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The design of suitable materials for application in future devices requires a de-
tailed understanding of their electronic and structural properties. The ab initio meth-
od density functional theory (DFT) has emerged as the most commonly applied
technique based on its high accuracy predicting characteristics of a wide range of
materials. The limits of the predictive power of DFT are set by the availability of
precise approximations to the exchange-correlation functional. In this thesis, we de-
veloped a scheme to realize screened nonlocal potentials within the full-potential
linearized augmented-plane-wave (FLAPW) method and applied it, in particular,
to the screened Heyd-Scuseria-Ernzerhof (HSE) functional. Incorporating a certain
fraction of nonlocal exchange, hybrid functionals improve on the conventional local
functionals by partly correcting for the spurious self interaction. This self interaction
is most prominent in materials with localized states, so that we expect an improved
description of transition-metal and rare-earth compounds. The strong localization
of the d and f electrons in these materials complicates a description by pseudopoten-
tial methods, so that they are particularly suited for the all-electron FLAPW scheme.
The nonlocal exchange is computationally very demanding, hence, we discuss two
approximations to improve the computation time of hybrid functional calculations:
a spacial restriction of the nonlocal exchange and the employment of a smaller k-
point mesh in the calculation of the nonlocal exchange. We demonstrate that both
schemes are feasible for selected materials, but not in general for all materials.

Employing our implementation of hybrid functionals, we analyze the electronic,
structural, and magnetic properties of the rare-earth compounds GdN, EuO, EuS,
EuSe, and EuTe and compare to results of DFT+U calculations from the literature.
We find that GdN is close to a semi-metal/semiconductor phase transition, which
may explain that both states are observed experimentally. In the EuX series, we re-
produce the major trends in the series, i.e., the opening of the band gap as well as the
transition from a ferromagnetic to an antiferromagnetic ground state. In a systematic
study of several simple cubic perovskites, we assess the improvement of the HSE hy-
brid functional over the local PBE functional concerning the prediction of the lattice
constant and the band transitions. Finally, we analyze the ground state of PbCrO;,
where the experimental semiconducting ground state could not be reproduced in
previous DFT calculations. We determine the relaxed structure for all possible space
groups, which are accessible by a combination of tilting and Jahn-Teller distortion of
the oxygen octahedra as well as a polar displacement. Depending on the Hubbard
U employed in the calculation, we obtain two different energetically optimal struc-
tures. Both structures exhibit a band gap and a polar displacement indicating that
PbCrO; may be multiferroic.

III






Introduction

Density Functional Theory

2.1 Significanceof DFT . . . ... .. ... ... .. .
2.2 The theoretical foundationsof DFT . . . . . ... ... .........
2.3 Adiabatic connectionformula . . .. ... ... ... ... ...
2.4 Local exchange-correlation functionals . . .. .............
2.5 Self-interaction error . . . . .. . .. . ..

The FLAPW Basis

3.1 Practical DFT - introductionofabasis .. ... ............
3.2 Atomicbasisfunctions . . ... ... ... ... .. ... ... .. ...
3.3 Augmented planewaves . ... ... ... ... ...
34 Localorbitals . . . ... ... ... ...

Orbital Dependent Functionals

41 Hybridfunctionals ... ... ..... ... .. . ... .. ... ..
4.2 A generalized Kohn-Sham scheme . . ... ... ... .........
4.3 The mixed productbasis . . ... ...... ... ... .. ... . ...
44 Hybrid functionalsin FLAPW . . . ... ... ... .. ........

Screened Hybrid Functionals

5.1 Motivation for a screened exchange potential . . . . ... .......
52 Implementation . . ..... ... ... ... ...
5.3 Total energy in hybrid functionals . . . .................
5.4 Parallelizationscheme ... ............ ... .........
5.5 Analysis of prototypical materials . . . . .. ... ... ... ... ...

Approximations to Hybrid Functionals

6.1 Computationaleffort . .. ... ... ... .. ... . ... ... ...
6.2 Discussion of different approximations. . . . . ... ..........
6.3 Application to prototypical materials . . . . ... ... ... ... ...

\%

o NN

21
21
23
24
25

27
27
30
31
32

37
37
38
43
45
48



VI CONTENTS
6.4 k-pointinterpolation . ... ... ... .. ... . ... .. ... ... 74
6.5 Conclusion . ... ..... . . ... 81
7 Rare Earth Compounds 83
7.1 Introduction . ........ ... . ... ... 83
7.2 Computational setup . . . ... ...... .. .. ... ... 85
7.3 Gadoliniummnitride . ... ... ... ... ... 90
74 Europiumoxide . ... ... ... ... .. ... 95
7.5 Europiumsulfide ........... ... .. .. . ... . ... . ... 98
7.6 Europiumselenide. . .. ... ... ... ... . ... . L. 100
7.7 Europiumtelluride . ........ ... ... .. . ... ... ... 103
7.8 Trendsintheseries . ... ... ... ... ... . ... . ... .. 105
79 Summary . ... 108
8 Cubic Perovskites 109
8.1 Introduction . .......... .. ... ... .. 109
8.2 Computationalsetup . ... ... ... .. ... .. ... .. 113
8.3 Latticeoptimization . . . . . ... ... ... ... o 114
8.4 Band transitions in perovskites . . .. ... ... ... ... ... ... 118
85 Conclusion . . ... ... 121
9 Lead Chromate 123
9.1 Introduction . .......... ... ... ... . 123
9.2 Octahedral tilting and Jahn-Teller distortions . . ... ........ 126
9.3 Computationalsetup . . ... ........... . ... ... 129
9.4 Ground state investigation . . .. ... ... ... ... . L 133
9.5 Splitting of t,, levels by Jahn-Teller distortion . . . .. ... ...... 135
9.6 Charge order in oxygen-octahedra tilt structure . ... ........ 138
9.7 Comparison DFT+U and hybrid functionals . . ... ......... 142
9.8 Summary .. ... ... 146
10 Conclusion 149
A Appendix 153
A AtomicUnits . . . ... ... . 153
B Numerical parameters for perovskite calculation . . . . ... ... .. 154
Bibliography 157



2.1

2.2

2.3

4.1

5.1

52

53

Allinformation necessary to describe a physical system is contained equally

in the Hamiltonian #, the wave functions ¢*°, and the electronic density n. 11

Example for the idea of the adiabatic connection in a interacting electron
gas without external potential. a) The real system with the full electron-
electron interaction V.. b) The fictitious system where the electron-
electron interaction is replaced by an effective potential V¢ that repro-
duces the same physics. . . .. ... ... ... oL

We show the LDA exchange hole 1, normalized to the uniform density
Nunif, s function of the dimensionless product of Fermi wave vector kg
and distance of twopoints u. . . . . ... .. L L

Flowchart of a PBEO calculation within F1eur. The detailed description
isgiveninthetext. . . . ... ... .. . ...

The bare and the screened Coulomb potential show the same divergent
behavior near the origin, whereas their difference is a smooth function
and has a finite limit. To describe the divergence near the origin requires
a large reciprocal cutoft. Without this divergence, the Fourier transform
of the difference converges much faster. . ... ...............

a) Long-range (LR) potential v'®(g) (cf. Eq. (5.12)), which is the Fourier
transform of the difference of bare Coulomb and screened Coulomb po-
tential, as function of g = |q + G|. b) Convergence of the root-mean-
square (rms) deviation of the eigenvalues of Eq. (5.11) with respect to
the number of plane waves used for the Fourier transformation. Illus-
trated using the example of cubic silicon (eight atoms per unit cell). . . .

Flowchart of an HSE calculation within Fleur. The red boxes indicate
changes with respect to a PBEO calculation (cf. Fig. 4.1). . . . . . .. ...

VII

14

42



VIII

LisT OF FIGURES

54

55

5.6

6.1

6.2

Example of task distribution over six processes (CPU I-VI) of eight ir-
reducible k points (k;) which correspond to a I centered 4 x4 x4 k-point
mesh within a cubic unit cell. The number of q points within the inner
loop in Eq. (5.5) is not the same for all k points. Hence, if the evaluation
of the nonlocal potential takes longer at a certain k point it will be shared
by several processes. This illustrates the complications in the communi-
cation pattern if synchronous communication is used as, for instance,
process II will finish its share of k point 2 before process I arrives at the
communicationpoint. . . . ... Lo L L o

Improvement in execution time per nonlocal iteration by parallelization.
We calculate bulk silicon with a 12x12x12 k-point mesh increasing the
number of processes on the local cluster and on JuRoPA. The code is
slightly slower on JuRoPA and scales well with the number of processes.
For comparison an ideal scaling is shown extrapolating from the time
consumed by a single process calculation. . . ... ...... ... ...,

Convergence of the indirect I' — X transition Ey in silicon with respect
to the size of the k-point mesh nxnxn. The bare Coulomb potential in
the PBEO functional requires a finer sampling to accurately describe the
divergence near the I' point. The screening of the Coulomb potential in
HSE overcomes this problem, so that the overall convergence is similar
tothe PBE functional. . . . . ..... ... ... .. .. ... ...

Citation analysis using SciVerse Scopus for four representative publica-
tions dealing with hybrid functionals. The citations of the seminal pa-
per by Becke is scaled to 10% to fit on the same axis. The citations for
the newer hybrid functionals—the PBEO functional, its implementation
in GAussIAN, and the screened HSE hybrid functional—have increased
strongly in the lastfiveyears. . . . . ... ... ... .. ... . o .

Computation-time distribution of several tasks in examplary EuO and
SrTiO; hybrid-functional calculations. Roughly two thirds of the time
are consumed by the calculation of the overlap integrals in the muffin-tin
(MT) spheres, in the interstitial region (IR) and reading the wavefunc-
tions from the harddisk. The vector-matrix-vector (VMV) multiplica-
tion accounts for another third of the time. The load imbalance in the
MPI parallelization is responsible for a large part of the remainder. The
rest of the time is spent for the common DFT calculation. . . . . ... ..

47



LisT OF FIGURES

IX

6.3

6.4

6.5

6.6

6.7

Comparison of [-projected density of states (DOS) for the spin-up chan-
nel in MnO using different approximations to the PBEO functional. The
blue contribution originates from the majority d orbitals of the Mn atom,
the cyan contribution originates from the ones with the opposite spin
direction. The red fraction is associated with the p orbitals of oxygen
and the remainder to the total DOS consists mainly of charge in the in-
terstitial region. The transparent purple area shows the region where
no electronic states exist. The tails in the gap result from the Gaussian
broadening. . . . . ... ...

Comparison of I-projected density of states (DOS) for the spin-up chan-
nel in NiO using different approximations to the PBEO functional. The
blue contribution originates from the majority d orbitals of the Ni atom,
the cyan contribution originates from the ones with the opposite spin
direction. The red fraction is associated with the p orbitals of oxygen
and the remainder to the total DOS consists mainly of charge in the in-
terstitial region. The transparent purple area shows the region where
no electronic states exist. The tails in the gap result from the Gaussian
broadening. . . . . ... ...

The densities of states (DOS) for bulk silicon calculated with the HSE,
PBEO, and PBE exchange correlation functional is compared to the dif-
ferent approximations to the hybrid functionals. The purple area indi-
cates the band gap region within which no electronic states exists. Any
existing part within is an artifact of the Gaussian broadening used to
constructthe DOS. . ... ... ... . ... .

The densities of states (DOS) for bulk GaAs calculated with the HSE,
PBEO, and PBE exchange correlation functional is compared to the dif-
ferent approximations to the hybrid functionals. The blue part shows
the density located at Ga atoms, the cyan area represents the As atoms.
The remainder to the total DOS (black) is situated within the interstitial
region. The purple area indicates the band gap region within which no
electronic states exists. The blue tails are related to the Gaussian broad-
ENING. . . o o

Electronic band structure of silicon generated by k-point interpolation
(red) between the results of the HSE hybrid functional (blue). For com-
parison, we depict the results of a PBE calculation as a light-gray line. . .

76



LisT OF FIGURES

6.8

7.1

7.2

7.3

7.4

7.5

7.6

8.1

Electronic band structure of ZnO generated by k-point interpolation
(red) between the results of the HSE hybrid functional (blue). The three
figures differ by the basis functions employed to describe the Zn d states:
(a) LAPW functions, (b) local orbitals for 3d states, and (c) local orbitals
for3dand4dstates. . ... ... ... . ...

At low temperatures, GAN, EuO, EuS, and EuSe realize a ferromagnetic
ground state in the rock-salt structure. . . . . ... ..... ... . ...,
Schematic picture of the paramagnetic approximation: Below the Curie
temperature T (left), the magnetic moments are aligned which yields a
small magnetic polarization of the p and t,, levels for the different spin
channels. Increasing the temperature above T, the moments rotate ran-

78

85

domly, so that in average the polarization of the p and t,, states disappears. 87

Antiferromagnetic unit cells: On the left the AFM-I structure is shown,
where the magnetic moment alternates along the crystallographic [001]
direction. In the AFM-II structure (right), the magnetic moment flips

in neighboring planes orthogonal to the crystallographic [111] direction.

Results for GAN obtained with the HSE functional at the experimental
lattice constant. The orbital- and spin-resolved density of states (DOS)
shows the Gd 4f and 5d states as purple and green lines, respectively.
The cyan lines represent the N 2p states. In the electronic band structure
in the center features the majority (black, solid) and the minority (gray,
dotted) bands. . . ... ... ... .
Electronic band structure of EuO at the theoretically optimized lattice
constant for the HSE hybrid functional. The red lines show the spectrum
of the majority states, whereas the minority states are shown in blue. . .
Comparison of the Kohn-Sham eigenvalues of the top of the p states (be-
low 0), the top of the valence band (black line), and the bottom of the
5d states (above 0) at the X point with experimental results (gray line).
The eigenvalues obtained with PBEO (blue) and HSE (red) are shown on
the left side. Including the paramagnetic approximation yields the pic-
ture on the right side. The experiments are performed at room tempera-
ture (right side). On the left side, we show the same data as dashed line,
because the experimental paramagnetic configuration does not directly
correspond to the ferromagnetic configuration in the DFT calculations.

Ideal simple ABOj; cubic perovskite structure. The A-site atoms are shown
in blue, the B-site ones in green, and the oxygen atoms in red. The oxy-
gen atom are connected to emphasize the oxygen octahedron. . . . . . .

