, the MT sphere boundaries are shown.