88

97

107

109



LisT OF FIGURES X1

8.2

8.3

9.1

9.2

9.3
9.4
9.5
9.6

9.7
9.8

9.9

Comparison of experimental and theoretically optimized lattice con-
stant for a series of cubic perovskites. The results obtained with the local
PBE and the nonlocal HSE functional are shown in blue and red, re-
spectively. The black diagonal line indicates the ideal prediction, where

theory and experiment coincide. . . . . . . ... ... oo oL 116
Electronic band structure obtained with the HSE hybrid functional for
the two prototypical perovskites SrTiO; (a) and PbTiO; (b). . . ... .. 119

Energy diagram of PbCrOj;: The five 3d states split under the influence of
the octahedral crystal field into two e, states and three t,,. For the Cr**
ion the latter ones are occupied by two electrons. As experimentally a
semiconducting state is observed, the symmetry has to be lowered (e.g.
by a Jahn-Teller distortion) so that the three t,, levels split. . . . ... .. 125
Common distortions of the oxygen octahedra in perovskite materials.
Each distortion mode is labeled by the irreducible representation it be-
longs to. Jahn-Teller deformations and oxygen cage rotations are shown
in the first and second row, respectively. In plane, neighboring octahe-
dra have opposite deformations. Out of plane, the octahedra ordering
pattern is either “in-phase” (M; and MJ mode) or “out-of-phase” (R}

andRjmode). ... ... ... ... .. 127
Excerpt of input and output of ISOTROPY. . . . .. ... ... . ..... 130
Excerpt of input and output of IsOTROPY. . . . .. ..... ... ..... 131
Excerpt of input and output of ISsOTROPY. . . . .. ..... ... ..... 132

Relaxation of PbCrO; with a Hubbard U = 4 eV: The structures are la-
beled in Glazer notation and the Hermann-Mauguin notation of the
space group. All possible group-subgroup connections are visualized
by gray lines or green arrows. A purple frame (a gray color of the label)
indicates the structure is (not) stable. A structure is not stable, if either
a stable subgroup exists or the structure relaxes along the green arrows
to a supergroup. The red and blue area illustrate the presence of the re-
spective Jahn-Teller mode. In the area in between only tilts of the oxygen
octahedraarepresent. . . . . ... ... .. ... ... ... 134
Relaxed P4bm structure with experimental unit-cell volume. . . . . . . . 136
Electronic DOS of one spin channel in the P4bm structure. The valence
band consists of Pb s and a hybridization of O p and Cr t,, states. The
unoccupied band is built by a single t,,, the e, and the minority d states. 137
Wannier functions for the unoccupied levels directly above the Fermi
energy reveal a checkerboard orbital order in the structure. . . . . . . .. 137

9.10 Relaxed P4,mc structure with experimental unit-cell volume. . ... .. 139



XII

LisT OF FIGURES

9.11

9.12

9.13

9.14

9.15

Electronic DOS of one spin channel in the P4,mc structure. The oxygen
p states (red) hybridize with the Cr t,, states (blue). The Cr e, states are
shown in cyan and the Pb s statesingray. . .. ...............
Wannier functions for the unoccupied levels directly above the Fermi
energy localized at particular Pb** sites. The dashed arrows indictate
that the functions are centered at the rear Pb ions, whereas solid lines
are associated with the front Pbions. . . . ... ....... ... ... ..
Energy difference AE of distorted structure with respect to simple cubic
one as function of the Hubbard U applied in the DFT+U scheme. The
P4bm structure exhibits a phase transition to a different structural ar-
rangement at U = 5.2eV. The P4,mc structure shows a metal-insulator
transition (MIT) at U = 3.3 eV. Above the plot, the c/a ratio of the struc-
tures at different values of Uisshown. . ... ................
Comparison of the U dependence of the volume in the simple cubic, in
the P4,mc, and in the P4bm structure. The latter has two solutions, an
insulating one at small values of U and a metallic one at large values of

140

U. As reference the experimental unit-cell volume is depicted as black line. 144

Ilustration of changes in the orbital resolved electronic DOS associated
to the Hubbard U parameter for 40 atoms unit cell of PbCrO; in the
prototypical P4,mc (left) and P4bm (right) structure. For comparison,
we depict the result of a HSE hybrid functional calculation. We show the
contribution of the Pb s (gray), the Cr e, (blue), the Cr ¢, (cyan), and the
O p (red) states. The latter is scaled by 1/2 to make the scale of all states
moresimilar. . ... ... L



5.1

52

5.3

6.1

6.2

6.3

6.4

Kohn-Sham transition energies in eV obtained with the functionals PBE
and HSE at experimental lattice constants compared with values from
PAW calculations and experiment. An 8x8x8 k-point mesh was em-
ployed in our calculations. . . .... ... ... ... . . . ... 50

Optimized lattice constants in A obtained with the PBE and the HSE
functional. In our work, an 8x8x8 k-point mesh was employed. Results
are compared to experimental results and calculations using the HSE
functional within a PAW and a Gaussian method. . ... ... ... ... 51

Bulk moduli in GPa obtained with the PBE and the HSE functional. An
8x8x8 k-point mesh was employed in our calculations. Results are com-

pared to experimental results and calculations using the HSE functional
withina PAW method. . . ... ... ... ... ... .. ........ 51

We present the data for MnO: The smallest fundamental band gap Agyng,
the smallest direct band gap A, the magnetic moment per Mn atom
My, and the number of d electrons of majority spin character within
the MT spheres N, is compared to theoretical and experimental results
from the literature. . . . . . ... ... .. ... 62

We present the data for NiO: The smallest fundamental band gap Agyng,
the smallest direct band gap A, the magnetic moment per Ni atom my;,
and the number of d electrons of minority spin character within the MT
spheres N, is compared to theoretical and experimental results from the
literature. . . . . . ... 65

Comparison of the theoretical and experimental results for different band
transitions, the lattice constant a, and the bulk modulus B of silicon. .. 69

Comparison of the theoretical and experimental results for different band
transitions and the position of the d states of Ga A, g, with respect to the
FermienergyinGaAs. . ... ..... ... ... ... ... .. . .. ... 71

XIII



X1V

LisT OF TABLES

6.5

7.1

7.2

7.3

7.4

7.5

7.6

7.7

Interpolation for cubic SrTiO; from a 4x4x4 to an 8x8x8 k-point mesh
— The first 10 k points are present in both meshes, whereas the latter 25
ones are only present in the 8x8x8 mesh. We show the mean error (ME)
and the mean absolute error (MAE) of the eigenvalues of occupied and
unoccupied states (relative to the Fermi energy). We compare the results
of the interpolation with a full self-consistent result in the larger mesh.
All k vectors are given in internal coordinates of the Brillouin zone. . . .

Numerical parameters employed in the calculation of gadolinium nitride
and the europium chalcogenides. . . . ... ......... ... . ...,

We compare our results for GAN obtained with the HSE functional with
experimental and theoretical works from the literature. The columns in
that the lattice constant is printed in gray the band gaps and the magnetic
moment are calculated at the experimental lattice constant. In the other
columns, the theoretically optimized lattice constants was employed. . .

Energy differences AE (meV) between FM and AFM configuration ac-
cording to Eq. (7.2), magnetic coupling constants /; and J, (meV), and
Curie temperature T¢ (K) for bulk GAN. The Curie temperature is de-
termined with the mean-field approximation (MFA), the random-phase
approximation (RPA), and a Monte-Carlo (MC) simulation. . . ... ..

Comparison of our results with the PBEO and HSE hybrid functional
for EuO with those from LSDA+U calculations and experiment. The
theoretical results are evaluated at the room temperature lattice constant,
except for the optimized lattice constant and the bulk modulus. . . . . .

Comparison of our results with the PBE0 and HSE hybrid functional for
EuS with those from LSDA+U calculations and experiment. The the-
oretical results are evaluated at the room temperature lattice constant,
except for the optimized lattice constant and the bulk modulus. . . . . .

Comparison of our results with the PBEO and HSE hybrid functional
for EuSe with those from LSDA+U calculations and experiment. The
theoretical results are evaluated at the room temperature lattice constant,
except for the optimized lattice constant and the bulk modulus. . . . . .

Comparison of our results with the PBEO and HSE hybrid functional
for EuTe with those from LSDA+U calculations and experiment. The
theoretical results are evaluated at the room temperature lattice constant,
except for the optimized lattice constant and the bulk modulus. . . . . .

79

86

91

95

96

99

101

103



LisT OoF TABLES

XV

7.8

8.1

8.2

9.1

Al

A2

Collection of our hybrid functional results for the europium chalcogenide
series and comparison to available experimental data. All results other
than the lattice constant a and the bulk modulus B are given for the ex-
perimental room temperature lattice constant. The bandwidth (BW) of
the 2p states and the direct band transitions are calculated as differences
of Kohn-Sham eigenvalues. . . . ... ... ... ....... ... .....

Lattice constant (A) obtained with the local PBE and the nonlocal HSE
functional in comparison to experimental and theoretical results from
theliterature. . . . ... ... ... ... .
Direct and indirect band gap obtained with the local PBE and the non-
local HSE functional in comparison to optical absorption experiments. .

Carpenter and Howard found 44 space groups accessible by a perovskite
system in which a tilting of the oxygen octahedra (M3 and R} mode) is
combined with a Jahn-Teller (JT) distortion (I';, MJ and R} mode). We
do not depict the two space groups, which differ from the simple cubic
one only by a ¢/a or a b/a ratio different from 1. ... ... ........

In this thesis, we express all quantities in atomic units unless stated oth-
erwise. Here, we present the conversion factors for the five fundamental
physical dimensions and theenergy. . . ... ........ ... .....
Numerical configuration of the perovskite calculations. . . .. ... ...

106

115

120

128

155






CHAPTER

The development of better devices is increasingly driven by the selective engineer-
ing of material properties. This trend promotes the research of the dependence of
characteristic features on subtle changes in the composition of compounds, in the
defect concentration, and in the stacking in heterostructures. Of particular interest
are complex oxide materials which allow for various attractive properties by small
changes in the electronic or ionic structure. Technological demand for more effi-
cient computer chips draws attention to magnetoelectric materials in which a fer-
romagnetic order is controlled not only by a magnetic but also by an electric field.
Vice versa, a ferroelectric order is subject to changes in the external magnetic field.
Hence, materials which combine both orders, the so-called multiferroics,! recently
gained a lot of interest.?

Spaldin and Pickett? illustrate a general guideline how to design these functional
materials. The selection of an appropriate method is important. We employ density
functional theory (DFT)*> which is the most widely applied method in theoretical
material design due to its high predictive power. As DFT is in principle an exact so-
lution of the many-body Schrodinger equation it contains no adjustable parameters
and is commonly referred to as ab initio or first principles method. Conceptually,
DFT reduces the complexity of a system with N electrons from the 3N-dimensional
wavefunction to the 3-dimensional density. The Hohenberg and Kohn* theorem
proves that this mapping is exact. However in practice, the part of the total-energy
originating from the exchange and the correlation of electrons is too complex to cal-
culate for any material with more than a few electrons. Thus, Kohn and Sham?®
introduced a fictitious non-interacting system, in which all many-body eftects are
subsumed in the exchange-correlation functional.

In the material design process, if the results of theory and experiment are not
consistent, the applied methods have to be refined.? Within DFT, this includes the
development of more sophisticated exchange-correlation functionals which is alle-
gorically referred to as Jacob’s ladder.® The first idea was the development of the
local density approximation (LDA)’-!? which is a pure functional of the density.
Later, the accuracy of DFT was improved by including the gradient of the density in
the generalized gradient approximation (GGA) functionals.!*-17 However, despite
their success for a wide range of materials, these local exchange-correlation func-
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tionals include an unphysical interaction of an electron with itself, the so-called self-
interaction, which yields a systematic underbinding of strongly localized states. This
- in connection with the difficulties to systematically improve local functionals —
leads to the emergence of orbital dependent exchange-correlation functionals. Kiim-
mel and Kronik ¥ point out four classes of orbital dependent functionals: the meta-
GGAs,  the self-interaction correction, !! the hybrid functionals,?® and the exact ex-
change with orbital-dependent correlation.?! Within this thesis, we employ local and
hybrid functionals. The consideration of the adiabatic connection between the non-
interacting Kohn-Sham system and the full-interacting real one, inspired Becke ? to
construct hybrid functionals in which an empirically optimized fraction of nonlocal
Hartree-Fock (HF) exchange replaces a corresponding part of local exchange. 202223
Later, Perdew et al. 2* proposed a parameter-free PBEO hybrid functional in which
the mixing parameter is inferred from expanding the adiabatic-connection formula
and from comparing to Moller-Plesset perturbation theory?® afterwards. The inclu-
sion of the HF exchange partly corrects the spurious self-interaction resulting in an
improved description of localized states. The calculation of the nonlocal exchange
leads to a high computational cost of hybrid functionals. Several ideas to reduce
the computation time were proposed. Heyd et al.?° suggested to apply a range sep-
aration to the exchange functional and to limit the nonlocal HF exchange to the
short-range (SR) contribution, since the screening by the electrons limits the dis-
tance of the exchange interaction in real material. This reduces the computational
cost of hybrid functional calculations in real space?¢ as well as in reciprocal space?’
codes. Tran et al. 28 suggested to restrict the hybrid functionals to on-site contribu-
tions only, which would raise the speed of these calculations close to conventional
calculations. Taking advantage of the small dispersion of the exchange energy, Paier
et al.?’ introduced a downsampling of the k-point mesh. We discuss the effect of
similar approximations in Chap. 6.

In this thesis, we develop an implementation of the Heyd-Scuseria-Ernzerhof
(HSE) hybrid functional within the full-potential linearized augmented-plane-wave
(FLAPW) method.? In this all-electron method,?%-3? the crystal is separated into
muffin-tin (MT) spheres centered at the atomic sites and the interstitial region (IR).
The basis functions are a product of numerical radial functions and spherical har-
monics in the MT spheres which are linearly matched to the plane waves employed
in the IR. The evaluation of the PBEO functional within the FLAPW method was
pioneered by Betzinger ef al.,?* projecting the wavefunction products necessary for
the HF exchange onto an auxiliary product basis. In Chap. 5, we extend this scheme
to any nonlocal potential which is a pure function of the distance and apply it to
the screened HSE functional. We achieve a combination of the FLAPW method
specifically tailored to accurately describe atomic-like states and the screened hybrid
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functionals suited in particular for localized electrons.

This facilitates the description of rare-earth compounds where the strong local-
ization of the 4f states causes difficulties for pseudopotential methods and common
exchange-correlation functionals. In particular, we focus on the isostructural and
isovalent GAN, EuO, EuS, EuSe, and EuTe (Chap. 7). In GdN, a vivid discussion in
the literature focuses on the nature of the transition between I'- and X-point. In-
dications for an insulating?-3® or a semi-metallic®*-** ground state have been ob-
tained. We predict a semi-metallic state at low temperatures which changes into an
insulating state upon small changes in the lattice constant.?’ The europium chalco-
genides EuX (X =0, S, Se, Te) recently regained high interest. In particular the high
spin polarization of EuO, which grows lattice matched on several typical semicon-
ductors,*3-46 offers the prospect of efficient spin filters.**® The Curie temperature of
69 K*# increases by defects>>>! or doping.>!->¢ In this thesis, we investigate the funda-
mental properties of the EuX series (Chap. 7) and find an overall excellent agreement
with experimental observations of structural and magnetic properties.

In the material design of multiferroic materials, the most investigated structure
is the perovskite one, ABO;. An ideal perovskite is characterized by a cubic arrange-
ment of A-site atoms. The B-site atom in the center of the cube is surrounded by an
octahedron of oxygen atoms.* This arrangement allows to design materials, where
the A site drives ferroelectricity and the B site is magnetic as in the famous BiFeO;.>”
Furthermore, in a concept referred to as strain-engineering, the properties of ma-
terial are tuned by growing the material on a substrate with a small misfit in the
lattice constant.>® A particular interesting example is the switching from an antifer-
romagnetic (AFM) to a ferromagnetic (FM) arrangement in strained EuTiO; upon
changing the polarization.>® These properties require an accurate description of the
structural properties of the chosen materials. However, it is known® that apart from
an underestimation (overestimation) of the lattice constant of ferroelectrics, the local
functional LDA (GGA) also show strong deviations for other structural parameters,
such as c/a ratio of the tetragonal unit cells of the ferroelectric deformation. In this
thesis, we investigate the performance of the HSE hybrid functional for a set of cu-
bic perovskite materials and outline the improvement over LDA and GGA results
(Chap. 8), in particular for lattice constants and band transitions.

Finally, we investigate the properties of PbCrO; (PCO) in Chap. 9. At first glance,
the material is similar to BiFeO; with the lone pair of Pb which might drive ferro-
electricity on the A site and the magnetic Cr ion on the B site. However, experiments
around 1970 indicate®'-6* that PCO has a semiconducting cubic ground state struc-
ture with an AFM arrangement of Cr ions. More recently, the material has been revis-

¥We note that structures with other anions exist, but we limit ourselves to the oxygen compounds.
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ited and several interesting phenomena have been observed: a random displacement
of the Pb ions,® a mixed valency of the Cr ions,% a non-collinear spin reorientation
leading to weak ferromagnetism, and a phase transition under compressive pres-
sure that goes along with large volume collapse.®” So far, DFT calculations were not
able to reproduce any of the experimental results. All calculations predict a metal-
lic ground state, which typically has a much smaller volume than the experimental
one.®-70 Only Ganesh and Cohen”? found a state with a volume comparable to ex-
periment, however their result is metallic and has a strong tetragonal distortion. In
Chap. 9 we present our investigation based on an analysis of all possible space groups
accessible by tilting and Jahn-Teller (JT) distortion of the oxygen octahedron. As a
result, we find the first theoretically obtained insulating ground state. Our results in-
dicate, that PCO is microscopically unstable against tilting of the oxygen octahedron.
Furthermore, we obtain a displacement of the Pb atoms giving rise to a ferroelectric
polarization.

This thesis is organized as follows. We start with a general introduction to DFT,
the conventional exchange-correlation functionals, and their limitations in the chap:dft.
In Chap. 3, we present the FLAPW method. We motivate the intermixing of a frac-
tion of HF exchange in the hybrid functionals and discuss their implementation
within the FLAPW method in Chap. 4. In the chap:impl, we replace the pure Coulomb
interaction by a screened one as used in the HSE functional. In Chap. 6, we analyze
different approximations that would allow a faster evaluation of the hybrid func-
tional. Then we switch to the application of DFT to complex materials. In Chap. 7,
we apply hybrid functionals to GdN and to the europium chalcogenides. An in-
vestigation of the performance of the HSE functional for perovskites is presented in
Chap. 8. The detailed analysis of the perovskite PCO is contained in Chap. 9. Finally,
we conclude the thesis in the chap:concl.
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The underlying physical laws necessary for the mathematical the-
ory of a large part of physics and the whole of chemistry are thus
completely known, and the difficulty is only that the exact appli-
cation of these laws leads to equations much too complicated to
be soluble. It therefore becomes desirable that approximate prac-
tical methods of applying quantum mechanics should be devel-
oped, which can lead to an explanation of the main features of
complex atomic systems without too much computation.

Paul Dirac’!

2.1 Significance of DFT

Since Dirac’s well-known quote more than 80 years have passed and his statement is
still as true as at his time. Nevertheless with the advent of computer assisted calcula-
tions, several numerical techniques for solving the many-particle Schrédinger equa-
tion became feasible. Density functional theory (DFT) is one of the most efficient
methods to solve the Schrédinger equation, as it maps the complicated interacting
many-body problem exactly to an equivalent non-interacting single-particle one.”?
The impact of DFT for the theoretical investigation of complex molecules and
solids manifested itself in the Nobel prize for Walter Kohn in 1998. In his Nobel
lecture,” he highlighted two of the important contributions DFT made to the field
of many-body quantum physics. On the one hand DFT simplified the understanding
of these systems by reducing the complexity from the multiple-particle wavefunction
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with 3N independent coordinates, where N is the number of electrons, to the density
n(r) which can be much easier visualized, analyzed, and hence comprehended. This
reduction in complexity on the other hand made numerical calculations possible.
Numerical DFT calculations grew significantly in popularity in the 1990s72 once the
balance between accuracy and computational cost was demonstrated. Nowadays,
DFT is successfully used to investigate materials properties from first principles.
This chapter is structured as follows. In Sec. 2.2, we introduce the Hohenberg-
Kohn theorem and the Kohn-Sham equations. In Sec. 2.3, we illustrate how the inter-
acting many-body problem is mapped onto the non-interacting single-particle sys-
tem. In the sec:exc, we introduce the most commonly used local exchange-correlation
functionals. References 72-75 were used in the preparation of this chapter.

As pointed out by Dirac,”! the physics of condensed matter and molecules is entirely
described by the Schréodinger equation of the system. Throughout this work, we use
the Born-Oppenheimer approximation’® to separate the slow motion of the heavy
nuclei and the much faster electronic motion into separate Hamiltonians and limit
ourselves to the electronic Hamiltonian

H=T+ Vgt + Vee (2.1)

with the the kinetic energy

A
Z% = Z 7 (2.2)
the external potential
Vet = Z Z V%—R| (2.3)
and the electron-electron interaction
Z (2.4)

l¢] |r1 |

The small letter r; indicates the position of an electron, the capital letter R, the posi-
tion of an atom, and Z, is its atomic number. Here and in the following atomic units
are used (see Sec. A).7778

The central concept of DFT theory is the mapping of this N electron system onto
an equivalent single-particle system. The auxiliary single-electron system is con-
structed to reproduce the density n(r) of the many-particle system, since the system
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is entirely described by its electronic density. The cusps in the density indicate the
position of the nuclei which determine the external potential and hence the Hamil-
tonian (Eq. (2.1)). Hohenberg and Kohn* confirmed this qualitative understanding
for non-degenerate eigenstates via proof by contradiction. Assuming two different

external potentials Vgit) (r) and V§_§2 (r) with different ground-state wave functions

@, (r) and @, (r) could yield the same ground-state density, we find that

(cb1 |T+ v Ly, c1>1> < (ch |T+ v Ly,

ext. ext.

(ch]T+ %% ch} > <CI>2|T+ %%

ext. ext.

cpz) and (2.5)

+ Vee + Vee

;). (2.6)
The contribution of the external potential depends only on the density, hence we get
<®1|T+ Vee|q)1>§<q)2|T+ Vee|q)2>, (CD1|T+ Vee|(D1>2 ((D2|T+ Vee|q)2>~ (27)

These inequalities can only be fullfilled if the total energy is identical and hence the
wave functions are identical or degenerate. From the wave function the external
potential is defined by the inversion of the Schrédinger equation up to a constant

2,0(r)

Vext. - Z T(I‘) - Vee- (28)

i

Levy”® established a constrained search formalism which extends the Hohenberg-
Kohn theorem for degenerate ground states.”? The search is constrained to all wave
functions which are antisymmetric and yield a density n(r). The ground state energy
is

E= mnin (F[n] + / &’r Vext,(r)n(r)) ) (2.9)

As the energy contribution of the external potential depends only on the density
(and not directly on the wave function), any wave function @ which minimizes the
universal functional F[n]
Fln|= min (®|T+ V| D 2.10
[n] = min (& |[©) (2.10)
is a ground-state solution.

Kohn and Sham* applied the Hohenberg-Kohn theorem to a fictitious one-elec-
tron system with same density and the Hamiltonian

HES = Ty + Vit (r), (2.11)

where the interaction with the other electrons and the external potential are con-
densed in an effective single-particle potential Ve (r). The theoretical foundation
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Hohenberg-
Kohn theorem

All information necessary to describe a physical system is contained
equally in the Hamiltonian 7, the wave functions ¢°, and the electronic density n.

of this mapping is presented in Sec. 2.3. The Kohn-Sham wave functions ¢'°(r) are
the eigenfunctions of this Hamiltonian with the eigenvalue X

HE ) = 5[0, 212)

Analogous to Eq. (2.10), the Kohn-Sham wave functions minimize the single particle
kinetic energy under the constraint that they add up to the density”?

Tyn]= min (Oks|T| Dxs), (2.13)

( Dks|Pks)=n

with the Kohn-Sham wave function?

occ.

|Dxs) =] ‘f/’SS) : (2.14)

This construction indicates, that in general the Kohn-Sham wave function and eigen-
value of the fictitious single-particle system do not represent the physical wave func-
tion and eigenvalue of the many-body system. Nevertheless, one commonly approx-
imates the real values by their Kohn-Sham counterpart. For example the band gap
of the real system can be approximated by the difference of Kohn-Sham eigenvalues.

Figure 2.1 illustrates how the Hohenberg-Kohn theorem and the Kohn-Sham
equation can be used for practical DFT. The solution of the Kohn-Sham equation
yields the wave functions and straightforward the density. As the density uniquely
defines the Hamiltonian, we can iterate this loop until self consistency is achieved.

?In principle the Kohn-Sham wave function is the Slater determinant of the wave functions |¢1n<5)
However, as we consider a non-interacting system, the simple product state yields equivalent results.
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The total energy in DFT is minimized by the ground-state density. As shown
above, the ground state wave function is a pure functional of the density

6,) = |6,[n]), (2.15)

hence it is equivalent to formulate the energy either in terms of the density or in
terms of the wave functions. In the following all contributions to the total energy are
presented:

Kinetic energy The kinetic energy follows directly from the definition of the Kohn-
Sham wave function in Eq. (2.13)

OcCC.

T[] = Y. (9, [n] 119, [n]). 216
As the Kohn-Sham wave function is constructed to minimize this kinetic en-
ergy, the single particle kinetic energy is less than or equal to the real kinetic
energy in Eq. (2.10). The functional dependence of the kinetic energy on the
density # is non trivial and is evaluated by diagonalizing the Hamiltonian (see
Sec. 3.1).

External potential The energy of a charge density in an external potential is straight-
forward

Eext:[d3rn(r)Vext,(r). (2.17)

If the exact ground-state density is known, this energy is identical for the real
and the Kohn-Sham system by construction of the fictitious system.

Hartree energy The energy associated to the effective potential Ve is formally sep-
arated in several terms. The most prominent one, the classical Hartree energy
Uy is evaluated directly from the density

Un[n] =%f d3rd3r’M (2.18)

[r—7]

and corresponds to the Coulomb interaction of a charge density n(r) with it-
self.

Exchange energy The exchange energy is formally defined as the difference of the
real electron-electron interaction and the Hartree energy

E[n] = (®[n]|Vee| ®[n]) - Un[n]. (2.19)

However, in practical calculations this term is typically approximated, as the
direct evaluation is cumbersome.
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Correlation energy The correlation energy E.[n] in DFT is defined as the differ-
ence of the energy of the real system and the previously mentioned energies.
Naturally, in any real system this is extremely expensive if not impossible to
evaluate. As for the exchange energy, approximations to this term are neces-
sary.

In summary, we find the total energy of the Kohn-Sham system
Ew[n] = T[n] + Eex.[n] + Ung[n] + Ex[n] + Ec[n], (2.20)

where the latter two terms are often subsumed in the so called exchange-correlation
energy E,.[n]. We will discuss the most common approaches to this functional in
Sec. 2.4. The total energy in Eq. (2.20) is minimized under a constrained total num-
ber of electrons N

fdsrn(r) =N. (2.21)

Hence, we add this contraint with a Lagrange multiplier 4 and solve the Euler-La-

grange equation
88 [Etot n(r)] - (f &ra(r) - )] (2.22)

ST,y [ ™) Ly,
on(r) Vex. (1) f d’r o Vie(r) = (2.23)
with
XC 6”(1') . .

Equation (2.23) defines the effective single-particle potential

n(r

V() = Vi (1) + f d3’ 7 V) (2.25)

in the Kohn-Sham Hamiltonian Eq. (2.11). We identify p as the chemical potential
or Fermi energy Ep of the system.

Harris and Jones 8 introduced the concept of the adiabatic connection to DFT, which
provided important insight in the fundamental properties of the exchange-correla-
tion functional.?%80-82 Assume a A-dependent Hamiltonian

Hy=T+AV, 0<A<oo, (2.26)
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a) b)

ff

Vee VZC

Example for the idea of the adiabatic connection in a interacting elec-

tron gas without external potential. a) The real system with the full electron-electron

interaction V.. b) The fictitious system where the electron-electron interaction is re-
placed by an effective potential Ve that reproduces the same physics.

where A determines the strength of the potential, then all eigenvalues and eigenfunc-
tions depend on A.”? The wave functions depend only in second order on A, as they
are variational extrema. Hence, the energy derivative with respect to the coupling

constant is
dE,
- <¢)L|V| %)- (2.27)

Integrating this yields the Hellmann-Feynman theorem83-8>

1
E=Epi = Ero + fo dA (g, 1V]e,). (2.28)
This idea is introduced in DFT by rewriting the universal functional as

F,{[l’l]z min <CD,1|T+)LVee|q),1>, (229)
(@] @y )=n

so that we recover the physical system (Eq. (2.10)) for A = 1 and the equation con-
verts to the kinetic energy of the Kohn-Sham system (Eq. (2.13)) for A = 0.72 In this
mapping the density #n(r) is independent of A, so that the physical electron-electron
interaction Ve.(r, ') is replaced by an effective electron-electron interaction Vet (r)
as illustrated by Fig. 2.2. The latter potential is a single particle potential, as required
in the Kohn-Sham formalism.

Employing the Hellmann-Feynman theorem (Eq. (2.28)), we find that the uni-
versal functional is given as

1
Fn] = (0 | T| Daso) + fo AL (D, |Vee| @)

X (2.30)
:Ts[n]+[0 A (@) |Vee| Dy) -
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Comparing the total energy of the physical system Eq. (2.9) and the Kohn-Sham
system Eq. (2.20), we work out the following expression for the exchange-correlation
energy

Eo[n] - foldmcmveem)— Un[n]. (231)

Obviously, the Hartree energy depends linearly on the strength of the electron-elec-
tron interaction Uy ,[n] = AUy[n], so that it is straightforward to rewrite this equa-
tion as

Exc[n]=f01dl((®A|Vee|CDA) Usia[ ) fd)LEm (2.32)

This is the so called adiabatic connection formula.”? The exchange-correlation energy
is expressed in terms of the Coulomb potential only. In practice this formula is not
evaluated, but it is important for functional development. We will come back to this
formula later in Chap. 4, when we introduce hybrid exchange-correlation function-
als.

In numerical DFT calculations the exchange-correlation energy is an approximated
functional of the density, as an exact evaluation is not feasible. In this section, we
introduce the most commonly used conventional exchange-correlation functionals.
The simplest possible solution, the so-called local density approximation (LDA) is
derived from the homogeneous electron gas, where the eigenstates are plane waves.
Hence, the exchange energy is7+7°

d3 d3 k' 3 e-ikr o=ik't’ oiki’ oik’r
E - & f & , 233
(27)? ‘ _/ (2m)3 / r—7'| (2.33)

|k|<kg K<

where kg = (372n,,i¢)'/? is the Fermi wave vector corresponding to the uniform den-
Sity #1unir. Employing the symmetry of k and k” and substituting u = r — 7, we obtain

e ail] Eye] oot o

which defines the exchange hole density”

3 2 . 2
ne(u) = 2 ( d'k eik”) -2 lk_%h(kw)] 7 (2.35)
(k| <k

numf (27-[)3 Munif. 27TZ kFu
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We show the LDA exchange hole n, normalized to the uniform density
Nunif, @s function of the dimensionless product of Fermi wave vector kg and distance
of two points u.

where j (x) is a spherical Bessel function. As straightforward consequence of the
Pauli exclusion principle, the exchange hole density repels exactly half of the density
for small values of kru (see Fig. 2.3). For large values of kru the exchange density has
hardly any impact on the energy. Solving the integral in Eq. (2.34) with the exchange
hole density of Eq. (2.35), one finds”>74

3k 3(3)\ : s
Ex[nunif.]:—[d3r4_7:nunif_:_1 (;)Sfd3rn3ni£ =:AX/d3rn;mf_. (2.36)

In the LDA, we apply these equations to non uniform densities n(r)

LDA
E - % ff SR S GL Y f &rui(r). (2.37)
u

This equation is formally similar to the Hartree energy Eq. (2.18). Thus, a natu-
ral interpretation of the exchange energy corresponding to the charge density is its
Coulomb interaction with the surrounding exchange hole.”?

The derivation of the correlation energy is more sophisticated than the exchange
energy. Furthermore several LDA correlation functionals exist”®, which are based on
the random phase approximation (RPA),”8 Quantum Monte Carlo (QMC) calcula-
tions,? or a parametrization of these QMC results. 1°-12 Hence, we restrict ourselves to
the description of the exchange and refer the interested reader to the literature.”>7475



14 2. DENSITY FUNCTIONAL THEORY

Next we turn to the generalized gradient approximation (GGA)?® in which the
reduced density gradient
s = |Vn|2kgn (2.38)

is taken into account. For solids typical values for s are between 0 and 1.7* Consid-
eration of the behavior of the exchange energy E, under density scaling reveals, that
the leading correction is quadratic in s

E[n] = A« f Eroi(1+us+...) = Ay / &rniF(n,s), (2.39)

where we introduced the enhancement factor F, which has a different shape for dit-
ferent exchange functionals. Antoniewicz and Kleinman® demonstrated that the
value of y should be 10/81 for the limit of small s. In this work, we limit ourselves
to the PBE GGA exchange functional,'* which employs a roughly 1.8 times larger
value of y to reproduce the properties of the PW91 GGA exchange functional.!® In
contrast to more empirically motivated functionals, such as the BLYP functional, 1617
the emphasis in the construction of the PBE exchange functional was the recovery
of the uniform electron gas limit for small values of s which is satisfied by the LDA.
Lieb and Oxford 8 established an upper limit for the local exchange-correlation en-
ergy. This limit was incorporated in the construction of the enhancement factor of
the PBE exchange functional

Fy(n,s)=1+xk- (2.40)

1+ us?’

where « = 0.804 satisfies the Lieb-Oxford bound and recovers the functional behav-
ior of the PW91 functional.'> A comparison of Eq. (2.37) and Eq. (2.39) reveals a
useful expression for the enhancement factor Fy in terms of the exchange hole

Fy(n,s) = ;fd%m. (2.41)
Ans u

We introduce dimensionless variables y = kru and ], = n,/n. Furthermore, we em-
ploy a spherical and a system average to obtain

Fy(n,s) = -

O | o

f dyyli(n,s). (2.42)
0

Ernzerhof and Perdew® derived a numerical expression for the dimensionless ex-
change hole J; for the PBE functional, which is the starting point for the local con-
tribution of screened hybrid functionals (see Chap. 5).
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Albeit local exchange-correlation functionals are extremely successful describing a
variety of materials with high accuracy, they fail for some materials.*® For heavy ele-
ments the GGA functionals tend to underperform the LDA functionals. While LDA
yields accurate cohesive energies and lattice constants, GGA overestimate the lattice
constant and underestimate the cohesive energy. A further problem is the qualita-
tively wrong description of the asymptotic behavior of the potential for large dis-
tances.?® The local functionals exhibit an exponential decay, whereas the exact solu-
tion should decay as 1/r. The third problem of local exchange correlation functionals
is the neglect of van der Waals forces,”® hence systems where the dispersion forces
are responsible for the bonding are not described by local DFT. Moreover, local
exchange-correlation functionals have difficulties describing systems with strongly
localized electrons, e.g., the transition metal oxides.*°

In this thesis, we focus in particular on the latter problem, which is attributed to
the self-interaction error (SIE). The SIE is most obvious in a one-electron system, e.g.
the H; molecule. It is straightforward, that there should be the correlation energy
should vanish and the exchange energy should cancel the Hartree energy

E.=0, E.=-Uy. (2.43)

However, the LDA and GGA functionals do not fulfill these relations for the one-
electron system. For the simple case of one electron the SIE would be easy to correct,
however this qualitative error persists in many-electron systems where no unique
way to remove the SIE exists.’! Perdew and Zunger!! proposed an explicit removal
of the one-electron SIE, which is referred to as self-interaction correction. However, in
solids, removing the SIE self consistently is computationally very demanding. Filip-
petti and Spaldin®* developed a faster implementation based on the approximation
of the potential by a nonlocal, pseudopotentiallike projector.

Within the Hartree-Fock (HF) method,®* the exact treatment of the exchange
potential cancels the Hartree energy and correlation effects are neglected, so that
both conditions of Eq. (2.43) are fulfilled. However, for systems with more than one
electron correlations screen the bare Coulomb interaction, so that the HF method
strongly overestimates its value.”* The GW approximation®® includes screening of
the Coulomb potential resulting in accurate band energies. The disadvantages of
the GW scheme are the high computational cost and the difficulties in achieving
a self-consistent solution.’> Due to these problems one commonly applies a non-
self-consistent one-shot G, Wy, which is thence starting point dependent. Within
DFT we can go beyond the HF method including only a fraction of the nonlocal ex-
change in the exchange-correlation functionals, which will be extensively introduced
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in Chap. 4 and Chap. 5. Recently, realizations of exact exchange and a treatment of
the correlations within the RPA have been successfully applied to solids.”® A dif-
ferent approach is the DFT+U method,”* where an on-site Hubbard-like®” term is
incorporated to describe the exchange and correlation effects. This approach shares
advantages and disadvantages of model Hamiltonian calculations. On the one hand,
the impact on physical properties of a certain contribution is easily assessable, on
the other hand, the appropriate size of the parameter - in this case value of the Hub-
bard U - is hard to determine. Although several techniques to determine the value
of U consistently from first principles have been suggested,3-1% in practice, U is of-
ten chosen to reproduce certain experimental observations, e.g., the band gap or the
lattice constant.
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3.1 Practical DFT - introduction of a basis

In the chap:dft, we have introduced the different contributions to the total energy
in density functional theory (DFT). For the evaluation of the kinetic energy (cf.
Eq. (2.13))

occC.

T(n] =3 (¢, [n]|T19,°[n]). (3.1)

n

the Kohn-Sham wave functions ¢\ °[n] have to be known. However, the functional
dependence of the Kohn-Sham wave function on the density is non trivial and only
implicitly defined by the Kohn-Sham equation (2.12). We simplify this differential
equation by introducing a basis ,(r)

B5) = o5 (] 9). (3.2)

> (Xi 1] Xj> (Xj

j

With this ansatz, the problem is reduced to a matrix diagonalization for which fast
numerical techniques have been developed. Nevertheless, in typical DFT realiza-
tions, the diagonalization of the Kohn-Sham Hamiltonian and hence, the evalua-
tion of the kinetic energy, is the most time-consuming part of the calculation. In
practice, we do not employ Eq. (3.1) to determine the kinetic energy, because the
kinetic-energy operator is associated to a derivation of the wave functions. As for
the numerical stable evaluation of derivatives larger values for the cutoff parameters

17
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are necessary, it is more efficient to express the kinetic energy as

T[] = S (5[] [ - Ve| 5[] (3.3)

- STeS f Er(r) Ve (r). (3.4)

Extensive effort was spent in developing sophisticated implementations, which make
practical DFT calculations feasible. Nowadays, in condensed matter physics the two
most common techniques are pseudopotential methods!°1:1%2 and all-electron meth-
ods. !9 For the sake of completeness, we mention that different approaches to solve
the Kohn-Sham equation beside the introduction of a basis exist. In particular, in
the KKR method 94195 the Green’s function of the crystal is calculated from Green’s
functions of isolated atoms via a Dyson equation. The details are discussed else-
where. 196

In the pseudopotential method only the valence electrons are treated with DFT.
The effect of the core electrons and the nucleus is condensed in a pseudopotential,
which is constructed using all-electron schemes.1%’-11® Employing pseudopotentials
permits the use of a plane-wave basis set with a moderate cutoft as the divergence of
the potential near the nucleus disappears. In principle, the pseudopotential should
be constructed for each investigated material separately. In practice, it turns out
that the pseudopotential for a specific atom can be used for a wide range of mate-
rials. However, the pseudopotential method with a plane-wave basis set is not so
well suited for materials with localized d- or especially f-electrons close to the Fermi
energy.!!! For these materials atomic basis functions and the projector augmented
wave (PAW) method!!'! are more reliable.

In the all-electron methods one solves an atomic Schrodinger or Dirac equation
to construct the radial part of the basis functions. The angular part is given by the
spherical harmonics Y}, (7). These basis functions are defined within spheres around
the atoms, which are referred to as muffin-tin (MT) spheres.!% The methods differ
in the choice of overlapping!!? or non overlapping MT spheres. In the latter case,
the basis functions within the MT spheres are augmented in the interstitial region
(IR) in between.!93113 Furthermore the basis set is either fixed for specific atoms,
constructed once for the specific material or updated to the current potential after
each self consistency iteration. In this work, we employ mostly the full-potential
linearized augmented-plane-wave (FLAPW) method, which is described in detail
below. A more extensive discussion is found in Ref. 114,115.

This chapter is organized as follows: In Sec. 3.2, we describe the construction of
atomic basis functions common to most all-electron schemes. We focus in particular
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on the augmentation with plane waves in the interstitial region (Sec. 3.3). A common
extension of the basis to improve the description of semicore states are the so called
local orbitals, which are introduced in Sec. 3.4.

The divergence of the Coulomb potential at the nucleus constitutes a severe conver-
gence problem for basis functions not specifically tailored to this potential. Hence,
the basis in all-electron methods is ususally constructed from solution of the atomic
Schrodinger equation

P e _
[ S+ Vit (r) | Wa(r) = E¥(r) (3.5)
or atomic Dirac equation

[coc-p+ (B-1)F+ fof'(r)] VY, (r) = E¥,(r). (3.6)

In these equations p is the momentum operator, V¢ () the local effective potential at
the atom a, E the energy eigenvalue, ¢ the speed of light, « and f the Dirac matrices,
and ¥, (r) the wave function. In general, the wave function is a four component
vector, but in the nonrelativistic case two components vanish and the spin-up and
spin-down component are independent. For the remainder of this chapter, we will
restrict the discussion to a scalar ¥,(r) in the atomic Schrédinger equation. A more
extensive discussion of the relativistic part can be found elsewhere.!!4
We make the ansatz WV, (1) = Ry (7) Y1, (7). Inserting this in Eq. (3.5) yields

1d(,d\ l0+1) ~
l 242 a (rza) 272 l;n:/ al'm (1’) Yl’ ( ) Ralm Ylm (1’)
= ElmRalm Ylm (?)7 (37)

where we inserted the spherical harmonic expansion of the effective potential. Near
the atom, the potential is almost spherical, so that we can neglect all contributions
1% S0, S0 that the m dependence of the radial part disappears. If we define uy(r) =
rRal(r) Eq. (3.7) simplifies to

14> I(l+1)
EyE oA szgo(r) ug(r) = Ejug(r). (3.8)
For a description of the entire crystal two possible techniques are common. Ei-
ther one employs the atomic basis functions within overlapping spheres, so that the
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atomic solutions describe the full wave functions, or the basis functions are com-
binations of atomic functions in the MT spheres and different functions in the IR.
As the potential in the IR region is very smooth, plane waves will provide a precise
description. In the next section, we illustrate how one combines these functions.

Slater 1% introduced the simplest combination of a plane wave and atomic functions
centered at the nuclei

1 .
— el(k+G)r relR and

Va (3.9)
a

k+Guul(ra) Y. (7,) reMT(a),

alm

Xk+G(r) =

Im

where Q) is the volume of the unit cell, r, = r — R;, and R, is the position of atom
a. As a single plane wave is connected to multiple atomic functions, this basis is
referred to as the augmented-plane-wave (APW) basis. The expansion coefficients
ak+C ensure that the basis function is continuous at the boundary of the MT sphere.

We determine these coeflicients by expansion of the plane wave in terms of spherical
harmonics

e* = 3" ani'j,(kr) Y1, (7)Y}, () (3.10)
Im

and comparison of coefficients of the same spherical harmonic. Employing the APW
basis, Eq. (3.2) is rewritten as

Z [(Xk+G ‘%KS‘XIH-G’) ~ & (Xk+G|Xk+G’>] <Xk+G‘ ‘Pfl?) =0, (3.11)

GG’

where we inserted the overlap matrix ( Xk+G‘ Xerc' ), because the basis is not orthonor-
mal. As it turns out, only if the energy E; of the atomic solution coincides with the
band energy €7, the APW method will be accurate enough. !'* Hence, one employs a
self-consistency scheme inserting the resulting band energy as constraint into the de-
termination of the atomic radial functions (Eq. (3.8)). Compared to a basis, which is
independent of the parameter Ej, the additional self-consistency increases the com-
putational demand of the APW method. Furthermore, if the function u,(r) has a
very small value at the MT boundary, this may lead to numerical instabilities in the

determination of the expansion coefficients a*/¢.
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To improve the variational freedom, Andersen !'¢ suggested to include a second
radial function inside the MT spheres

1 .
i(k+G)-r
S relIR and
VvV Q
Xira(7) =1 2 -, (3.12)
Zzailn: uP rﬂ)Ylm(?a) re MT(&I)
p=1Im

With these two radial functions the MT function can be matched to value and slope of
the plane wave in the IR, so that we refer to this method as the linearized augmented-
plane-wave (LAPW) technique. A suitable choice for the second radial function is
the energy derivative of u,(7), i.e.

W (r) = ug(r) and W7 (r) = ity (r). (3.13)

We obtain the energy derivative i,(r) as the solution of the inhomogeneous differ-
ential equation which results from an energy derivative of Eq. (3.8)

2

_% % .\ l(l2 ;1) v;f%o(r)] ia(r) = Ejitar(r) + thar(r). (3.14)
The advantage of this particular choice is that the radial functions u,(r) and i,(r)
are orthogonal. Historically, the LAPW method was applied first to a constant in-
terstitial potential. This limitation is not systematic, so that we incorporate the full
potential in the IR. To distinguish between both methods, the latter is referred to
as the full-potential LAPW (FLAPW) technique. The FLAPW method provides a
highly accurate all-electron basis,*32!17 which has been successfully applied to a
large variety of materials.

In the FLAPW method, core and valence states are not orthogonal. Hence, for ill-
suited systems the LAPW functions may incorrectly describe the high-lying core
state instead of the envisaged valence states,!!* resulting in so called ghost bands that
prevent a convergence of the self-consistency field cycle. An inclusion of these core
states into the valence window is not possible, because the particular LAPW func-
tions are necessary for the description of valence states with the same orbital mo-
ment. 1> However, it is possible to extend the basis by additional local orbitals (lo)
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that are confined to a certain MT sphere!!®

0 reIR and

Bl NS St () YinlR) e MT(a). 19

p=1Im

In order that the basis function is nontrivial and vanishes at the MT boundary, a third
radial function uilzs (r) = ul(r) is required, which is obtained in the same fashion as
the uy(r), but employing a different energy parameter E°. As additional constraint,

we set a ;i’lo to zero and match the basis function to a “virtual” plane wave
gl (k+Gio) 1 (3.16)

With this construction the expansion coefficients satisfy the periodic boundary con-
ditions. Then, we adjust aa;i’lo such that the basis function vanishes at the boundary
of MT sphere. As a consequence of the matching to a plane wave the basis function

can be expressed in terms of a factor containing all k-point dependence
Mg, m(k) = e* )R yr (k+Gy,) (3.17)

and a radial function f19(r)

i
Xerg, (1) = ZlMclo,m(k)fn‘;(r). (3.18)

Michalicek et al. 1* discuss an improvement of the flexibility of the FLAPW ba-
sis by local orbitals with energy parameters of unoccupied states'?? or associated to
higher energy derivatives. They find that in particular for systems with large MT radii
or insulators with large band gaps a careful convergence of the basis by additional
local orbitals may alter the outcome of the calculations significantly. In this thesis, if
additional local orbitals are necessary to converge the results, we will employ unoc-
cupied local orbitals where restrictions to the logarithmic derivative ensure that the
constructed functions are orthogonal and the energy parameters increase with the
number of nodes (for details see Ref. 121).
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4.1 Hybrid functionals

According to the Hohenberg and Kohn,* the density n(r) of the system is suffi-
cient to describe the properties of a system completely, so that the calculation of
the ground state in density functional theory (DFT) is a three-dimensional problem
whereas examining an N-particle system with a wave-function based scheme isa 3N-
dimensional one. Hence, DFT has become the most commonly applied technique
to investigate ground-state properties of molecules and solids from first principles.”?
The accuracy of DFT originates in the fact that the largest contributions to the total
energy can be calculated exactly. Only for the exchange-correlation energy, an ana-
lytical expression is unknown, but simple approximations, such as the local density
approximation (LDA) and the generalized gradient approximation (GGA), provide
an accurate prediction of electronic and structural ground-state properties. Albeit
these local functionals have been successfully applied for wide range of materials,
they systematically fail in some particular systems that we outlined in Sec. 2.5. The
most prominent flaws of the local functionals that are the presence of a spurious self
interaction®® and the systematic underestimation of the band gap. 1212

Describing the exchange-correlation energy with an LDA or a GGA functional,
even in a single-electron system the exchange-correlation and the Hartree contri-
bution to the total energy do not cancel each other. As a consequence, these local
functionals incorporate an unphysical self-interaction error (SIE),*® which leads to
a delocalization and is in particular important for localized d and f states. For more
details see Sec. 2.5.

A common misconception is that the band gap, which is associated to excitation
of the system, cannot be calculated by means of DFT. However, we can express the

23
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band gap as
Egp = Enivi—Eny — En—En-1, (4.1)

ionization energy electron affinity

for which only the ground-state energies of the (N — 1)-, the N-, and the (N + 1)-
particle are necessary. 22124 These can be evaluated in DFT, hence, the band gap is
an accessible ground-state property of the system. Denoting the band gap obtained

as differences of Kohn-Sham eigenvalues in the N-particle system by &g, 2 we can
express the band gap as
Egap = €gap + Axc (4.2)
with the exchange-correlation discontinuity
OE 0E
Ay = — - = , (4.3)
on N+6 on N-¢6

which is associated to a tiny change § in the number of particles.!?* However, for the
local functionals the exchange discontinuity is zero, so that they underestimate the
band gap of the system.

In contrast, the Hartree-Fock (HF) theory®?® provides a very accurate description
of single atoms and ions, because it explicitly accounts for the self interaction, treats
the exchange part exactly, and includes a derivative discontinuity. However, the HF
theory is limited to atomic systems, because correlation effects, which are not in-
cluded in the HF method, are important in larger molecules and solids, so that the
chemical bonding is not accurately described.?° As these correlation effects are cap-
tured well within the local exchange-correlation functionals, a combination of these
techniques suggests itself. Becke?® rationalized a intermixture of local exchange-
correlation functionals with HF exchange considering the adiabatic connection be-
tween a noninteracting system and the fully interacting one (see Sec. 2.3) at a con-
stant density

Bonl= [ "dAEea[n], (4.4)

where Ey.[n] is the exchange-correlation energy, Ey.[n] contains all exchange and
correlation effects for a particular value of A (see Eq. (2.32)), and A determines the
strength of the electron-electron interaction. On the one hand, the HF theory is
exact in the noninteracting system, because all correlations effects are expressed by
an effective potential. On the other hand, the local exchange-correlation function-
als provide an accurate description of the fully interacting system. Hence, Becke?°
suggested the following linear approximation

Exa[n] = (1 = V)EXF[n] + AELPA[n], (4.5)



4.1. HYBRID FUNCTIONALS 25

where EIf[n] is the exchange energy of the HF method?® and ELP*[ ] is the exchange-
correlation energy of the LDA functional. Solving the integral in Eq. (4.4) with this
approximation yields the half-and-half hybrid functional?

1 1
E.[n] = EEEF[n] + EE,E?A[n]. (4.6)
Becke later improved the accuracy of hybrid functionals by a semi-empirical ap-
proach, in which the mixture of local and nonlocal contribution was optimized for
a benchmark set of molecules. Depending on the number of parameters in the opti-
mization, these functionals are nowadays referred to as the B3X%

EBX = DA 4 g(ERF — EXPAY) 4 g (EX - EEPA) + a (EX - EEPA) (4.7)
and B1X?%?
EBYX = EX + a(EYF - EX) (4.8)

functional, where the X denotes the particular GGA functional.

Perdew et al. ?* motivated a particular choice of a = 1/4in the B1X functional with
X = PBE, which is referred to as the PBEO functional. Assuming that the adiabatic
connection integrand (Eq. (4.4)) can be expressed as

Ey'[n] = Egy[n] + (B - E)(1- )", (4.9)

Xc,A xc,A

we obtain the exchange-correlation energy

ExP™[n] = E2* + —(EJ" - E;™). (4.10)

1
m
Hence, the functional is identical to a B1X functional, if we choose a = 1/m. The
advantage of this ansatz is that the expansion of Eq. (4.9) can be directly related to a
Moller-Plesset pertubation expansion. For most materials, the fourth order Moller-
Plesset pertubation, which corresponds to m = 4, yields very accurate atomization
energies,? resulting in the value of a = 1/4.24

This chapter is organized as follows: In Sec. 4.2, we present the general approach
to realize a nonlocal potential in DFT. We introduce an auxiliary basis particularly
suited for the calculation of wave function products in the full-potential linearized
augmented-plane-wave (FLAPW) method in Sec. 4.3. In Sec. 4.4, we outline the
implementation of the HF exchange in the FLAPW method. 312!

*The correlation energy of the HF method is 0.
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As discussed in Sec. 2.2, if a density n(r) minimizes the total energy (Eq. (2.9)),
then any many-body wave function |®) that minimizes the universal functional (cf.
Eq. (2.10))

F[n] <£|1q§§1:n(d)|T+ Vee| ) (4.11)
is a ground-state wave function of the system.” Here, V.. is the electron-electron
interaction. In a Kohn-Sham scheme, this complicated many-body interaction is
expressed via the adiabatic connection (see Sec. 2.3) as an effective single-particle
potential Ve:(r). Hence, the universal functional F[n] reduces to the single-particle
kinetic energy

Ts n|= min (0 T| ® : il
[ ] <(DKS|‘DKS):n< KS’ | KS> ( )

where |®ks) is the many-body Kohn-Sham wave function. As the electrons are inde-
pendent in a Kohn-Sham scheme, the many-body wave function can be expressed as
product of single-particle wave functions |¢I;S) that solve the Kohn-Sham equation
(2.12).

In hybrid functionals, the electron-electron exchange is not expressed in terms
of an effective potential, but rather calculated exactly. Hence, we introduce a gener-
alized Kohn-Sham (gKS) scheme, where the universal functional (Eq. (4.11)) retains
part of the exchange

F[I’l] = min <q)gKS |T+ aV§F| q)ng> (413)
{ @gxs|Pgxs)=n
with the factor a = 1/4 for the hybrid functionals employed in this thesis. In principle,

for interacting electrons, the many-body wavefunction ‘d)ng> cannot be written as a
product state. To overcome this problem, one commonly approximates

‘(Dng> & |(DK5>. (414)

With this approximation, the hybrid functionals can be calculated by small modifi-
cation to the Kohn-Sham equation

occ.

HES|g,) =H S g,) - a (Z (90 [V $,8,) + VEBE \m)) =i |g,),  (415)

m

where XS is the Kohn-Sham Hamiltonian (Eq. (2.11)), v is the Coulomb potential,
and the nonlocal matrix element is calculated as

($ulv19,18,) = 8,,(r) f gy I, ()

(4.16)
r—r|
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We draw attention to the change of sign in Eq. (4.15), which originates in the ex-
change, i.e.

HF
V& o<

- . (4.17)
[r =7

In practice, we calculate the Hamiltonian (Eq. (4.15)) expanding the wave functions
in the FLAPW basis (cf. Chap. 3). For the evaluation of the nonlocal potential, we
employ an auxiliary basis to represent products of wave functions.3*!2> We construct
this basis so that the accuracy of the FLAPW basis is retained. In the calculation of
products of the FLAPW basis functions, the angular part of the muffin-tin (MT)
contribution is analytically given as

Yl*m (?) Y (?) = Z Gim,rm 1M YLM(7) (4.18)
LM
with the Gaunt coefficient
Gl 10 = [ dQY: (7) Yo (F)Y 0y (7). (4.19)

We point out that only Gaunt coefficients with |[I - I'| < L <1+ ' and M = m' — m are
nonzero. Nevertheless, we obtain several radial functions to any particular combina-
tion of L and M. These radial functions exhibit a high degree of linear dependence,
which allows us to reduce the number of basis functions significantly.!?! Finally, we
obtain

MZ’}T(r) = Mi(|r - RY|) Y;(r—R;) 1% (4.20)

where M;(r) is a radial function, R is the center of the MT sphere, and g a reciprocal
vector in the Brillouin zone (BZ). The index I is summarizing the atom a, the angular
momentum quantum number L, and the magnetic quantum number M.

In the interstitial region (IR), the product of two plane waves can be expressed as

e i(k+G) T Gi(K+G)r _ 6i(q+G) (4.21)

where G = G - G and q = k' - k. Hence, the construction of basis functions for the
IR is straightforward

1 .
Mf;}(r) - ﬁ el(a+Gr)r (4.22)

with the volume of the unit cell Q. We refer to the basis {M,;(r)}, which combines
the MT basis {M}]" (r) } and the IR {M}}(r)} one, as the mixed product basis (MPB).
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Analogous to the local functionals (cf. Chap. 3), we transform the generalized Kohn-
Sham equation (Eq. (4.15) from a differential equation to a linear one by introducing
the FLAPW basis

Z (XIZ+G |HgKS| X;—G’) (XZ+G’

Gl

6%%) = & (Xl %) - (4.23)

Note, that we explicitly included indices for spin o and wave vector k for the wave
and basis functions. Furthermore, the Hamiltonian is diagonal in spin space, because
we exclude spin-orbit coupling. We limit the discussion to the consideration of the
additional nonlocal contribution in hybrid functionals

occ. BZ

Vg (6) = =20 3 (X 6bag b X ) (4.24)
m q

which is the most complex and computationally most expensive term, because it
involves the calculation of NZ x N, x N?_ six-dimensional integrals for every k point
and spin channel. Here, NG is the number of basis functions, Ny is the number of
k points in the BZ, and N9_. is the number of occupied states in the spin channel
0. To reduce the computational demand, it is advantageous to evaluate the nonlocal

potential in terms of the wave functions®

occ. BZ

Ve (K) =—ZZ( BoibralVI80,, B (4.25)

because we can introduce a cutoff for the number of bands N, < Ng. An accurate
convergence of the employed number of bands is the most important additional con-
vergence parameter introduced by hybrid functionals. Next, we introduce the MPB
described in the sec:mixbas

Ve (k) = = 30 > ($raldi o Mar) vy (@) My |67, (4.26)

mq IJ
with the Coulomb matrix

vU(q)=[/d3rd3r’M;I(r)v(r, r’)Mq](r’). (4.27)

®Wave and basis functions are related to each other via the eigenvectors of the generalized Kohn-
Sham equation. '?!
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Figure 4.1: Flowchart of a PBEO calculation within F1leur. The detailed description
is given in the text.
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Equation (4.26) corresponds to a vector-matrix-vector multiplication, for which effi-
cient numerical algorithms have been developed. One advantage of this approach is
that the same MPB can be employed over the full self-consistent field run so that the
Coulomb matrix has to be calculated only once at the beginning of the self consis-
tency. Betzinger et al. 3 optimized the Coulomb matrix by choosing linear combina-
tions of MPB functions, such that the multipole moment of all but one basis function
per combination of L and M disappears. If the multipole moment vanishes, only on-
site terms in Eq. (4.26) contribute to the nonlocal potential so that a sparse-matrix
technique becomes feasible.

The necessary computation time to achieve self consistency is further improved
by separating evaluation of nonlocal and local potential. Compared to the contri-
butions of electrostatic and kinetic energy, the nonlocal potential VifnL, is a small
quantity. Hence, we converge the large contributions first before we reevaluate the
nonlocal potential. Betzinger et al. ¥ showed that this scheme leads to a reduction of
the required number of self-consistency cycles by a factor of three to four. In Fig. 4.1,
we illustrate schematically the order of events in a typical PBEO calculation as imple-
mented in Fleur.!?® We start the calculation from a converged calculation (typi-
cally PBE), because we need the wave functions to create an accurate MPB. With this
MPB, we evaluate the Coulomb matrix according to Eq. (4.27). Then, we evaluate
the local parts of the Hamiltonian as in a PBE calculation. If the density is converged
with respect to the local potential, we switch to the calculation of the nonlocal poten-
tial. As we start from a converged calculation, this requirement is fulfilled in the first
iteration. To evaluate the nonlocal potential, we employ the Kohn-Sham wave func-
tions of the last iteration. Then, we project products of these wave functions onto
the MPB. Equation (4.26) defines the vector-matrix-vector multiplication, which be
perform to obtain the nonlocal potential. The summation over all occupied states
in Eq. (4.25) includes the core states, which are evaluated as on-site integrals of the

form or s S
f d31’d37’, (pn;c ¢core¢c0re¢n’k ) (4 28)
MT lr—7| '

We transform from the wave functions to the FLAPW basis and add the nonlocal
potential to the Hamiltonian. We subtract a = 1/s of the PBE exchange and diago-
nalize the Hamiltonian to obtain the wave functions and the new density. Then, we
iterate this scheme until self consistency is achieved.
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5.1 Motivation for a screened exchange potential

In the chap:pbe0, we introduced hybrid functionals, which incorporate a certain
fraction of bare Hartree-Fock (HF) exchange in the exchange-correlation functional
(Eq. (2.32)). Becke?® motivated this inclusion of nonlocal exchange by the adiabatic
connection (see Sec. 2.3). Perdew et al.?* argued that a fraction of 1/4 is the opti-
mum choice of HF exchange. Since then, hybrid functionals have been successfully
applied to describe the electronic and structural properties of a rather large number
of materials.'?’-13 However, the computational effort of these functionals is signifi-
cantly larger than the one necessary for conventional local functionals, in particular,
because of the long-range nature of the Coulomb potential in calculation the HF ex-
change. To facilitate the calculation of materials with more than a few atoms per unit
cell, a need for computationally less expensive realizations arose.

In real system, polarization effects screen the interactions between distant elec-
trons, so that the contribution of the long-range (LR) exchange disappears. This
prompted Heyd et al. ¢ to separate the PBEO hybrid functional? into long-range
and short-range contributions. As approximation to the correlation effects, which
screen the long-range interactions, only the short-range (SR) component of the HF
exchange is incorporated in the exchange-correlation energy

Ey = Ey2% + q (ELFSR — ERPESR) (5.1)

In comparison to Eq. (4.10), the same mixing parameter a = 1/4 is adopted, whereas
the modification to the exchange-correlation energy of the PBE functional * is only

31
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applied to the SR component, effectively reducing the computational effort within the
basis of localized Gaussian functions. Heyd et al.?® used the error function erf(x)
and its complement erfc(x) = 1 —erf(x) to decompose the Coulomb interaction v(r)
into a long-range (LR) and a short-range (SR) part

1 erf(wr) . erfc(wr) YR (

v(r) = —

r r r

r) + v3R(r), (5.2)

where w is an adjustable screening parameter. A screened hybrid functional with
this particular range separation is nowadays referred to as Heyd-Scuseria-Ernzerhof
(HSE) functional. The screening parameter was optimized2® with respect to a bench-
mark data set of molecules, which yielded w = 0.15. Krukau et al. 1! later refined this
value for solids to a value of w = 0.11. To differentiate between the different screen-
ing parameters, the corresponding functionals are labeled HSE03 and HSE06 for
w = 0.15 and w = 0.11, respectively. Throughout this work, we have employed only
the HSEO6 realization. The HSE functional was implemented within Gaussian?®132
and plane-wave?” basis sets and in the following, we present our approach its im-
plementation within the full-potential linearized augmented-plane-wave (FLAPW)
method.?

A screened exchange functional based on the Yukawa potential was recently im-
plemented in FLAPW by Tran and Blaha.!* Our approach is more general, as it is
suited to treat any nonlocal potential v(r), which is a pure function of the distance
r. Hence, we could employ our method to implement the LC-wPBE!* functional,
where the HF exchange is included only for the LR part, or the HISS!** functional,
in which the nonlocal potential is employed for intermediate distances.

In Chap. 4, we discussed the implementation of the PBEO functional within the
FLAPW method by Betzinger et al..** They used an auxiliary product basis {M(r)},
which consists of two types of functions, namely

MY (r) = Ry(|r — r1]) Y (F=77) €07 (5.3)

within the muffin-tin sphere centered at r; and

1
Myi(r) = NG el(arénr (5.4)

in the interstitial region (IR). Here the Bloch vector q and the index I label the basis
function, where I indicates the atom, the angular momentum quantum number / and
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the magnetic quantum number m within the MT sphere and the reciprocal lattice
vector G in the IR. Q is the volume of the unit cell of the crystal. R;(r) is a numerical
radial function that is built from FLAPW basis functions. For further details refer
to Sec. 4.3 or the articles of Friedrich et al. 1% and Betzinger et al..>* We refer to this
auxiliary basis as the mixed product basis (MPB).

With the introduction of the MPB the nonlocal exchange potential is given by
(see Eq. (4.26))

occ. BZ

Vi (k) = = 300 S (0ul00 g Man) vir(@) (Mo i o|07) (5.5)

m q I

with the wavefunction ¢7,, the spin index o, the band indices m and », and the

Coulomb matrix ~ ~
3 () My ()

[r =7

vy(q) = / d’rd’r (5.6)
It seems to be straightforward to replace the Coulomb potential in Eq. (5.6) with
the screened Coulomb potential as defined in Eq. (5.2). However, the computational
cost of this ansatz is much larger than the evaluation of the Coulomb potential in
the PBEO functional, as we can construct the MPB such that the matrix Eq. (5.6)
is sparse. This construction is an intrinsic property of the Coulomb potential and
cannot be transferred to screened interactions. Furthermore, the direct evaluation
of Eq. (5.6) is cumbersome for potentials which have more complex expansions in
Legendre polynomials than the Coulomb potential.

Hence, we chose a different approach to calculate the SR nonlocal exchange po-
tential. Figure 5.1 compares the bare and the screened Coulomb potential, v(r) and
v®(r), which occur in the nonlocal exchange integral in the PBE0 and the HSE func-
tional, respectively. The distance r is measured in units of Bohr radii ay. Both po-
tentials show a divergent behavior for r — 0, however the difference v'®(r) remains
finite. As the description of the divergence near the origin requires a large cutoft to
be accurately described by a Fourier transformation, we expect a faster convergence
of the LR potential, where this divergence is not present.

To utilize the faster convergence of the LR potential, we calculate the HSE ex-
change potential as

VHSE - YPBE _ qPBESR | g (YNL _ yNLIR) (5.7)

with the local exchange-correlation potentials V?EE and VEP>*R, which are the func-
tional derivative of the corresponding local exchange-correlation energies EY5E and
EBESR and the nonlocal exchange potential in parentheses, which consists of the
bare Coulomb potential VXL and the LR component Vy “'%,
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The bare (red) and the screened (blue) Coulomb potential show the same
divergent behavior near the origin, whereas their difference (green) is a smooth func-
tion and has a finite limit. To describe the divergence near the origin requires a large
reciprocal cutoff. Without this divergence, the Fourier transform of the difference
converges much faster.?

The local exchange-correlation energies are functionals of the density!43? (cf.
Eq. (2.39))

Exzfd3rn(r)e,I;DA(n)Fx(s) (5.8)

with the reduced density gradient? s, the LDA exchange energy density P4, and the
enhancement factor F,. Ernzerhof and Perdew?®® derived the enhancement factor
Fy(s)PBE for the PBE functional as integral over the PBE exchange hole J*BE(s, y)

F.(s)PBE = —gfdyy]PBE(s,y). (5.9)

We follow the idea of Heyd et al. 26 and implement the SR local exchange energy by
screening the exchange hole in the calculation of the enhancement factor

F,(s)PBESR = —g / dyyJPPE(s, y) x erfc (:—f) (5.10)

with the local Fermi wavevector® kp. The details of the implementation can be found

|V

*reduced density gradient s = oon

N
Plocal Fermi wavevector kg = (37%n)'/>
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a) Long-range (LR) potential v'}(q) (cf. Eq. (5.12)), which is the Fourier
transform of the difference of bare Coulomb and screened Coulomb potential, as
function of g = |q + G|. b) Convergence of the root-mean-square (rms) deviation of
the eigenvalues of Eq. (5.11) with respect to the number of plane waves used for the
Fourier transformation. Illustrated using the example of cubic silicon (eight atoms
per unit cell).

elsewhere. 132

In Eq. (5.7), we separated the nonlocal exchange potential into the bare Coulomb
potential VXL and the LR component VX™'*, The first term is identical to Eq. (4.26) in
the calculation of the PBEO functional and evaluated efficiently employing the MPB.
For the latter term, we utilize the quick convergence of the LR potential in reciprocal
space

occ BZ

V0 = LYY (4

¢:1k—ch+c>
X ((q+G ‘VLR| Cq+G> <(q+G¢(,,I1k_q| ¢Z1k> , (5.11)

where (., (r) = ella+0)r /Q is a plane wave normalized to the volume Q) of the unit
cell. We employed additionally, the diagonality of the potential in the basis of plane
waves

4m

q+ G’

<(q+G ‘VLR‘ (q+G’> = e—|q+G|2/4w2 6G,G’- (512)

We show that this potential falls of quickly as a function of g = |q + G| in Fig. 5.2a.
Hence, the expression in Eq. (5.11) converges at small numbers of reciprocal lattice
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vectors. We illustrate the convergence behavior of the root-mean-square (rms) devi-
ation of the eigenvalues of VXNﬁ;L,R(k) in Fig. 5.2b using the example system of a cubic
silicon unit cell (four primitive unit cells). Machine precision is achieved with as few
as 40 plane waves which would translate to ten for a primitive unit cell containing
two atoms. This behavior is essentially independent of the q point.?

To evaluate the Fourier transform of the wavefunction products, we introduce
the MPB

(¢Z’< (/)fnk—q(wG) = z}:<‘pgk|¢;k—qu1)(Mq1|(q+c>- (5.13)

This is advantageous as the first integrals on the right hand side are evaluated to cal-
culate the bare Coulomb interaction (cf. Eq. (5.5)), hence, there is no computational
overhead involved. Furthermore, in the calculation of the latter integrals the IR el-
ements are trivial, as the biorthogonal set to these MPB functions are orthogonal to
plane waves. As a consequence, we calculate the latter integrals only within the MT
spheres

V 1 TS —ig-ry i -r
(M1 [Cguc) = 70 f &rRy(|r - mi]) Y7 (7F=77) 747 1079
MT;

. R

47T11Y*(:\G) iG-r [d 7,212( ) (| + G|) (5 14)
= — I q e 1 r 1 r Jl q , .
VQ J

where [ is the angular moment of the MPB function with index I.

We note that Eq. (5.12) is divergent in the limit g + G - 0.% Hence, we treat the
G = 0 part at the I point differently from the other reciprocal lattice vectors. The
bare Coulomb potential contains an analogous divergent behavior,3*!2> which has to
be treated separately as well (cf. Sec. 4.1). We can combine these two terms and, as
it turns out, the result has a finite limit

im " (1 - elareiie’) - T (5.15)
q+G—0 |q + G|

We show a flowchart of a HSE calculation in F1leur 26 in Fig. 5.3. This figure is
analogous to the earlier flowchart for the PBEO calculation (cf. Fig. 4.1), where the
red boxes indicate the changes. After the calculation of the nonlocal potential, we
subtract the contribution of the LR potential according to Eq. (5.11). The divergence
is not treated specifically anymore, as the divergent behavior of SR and LR contri-
bution cancel each other (cf. Eq. (5.15)). For the core electrons, we replace the bare
Coulomb exchange with the screened one. We correct the local potential employing
the screened exchange hole (Eq. (5.10)) to calculate the enhancement factor and the
corresponding local potential via the functional derivative of the energy (Eq. (5.8)).
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Figure 5.3: Flowchart of an HSE calculation within F1eur. The red boxes indicate
changes with respect to a PBEO calculation (cf. Fig. 4.1).
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In the evaluation of the total energy in hybrid functional calculations, we have to ac-
count for two contributions. Straightword is that a hybrid functional 22426 modifies
the exchange-correlation energy of the PBE functional EFBE by addition of a nonlocal
contribution EY! and removal of a local part EX (see Sec. 4.1)

EX° = EPPE 4 g (BN - EL). (5.16)

For the PBEO functional the nonlocal term EY! is evaluated with the bare Coulomb
potential and the local energy EL is given by the PBE functional. In the HSE func-
tional, the screened Coulomb potential as defined in Eq. (5.2) determines the nonlo-
cal contribution EXN* and the local energy E is calculated according to Eq. (5.8) with
the screened exchange hole (cf. Eq. (5.10)).26%

A second modification in the calculation of the total energy in hybrid functionals
arises in the evaluation of the kinetic energy T. To improve the numerical stability of
the implementation, it is not evaluated directly, because for the accurate calculation
of the Laplace operator A the wave functions have to be smooth up to the second
derivative. Instead, we evaluate the kinetic energy as difference of the sum of the
eigenvalues and the expectation value of the potential (cf. Sec. 3.1)

T'= ZZ < ‘( eff. = aVL)‘¢nk>+aZ< nk¢mq| NL‘¢mq¢nk) (517)

o nk

We note that in this expression, the core states require a special treatment. In local
exchange correlation functionals, the core wave functions are the solution of a radial
Dirac equation (see Sec. 3.2). Hence, a necessary requirement for the construction
of the core states is the availability of a local potential in the MT spheres. However,
in hybrid functionals the key ingredient is the nonlocal HF exchange, so that such a
local potential is not available and we cannot calculate the core wave functions. Thus,
we treat the core states in the frozen core approximation, i.e., we fix the core wave
functions to the result of a converged PBE calculation. As a consequence, the core
states are no eigenfunctions of the hybrid functional Hamiltonian. Nevertheless, we
incorporate the nonlocal exchange in the calculation of the total energy for all states,
so that we get a consistent energy for the hybrid functional. On that account, we
have to modify the calculation of the kinetic energy by limiting the contribution of
the hybrid functional to valence states

T= 3 3| e = (95 (Ver - anVE)| 900} + an X (800 [ #500%) | 518)

o nk mq
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where

=1
a, - {a /s for valence states and (5.19)

0 for core states.

The evaluation of the nonlocal potential (Eq. (5.5)) is by far the most expensive part
of the calculation. It consumes usually more than 90 percent of the computation
time. Hence, calculations using hybrid functionals are typically one to two orders of
magnitude more expensive than density functional theory (DFT) calculations em-
ploying local functionals. We easily identify the relevant part of the code, which we
accelerate by parallelization. Nevertheless, the parallelization of hybrid functionals
is not as straightforward as for local functionals. We note that Eq. (5.5) contains two
separate loops over the k and q points within the Brillouin zone (BZ). To reduce the
computational effort, we applied the spatial and time-reversal symmetries to restrict
these summations to the irreducible BZ. However, there are less allowed symmetry
operations in the inner loop, because the selection of one specific k point in the outer
loop, distinguishes certain directions in the crystal. Consider for example a simple
cubic unit cell, where the k vectors k%, k¥, and kZ are equivalent by symmetry. How-
ever, if we have specified k = k% in the outer k point summation, the q vector g% is
not equivalent to k¥ and kZ. For this reason the number of terms, which have to be
evaluated, are different for all g points in the outer loop, and a simple parallelization
over this loop is not possible.

k1 kz k3 k k6 k8

k

s
~

I R SN —

CpUI | CPUII | CPUIII | CPUIV | CPUV | CPU VI

Example of task distribution over six processes (CPU I-VI) of eight
irreducible k points (k;) which correspond to a I' centered 4 x 4 x4 k-point mesh
within a cubic unit cell. The number of q points within the inner loop in Eq. (5.5) is
not the same for all k points. Hence, if the evaluation of the nonlocal potential takes
longer at a certain k point it will be shared by several processes. This illustrates the
complications in the communication pattern if synchronous communication is used
as, for instance, process II will finish its share of k point 2 before process I arrives at
the communication point.
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Improvement in execution time per nonlocal iteration by parallelization.
We calculate bulk silicon with a 12x12x12 k-point mesh increasing the number of
processes on the local cluster (red) and on JuRoPA (blue). The code is slightly slower
on JuRoPA and scales well with the number of processes. For comparison an ideal
scaling (gray) is shown extrapolating from the time consumed by a single process
calculation.

We circumvent this problem by sharing an equal amount of tasks to all processes.
The total number N; of tasks is

BZ
N; = ; N, (k), (5.20)

where N, (k) is the symmetry-reduced number of q points necessary at a specific
k point. If the number of tasks is no integral multiple of the number of processes,
we assign one additional task to some processes to compensate for this. The conse-
quence of this algorithm is an unequal amount of processes for the k points in the
outer loop. The complications of this ansatz are illustrated in Fig. 5.4. Several pro-
cesses have to evaluate only a small part of a specific k point. These processes would
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have to wait for other ones which calculate a larger share. Hence, we arrange an asyn-
chronous communication pattern. As the process with the smallest rank will be the
last to complete the calculation of a specific k, we collect all necessary data on this
process.

In addition to the nonlocal potential further computations are necessary at every
k point. As pointed out in Fig. 5.3, this includes the core contribution, the transfor-
mation to the FLAPW basis, the subtraction of the local potential and the diago-
nalization of the Hamiltonian. In the current realization all these steps are done by
only one process per k point. To reduce the communication overhead, we select the
process with the smallest rank which received already all necessary information.

Figure 5.5 shows the time needed for a single iteration in which the nonlocal ex-
change potential is updated as function of the number of processes used for the cal-
culation. We converged bulk silicon with the HSE hybrid functional on a 12x12x12
k-point mesh which translate to 72 points in the irreducible BZ. The computation
on the local cluster is slightly faster than on the JuRoPA supercomputer.© We find a
great improvement in the execution speed up to 64 processes, which is close to the
optimal behavior. In principle, in the theoretical limit of our parallelization method,
the calculation of the nonlocal potential can be shared by more than 60000 processes.
A reasonable practical constraint will be significantly lower. However, it turns out
we cannot reach this limit as F1eur !¢ is not suitable to treat more than one pro-
cess per k point without the use of eigenvector parallelization, which is currently not
integrated into our parallelization scheme.

We compare our results for the prototypical semiconductors (C in diamond struc-
ture, Si, and GaAs) and insulators (MgO, NaCl, and Ar) with previous works using
plane wave?” or Gaussian!®! basis sets in order to establish the correctness of our
method and its implementation. In particular, we investigate the lattice constant,
bulk moduli, and band transitions of these materials. The band transitions were cal-
culated at the experimental lattice constant, which we took from Heyd and Scuse-
ria.!3 We employ the common approximation of using the differences of Kohn-
Sham eigenvalues at the respective k points to calculate the band-gap energies.

For all materials an 8x8x8 k point mesh is sufficient to give an accurate descrip-
tion of the band transitions. In Fig. 5.6, we illustrate, as an example, the convergence

‘Julich Research on Petaflop Architectures: 2208 compute nodes with two Intel Xeon X5570
(Nehalem-EP) quad-core processors each.
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Convergence of the indirect I' - X transition E, in silicon with respect
to the size of the k-point mesh nxnxn. The bare Coulomb potential in the PBEO func-
tional (green, dotted) requires a finer sampling to accurately describe the divergence
near the I' point. The screening of the Coulomb potential in HSE (red, solid) over-
comes this problem, so that the overall convergence is similar to the PBE functional
(blue, dashed).

of the indirect I' — X transition in bulk silicon. HSE has a similar k-point con-
vergence as the local PBE functional, whereas a significantly larger k-point mesh is
necessary for the PBEO functional. This behavior was also observed with other recip-
rocal space methods.?” We attribute this to the nondivergent representation of the
screened exchange potential (cf. Eq. (5.15)).% In methods employing a basis in the
reciprocal space the favorable k-point convergence of the HSE functional leads to a
shorter computation time with respect to PBEO.

In Table 5.1, we compare our results for theI' - I, T' - X, and I' - L band
transitions with experimental data and the implementation within the projector aug-
mented wave (PAW) method.?” We note a significant increase of the band-transition
energies within the HSE functional. Local functionals systematically underestimate
the band gap. Hence, as compared to PBE, the opening of the band gap within the
HSE functional yields an improved agreement with experimental results. Especially
the narrow gap semiconductors are accurately described with the HSE functional,
whereas the larger band gaps are still underestimated. The values of the band tran-
sitions show only slight differences between the different applied methods. The de-
viations are somewhat larger in HSE than in PBE, though of the same order of mag-
nitude.
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Kohn-Sham transition energies in eV obtained with the function-
als PBE and HSE at experimental lattice constants compared with values from
PAW calculations and experiment. An 8x8x8 k-point mesh was employed in
our calculations.?

This work PAW? Expt.
Functional PBE HSE PBE HSE

GaAs T T 054 143 056 145 1.52°1.63¢
I>X 147 206 146 202 1.90,2.01,42.187
I-L 101 178 102 176 1.74°1.84,1.854

Si I-T 256 332 257 3.32 3.05¢3.34-3.36,3.4¢
r-X 071 129 071 129 1.13/1.25¢
I>L 154 224 154 224 20682404

C I-T 560 698 559 697 7.3
I-X 475 590 476 591 —

I-L 846 1002 846 1002 —

MgO T —T 477 649 475 650 7.7"
r-X 914 1086 9.15 1092 —
I-L 793 969 791 964 —

NaCl T'->T 520 657 520 6.55 85
Ir-X 758 905 7.60 895 —

Ir-L 730 866 732 867 —

Ar T'->T 870 1036 8.68 1034 142

?Reference 29. ! Reference 27. °Reference 137. ¢ Reference 138. ¢ Reference 139.
/ Reference 140. & Reference 141. " Reference 142. ' Reference 143. / Reference 144.

In Table 5.2 and Table 5.3, we present the equilibrium lattice constant and the
bulk modulus, respectively. We employ a fit to the Murnaghan equation 4° to eval-
uate these properties. We compare the results obtained with our implementation of
the HSE functional ?® with experimental data and implementations using plane-wave
(PAW)?” and Gaussian basis sets. !*! We find a fine agreement between the three dif-
ferent methods. The deviations in the equilibrium lattice constant are smaller than
5 pm. The HSE functional improves the lattice constant and the bulk modulus for all
materials but diamond with respect to the semilocal PBE functional.
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Optimized lattice constants in A obtained with the PBE and the HSE
functional.” In our work, an 8x8x8 k-point mesh was employed. Results are com-

pared to experimental results and calculations using the HSE functional within
a PAW? and a Gaussian® method.

This work PAW? Gaussian® Expt.?

Functional PBE HSE HSE HSE —
GaAs 5.743 5.660 5.687 5.710 5.648
Si 5.472 5.441 5.435 5.451 5.430
C 3.571 3.549 3.549 3.557 3.567
MgO 4.265 4.217 4.210 4.222 4.207
NaCl 5.703 5.627 5.659 5.645 5.595

@ Reference 29. ? Reference 27. © Reference 131.
4 Experimental data taken from Ref. 136.

Bulk moduli in GPa obtained with the PBE and the HSE functional.
An 8x8x8 k-point mesh was employed in our calculations. Results are compared
to experimental results and calculations using the HSE functional within a PAW
method.

This work PAW? Expt.c
Functional PBE HSE HSE —
GaAs 64.5 79.2 70.9 75.6
Si 88.9 98.0 97.7 99.2
C 433 467 467 443
MgO 153 177 169 165
NaCl 21.3 28.8 24.5 26.6

“ Reference 29. ? Reference 27.
¢ Experimental data taken from Ref. 136.
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6.1 Computational effort

In recent years, hybrid functionals has been the subject of continuous scientific in-
terest (cf. Fig. 6.1). In the 1990’, Becke?° established the theoretical foundations,
which motivate the intermixing of a certain fraction of nonlocal Hartree-Fock (HF)
exchange with a local exchange correlation functional. With the advent of more
powerful computers, hybrid functional calculations became feasible in periodic sys-
tems. They were successfully employed to describe the properties of molecules!?”
and solids!?8 Furthermore, they overcome 28130 the band gap problem 22123 of den-
sity functional theory (DFT). These successes animated the field, which is evidenced
by the drastic increase of the number of publications since the early 2000’ (see
Fig. 6.1). By now, hybrid functionals are routinely applied to systems with correlated
electrons using Gaussian,'?” plane wave 6, or full-potential linearized augmented-
plane-wave (FLAPW)* basis sets. For details of the implementation in the FLAPW
method, we refer to Chap. 3.

The evaluation of the nonlocal exchange potential is so expensive, that the use of
these functionals is effectively restricted to a small number of atoms in the unit cell,
despite of the increase of the computational power during the last decade. Several
schemes to reduce the numerical demand have been described in the literature. A re-
striction of the Coulomb interaction to a certain range leads to screened exchange in-
teraction and finally to an effectively screened potential as proposed by Heyd et al..2¢
Physically this corresponds to correlation effects within the electronic system, which
screen the electron-electron interaction at large distances. The authors evaluated the
necessary integrals in real space,?® where they benefited from the finite length scale

45
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Citation analysis using SciVerse Scopus for four representative pub-
lications dealing with hybrid functionals. The citations of the seminal paper by
Becke??® (—e—) is scaled to 10% to fit on the same axis. The citations for the
newer hybrid functionals—the PBEO functional?* (—e-), its implementation'?’ in
GAUSSIAN (—e—), and the screened HSE?¢ hybrid functional (—e—)—have increased
strongly in the last five years.

of the interaction. Since then it has been shown?”-? that the screening is beneficial
for reciprocal-space methods as well, as, in comparison to the PBEO functional, a
smaller k-point sampling of the Brillouin zone (BZ) is sufficient. We have presented
the implementation of the screened exchange in the FLAPW basis in Chap. 5.

An approach particularly suited for reciprocal-space methods was realized by
Paier et al..?” The dispersion of the total energy mainly arises from the kinetic and
the Hartree energy, whereas the exchange energy, which is by comparison small, hasa
smaller dispersion across the BZ. Within a basis set (in reciprocal space) the nonlocal
exchange is given by two k-point summations over the BZ

cc. BZ

1 OcCC.
B = =2 3D (B |V €rgi) (6.1)

k.q

where ¢, and ¢, are Kohn-Sham wave functions with band indices n and m, re-
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spectively. In this chapter, we suppress the spin indices, but a generalization to mag-
netic systems is straightforward. VNU is the nonlocal interaction - the bare Coulomb
interaction for the PBEO functional®* and the screened Coulomb interaction for the
HSE functional.?® Analogously, we find a second k-point summation in the calcu-
lation of the nonlocal exchange potential (cf. Eq. (4.26)). Paier et al.?” proposed
to restrict the inner g-point loop to a smaller mesh of points in the BZ and refer to
this technique as downsampling of the nonlocal exchange. They demonstrate that in
particular for the screened HSE2® hybrid functional even an up to four times sparser
q mesh yields accurate results. The same technique is not efficiently applicable to
the PBE0?* functional, where the accurate evaluation of the bare Coulomb potential
requires a fine k-point sampling.

The most commonly used technique to treat correlated materials in DFT is the
LDA+U method.** In this scheme an on-site Hubbard-like®” term is included for
the localized states (see reference 94 for more details). Although the Hubbard pa-
rameter U can be extracted from first principles methods by a constrained LDA %8147
or a constrained random phase approximation (RPA)100:148149 ca]culation, one often
chooses an appropriate Uaccording to experimental observations. Rohrbach et al. 15
showed for the transition metal sulfides that a unique optimal value of U does not
exist. Novék et al. 1°! proposed an exchange functional that shares properties of the
LDA+U method and the HF exchange. They approximate the nonlocal HF exchange
of the correlated electrons by their on-site contributions

1
HF NL
B n =2 ) mim (svﬁpj v <Pk</>z) ) (6.2)
ijokl
where in contrast to Eq. (6.1) the bare Coulomb potential is restricted to two points
in the same atomic sphere, the ¢, are localized auxiliary orbitals centered at a specific
atom, and the #;; is the density-matrix element of the localized orbitals i and [

occ. BZ

M = ; g <¢mk‘ (Pi> ((PI‘ ¢mk>' (6.3)

As a double-counting correction Ey, the exchange-correlation contribution of the
correlated electrons is removed from the local density approximation (LDA) ex-
change-correlation energy. The total exchange-correlation energy has then the fol-
lowing form

E;?—site — E)];PA + E}I;IF,on—site _ E)I;PA[ncorr.] (64)

with the density of the correlated states
eor. (1) = Z ni19; (r)e,(r). (6.5)
i
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Tran et al.?® generalized this idea to the hybrid functionals replacing the terms in
Eq. (6.4) with the corresponding ones of the hybrid functional. For instance, the
approximated on-site PBEO functional is calculated as

PBEO,on-site _ 17PBE HE on-site PBE
Exc - Exc +a (Ex - Ex [”corn]) ) (66)

where the double-counting term is given as the exchange contribution of the corre-
lated electrons in the PBE functional and the mixing parameter a = 1/4is employed as
in the full PBEO functional.?* Although a formal similarity with the nonlocal func-
tionals exists, the on-site approximation to these functionals can produce drastically
different results. For example, while the PBEO functional predicts!>? a lattice con-
stant of 4.40 A and the fundamental band gap of 4.02 eV, the on-site approximation
to the PBEO functional yields?8 a significantly larger lattice constant of 4.51 A and a
drastically smaller band gap of 1.3eV.

In spite of the fact that hybrid functionals have been investigated for almost 20
years, a detailed analysis of the importance of different contributions has not been
done so far. In this chapter, we present a study based on the FLAPW method particu-
larly suited for such an approach. The separation of the crystal into mufhin-tin (MT)
spheres centered at the atoms and the interstitial region (IR) in between leads directly
to an evaluation of on-site, off-site, and interstitial contributions. In Sec. 6.2, we in-
troduce different levels of approximations, where we successively replace nonlocal
exchange terms by their local counterpart. We compare the effect of these approx-
imations for two prototypical ionic materials (MnO and NiO) and covalent-bound
materials (Si and GaAs) in Sec. 6.3. We draw our conclusions of this comparison in
Sec. 6.5.

In Chap. 4, we introduced the evaluation of the nonlocal exchange potential V)Iil,;n, (k)
by the resolution of the identity with the mixed product basis (MPB)

occ. BZ

Vghn’(k) =~ Z Z Z <¢)nk| (pmk—quI) viy(q) <Mq]¢)mk—q| (/)n'k) ) (6.7)

m q I

where vy;(q) is the Coulomb matrix

vi(q) = (MqI|VCOul|Mq]> , (6.8)
the ¢, are Kohn-Sham wave functions, the My, are MPB functions, n, n’/, and m are
band indices, k and q are Bloch wavevectors, and

1
[r—7]

VCoul(r7 1’/) = (69)
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is the bare Coulomb potential. The nonlocal exchange energy is given by the sum of
the diagonal elements and over the whole BZ

1 9c BZ

Et = - Z Z V(K (6.10)

In the PBEO hybrid functional,?* a fraction of a = 1/4 of the nonlocal exchange en-
ergy is added to the local PBE exchange-correlation functional. To correct for dou-
ble counting correction the same fraction a of semi-local PBE exchange!* is removed
(cf. Sec. 4.1).

EPBEO = EPBE 4 g (B3 - EXPF) (6.11)

Within the FLAPW method,3*2117 we employ basis functions of atomic functions
in the MT spheres which are matched to plane waves in the IR (see Chap. 3), so
that the resulting basis function is differentiable at the MT boundary. The MPB is
constructed to represent products of FLAPW basis functions®*12>153 and consists
of basis functions defined within the MT spheres and the IR. The strict separation
of atomic centered parts and interstitial contributions allows us to investigate the
importance of different terms in detail. The nonlocal energy is separated into four
terms

E{" = Egyemr + Exvrm * Edirr + Exr - (6.12)

The MT-MT term considers only the MT spheres and can be further separated into
on-site and off-site contributions. The MT-IR term describes the interaction be-
tween the spheres and the IR. The IR-IR term is limited to IR basis functions. Fi-
nally, the I'-point correction incorporates the analytical treatment of the divergence
of the Coulomb potential in reciprocal space (cf. Chap. 4). The local exchange energy
consists of MT and IR contribution

E®F = ExNir + Exg.- (6.13)

In the following, we will introduce several tiers, in which the energy difference of the
PBE and PBEO functional

AE, = BP0 — BPPF = g (EY" - EP™F) (6.14)

is replaced by approximations that are successively easier to evaluate. We estimate
the computational cost of the different approximations comparing to them to con-
ventional hybrid functional calculations. In these, almost the entire computation
time is spent for the evaluation of the nonlocal exchange term. In our implementa-
tion, the evaluation of the overlap between the wave functions and the MPB accounts
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Figure 6.2: Computation-time distribution of several tasks in examplary EuO and
SrTiO; hybrid-functional calculations. Roughly two thirds of the time are consumed
by the calculation of the overlap integrals in the muffin-tin (MT) spheres, in the
interstitial region (IR) and reading the wavefunctions from the harddisk. The vector-
matrix-vector (VMV) multiplication accounts for another third of the time. The load
imbalance in the MPI parallelization is responsible for a large part of the remainder.
The rest of the time is spent for the common DFT calculation.

for roughly more expensive than the IR region overlap integrals. The sparse-matrix-
vector multiplication accounts for another third. Everything else is considerably be-
low 5% of the total time.

il Asa first approximation, we remove the IR-IR contribution of the nonlocal term
and simultaneously the IR term in the local contribution. The exchange energy
correction to the PBE functional is then given as

AE, =a (EXN,II\J/[T-MT + E)IXI]C/IT-IR + Exr - E:}:,BI\ET) : (6.15)

The physical motivation for this approximation is the small amount of the electric
density that resides in the IR. Hence, we assume that the energy and eigenvalues
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of the PBEO functional will be accurately reproduced. The computational advan-
tage of this approach amounts to approximately 15% of the total time, because
we halve the time necessary to evaluate the sparse-matrix-vector multiplication
by removing the IR-IR part.

In the second tier, we remove the IR contribution altogether
AE! = a (BN + ENF — Exoir) - (6.16)

This approximation is more rigorous than the first one, as it removes the non-
local interaction between the MT spheres and the IR region. If we employ this
approximation, we could reduce the cost of the hybrid functional calculations by
up to 40%. This results from a speed up in the matrix multiplication, where the
neglect of the rectangular MT-IR part is advantageous, and we do not have to
calculate the overlap integrals for the IR.

Within the third approximation, we restrict the MT contribution to on-site terms
AR = a (BN - B (617

We note that with this restriction, the divergence of the Coulomb potential in re-
ciprocal space disappears so that this energy contribution is not evaluated. While
this has no effect in the computation time of the local part, the evaluation of
the nonlocal part is drastically accelerated. We estimate that this approxima-
tion would reduce the computation time to same order of magnitude as typical
LDA+U calculations.

Within the fourth tier, we focus only on specific localized orbitals ¢,. Resembling
the work of Novak et al. 1°! and Tran et al.,?® we limit the description to localized
d states

Bl - a (B - EIE). ©19

In contrast to their work, we employ the MPB to evaluate the overlap integrals.
The construction of the MPB ensures that these overlap integrals contain all d-
state contributions in the wave functions. For the local exchange, we evaluate
the PBE exchange energy for the density of the d electrons. An efficient imple-
mentation of this approximation would be as fast as the LDA+U method. The
time difference to the third tier is hard to assess from our implementation of
the hybrid functionals, as both methods would be approximately two orders of
magnitude faster than the PBEO functional.
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A general problem of all these approximations is that nonlocal and local exchange
are not treated on equal footing. In the local potential, the long-range nature of the
Coulomb interaction is only included implicitly. In the LDA, the assumption of a
homogeneous density allows for an analytical integration of the Coulomb interaction

(cf. Eq. (2.37))
1 n(r)ng(r,u)
E, - E[[d%d%zf, (6.19)

where 7 is the electronic density, ny is the exchange hole, and u = r — . In contrast,
in the hybrid functionals the Coulomb interaction is evaluated explicitly for the HF
exchange. If we impose restrictions to the region, where the HF exchange is evalu-
ated, this would translate to a change in the strength of the local potential. However,
itis not straightforward to translate the restriction imposed to the nonlocal Coulomb
interaction to the local potential, because the analytical solution of the exchange in-
tegral in the local part is a direct consequence of the bare Coulomb potential. If a
different nonlocal interaction, as introduced in the aforementioned approximations,
is combined with an unsuitable local park, this will lead to a double-counting or a
neglect of parts of the exchange interaction. To counteract these problems, one could
refine the local energy imposing the same restrictions to the integrals in Eq. (6.19)
as for the nonlocal part. However, then the six-dimensional integral would have to
be calculated numerically, which would increase the computational cost drastically.
Here, we limit ourselves to the simple approximations for the local contribution and
reveal the resulting mismatch to the pure hybrid functional.

In the following, we analyze the two semiconductors Si and GaAs, which possess a
diamond and a zincblende structure, respectively, and the two antiferromagnetic ox-
ides MnO and NiO, which crystallize in a rock-salt unit cell. The antiferromagnetism
of the latter two compounds is predicted by the Goodenough-Kanamori rules, 15415
indicating that the magnetic moments in neighboring atoms with filled orbitals have
an opposite alignment. This gives rise to a three -dimensional checkerboard- like
arrangement of moments, the AFM-II structure. We perform all calculations at the
experimental lattice constant and analyze different band transitions, magnetic mo-
ments where appropriate, and the orbital-resolved charge within the MT spheres.
We calculate all band transition energies as differences of the respective Kohn-Sham
eigenvalues. We define the magnetic moment as the difference of the two spin den-
sities within a MT sphere, i.e., we neglect all contributions from the IR.
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We present the data for MnO: The smallest fundamental band gap
Afyng> the smallest direct band gap A, the magnetic moment per Min atom iy,
and the number of d electrons of majority spin character within the MT spheres
N, is compared to theoretical and experimental results from the literature.

Afund (CV) Aopt (CV) MMn (qu) Nd
PBEO 3.73 4.37 4.63 4.92
Level I 3.78 4.39 4.62 491
Level 1T 3.01 3.72 4.61 4.92
Level 111 1.98 2.66 4.64 4.93
Level IV 1.70 2.16 4.65 4.96
PBE 0.92 1.57 4.43 4.84
HSE 2.98 3.61 4.63 4.92
LDA+U 2.17 2.65 4.70 4.94
PBE + U 2.36 2.80 4.75 4.95
PBEO? 4.02 4.52
HSE03? 2.8 4.52
EXXc¢ 3.80 4.21 4.60
EXXce 3.96 4.37 4.60
B3LYP“ 3.92 4.73
on-site® 1.3 1.9 4.40
LDA + U¢ 1.9 2.5 4.50
Expt. 3.9 208 4.58514.79

@ Reference 152. ?Reference 156. ¢Reference 121. “Reference 157. € Reference 28.
/ Reference 158. €& Reference 159. " Reference 160. ' Reference 161.

The numerical convergence parameters are chosen to efficient values focusing
more on the general trends in the different approximations and less on the exact val-
ues. These might change slightly with an increase of the numerical cutoffs, whereas
the qualitative picture is well reproduced. We compare results for the PBE!* and the
PBE02?* functional as well as for the different approximations introduced in the last
section. We contrast these calculations to theoretical results from the literature. For
comparison, we report experimental values where available.

For MnO, we present our results for the band transition energies, the magnetic mo-
ment per Mn atom, and the charge accumulated in d orbitals within the MT sphere
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in Table 6.1. Within the PBEO functional, direct and indirect band gap are drasti-
cally increased with respect to the corresponding PBE results. With the PBEO (PBE)
functional, we obtain a value of 3.73 eV (0.92 eV) for the fundamental band gap and
a value of 4.37eV (1.57 V) for the smallest direct band gap which is accessible by
optical experiments. The d electrons become more strongly localized in the PBEO
calculations, which is manifested in the increase of the magnetic moment per Mn
atom from 4.43 y, to 4.63 y, and the charge accumulated in the d orbitals from 4.84
electrons to 4.92 electrons per spin channel. We get a somewhat smaller fundamen-
tal band gap than Franchini et al.,!5? which is a measure for size of the deviations
induced by the reduced values of the numerical convergence parameter. The dif-
ference in the magnetic moment is probably related to a different size of the MT
sphere. With the B3LYP hybrid functional a similar opening of the band gap is ob-
served.'”” Employing the screened HSE hybrid functional yields an indirect band
gap of 2.98 eV and a direct one of 3.61 eV. The same size of the magnetic moment
and the same number of d electrons indicate that the charge localization is similar
to the one obtained with the PBEO functional. Employing the older HSE03 imple-
mentation, Marsman et al. 1°° find a smaller band gap of 2.8eV. The EXX func-
tional,!?! where the nonlocal exchange is converted into an optimized local poten-
tial, results in similar band gaps and magnetic moments as our PBEO results. We
compare the hybrid functionals to DFT+U calculations, where the U and ] values
were determined by constrained RPA.!% Adding the Hubbard-like term to the LDA
calculation (U = 7.52eV, ] = 0.68 eV), we find an increased fundamental band gap of
2.17 eV and optical band gap of 2.65eV. The charge is localized more strongly than
in the hybrid functionals resulting in a higher magnetic moment. Starting from the
PBE functional (U = 8.01eV, ] = 0.69 eV), the values increase to 2.36 eV and 2.80 eV
for indirect and direct band gap, respectively, which is still somewhat smaller than
the transitions predicted with hybrid functionals. The experimental results are in-
consistent, because the optical band gap ! of 2.0 eV is significantly smaller than the
fundamental band gap'>® of 3.9 eV. The latter is best reproduced by the PBEO func-
tional, the former is closer to the PBE results.

Approximating the PBEO functional with the expressions introduced in Sec. 6.2,
we find that the first level reproduces the band transitions, the magnetic moment,
and the number of electrons in the d states accurately. Though the second tier fea-
tures a similar charge within the MT spheres, the band transitions are significantly
reduces by ~ 0.7 eV. For MnO the band transitions within the second approximation
are surprisingly close to the results with the HSE functional. If we reduce the nonlo-
cal exchange to on-site contributions (Level III), the band gap is further reduced to
1.98eV and 2.66 eV for the fundamental and optical transition, respectively. How-
ever, this does not go along with a reduction of the charge at the atomic sites, which
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Figure 6.3: Comparison of [-projected density of states (DOS) for the spin-up chan-
nel in MnO using different approximations to the PBEO functional. The blue contri-
bution originates from the majority d orbitals of the Mn atom, the cyan contribution
originates from the ones with the opposite spin direction. The red fraction is as-
sociated with the p orbitals of oxygen and the remainder to the total DOS consists
mainly of charge in the interstitial region. The transparent purple area shows the
region where no electronic states exist. The tails in the gap result from the Gaussian
broadening.
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is (albeit slightly) increased. As fourth tier, we limit the nonlocal exchange to the d
states. The transitions shrink further to 1.70eV (2.16 eV) for the fundamental (op-
tical) band gap. The d electrons tend towards stronger localization. In comparison
to the related DFT+U scheme, we observe band transitions that are similar or a bit
smaller depending on the particular choice of the local functional and the values for
the parameters U and J. The method of Tran et al.,?® which employs a different kind
of on-site projection functions but is otherwise identical to our fourth level, yields
the smallest band transitions of all investigated techniques which go beyond the LDA
and generalized gradient approximation (GGA) functionals.

Figure 6.3 visualizes the effect of the different approximations comparing the
electronic density of states (DOS) of one spin channel. The area where no states ap-
pear becomes smaller the further we approximate the hybrid functional. Only the
first level reproduces the band gap accurately. The DOS reveals that not only the sizes
of the band transitions are modified. Starting from the second level of approxima-
tion the physics of the occupied states changes. The bandwidth of the p-d-hybridized
states becomes narrower and the peaks more pronounced. In the fourth approxima-
tion the hybridization is almost lifted, and we identify separate O p and Mn d peaks.
The hybridization disappears within the PBE functional as well, although the order
of the peaks is different than in the fourth tier.

In Table 6.2, we compare the band transitions, number of occupied d states, and the
magnetic moment of NiO obtained with the different approximations to the PBEO
functional with results from the literature. The bare PBEO functional increases the
direct and indirect band gap with respect to the PBE functional from 1.13eV and
0.97eV to 5.94eV and 5.34eV, respectively. This goes along with a growth of the
magnetic moment from 1.38 y;, to 1.67 yy, which is mainly driven by the decrease
of the minority d charge from 3.49 to 3.29 electrons. In the B3LYP hybrid func-
tional, 128157 the fundamental band gap is significantly larger than in the local PBE
functional, though not as large as in our PBEO calculation. The magnetic moment
predicted from B3LYP is identical to our results. In the LDA+U method the band
gap opens as well.?® The predicted value for the optical band gap of 4.0 eV is consid-
erably smaller than our hybrid functional result. The magnetic moments of 1.64 y,,
and 1.90 4, measured in experiments, !%16> matches well with the moments obtained
in all the methods that go beyond PBE. The band transitions are inconsistent as the
reported values of 4.0eV162 and 4.3eV!6* for the fundamental band gap are larger
than the optical band gap of 3.1eV.!%* The PBEO functional seems to overestimate
the band gap by at least 1 eV.
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We present the data for NiO: The smallest fundamental band gap
Afyng> the smallest direct band gap A, the magnetic moment per Ni atom rmy;,
and the number of d electrons of minority spin character within the MT spheres
N, is compared to theoretical and experimental results from the literature.

Afund (CV) Aopt (CV) myi (qu) Nd
PBEO 5.34 5.94 1.67 3.29
Level I 5.50 6.07 1.69 3.28
Level II 4.48 5.38 1.64 3.32
Level III 3.10 4.05 1.66 3.32
PBE 0.97 1.13 1.38 3.49
HSE037 4.2 1.65
B3LYP? 4.1 1.67
B3LYP¢ 4.2 1.67
on-site? 2.8 3.4 1.73
LDA + U4 3.2 4.0 1.72
Expt. 4.0, 4.3/ 3.18 1.64, 1.90

@ Reference 156. ”Reference 128. °Reference 157. 9 Reference 28. ¢ Reference 162.
/ Reference 163. € Reference 164. ' Reference 165. / Reference 160.

We turn now to the effect of the approximations introduced in Sec. 6.2. For NiO,
already the simplest approximation changes the band gap and the magnetic moment
towards slightly larger values. The second level decreases the fundamental band gap
to 4.48 eV and the direct one to 5.38eV. The magnetic moment evaluated within
the MT sphere shrinks due to a larger occupation of the minority d states. This ef-
fect on the magnetic moment is reversed in the third approximation although the
occupation of the minority d states remains unchanged. Within the third tier, we
obtain a significant reduction of the direct band gap to 4.05eV and the indirect band
gap to 3.10eV. For the fourth approximation no self-consistent solution was found.
Within the LDA+U method also only on-site contributions are considered, which
are in addition limited to d electrons. The values obtained with the third approxi-
mation compare nicely to the LDA+U results of 4.0eV and 3.2 eV, respectively. The
on-site approximation of Tran et al.,?® which incorporates nonlocal exchange only
for d states predicts a fundamental band gap of 2.8 eV and an optical one of 3.4 eV,
somewhat smaller than the band gap in the third tier. This difference might originate
from the restriction to d levels in the on-site approximation of Tran et al..?

In Fig. 6.4, we present the DOS of NiO obtained with different approximations to
the PBEO functional in comparison to the hybrid PBEO functional and the local PBE
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Figure 6.4: Comparison of I-projected density of states (DOS) for the spin-up chan-
nel in NiO using different approximations to the PBEO functional. The blue contri-
bution originates from the majority d orbitals of the Ni atom, the cyan contribution
originates from the ones with the opposite spin direction. The red fraction is as-
sociated with the p orbitals of oxygen and the remainder to the total DOS consists
mainly of charge in the interstitial region. The transparent purple area shows the
region where no electronic states exist. The tails in the gap result from the Gaussian
broadening.
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functional. Within the PBEO functional, we find a hybridization of the O 2p states
with the Ni d states. The crystal field splits the d levels into t,, and e,. In the majority
spin all d states are occupied, whereas only the t,, ones are filled in the minority spin
channel. The minority and majority states are separated by the exchange splitting so
that the states close to the Fermi energy have mostly minority character. The minor-
ity e, are separated from the t,, states by a robust band gap of 5.34eV. In the first
level, this is reproduced accurately. All peaks in the conduction band are at the same
positions as in the pure PBEO functional. The major difference to the PBEO func-
tional is an increased band gap due to the shift of the unoccupied e; peak towards
higher energies. The second tier introduces more significant changes. The minor-
ity t,4 states acquire a broader band width, the peak of the majority e, states is less
pronounced, and the fundamental band gap shrinks by roughly 1eV. Introducing
the on-site approximation (Level III), the d states become stronger bound, hence the
main contribution close to the Fermi energy comes from the O p states. All peaks as-
sociated to d states shrink in magnitude and move towards lower energies. The band
gap is reduced to 3.10eV. In the PBE functional only a very small hybridization of
the O p and Ni d states is predicted. The oxygen levels are mainly distributed between
-7 eV and -3 eV (relative to Eg), whereas the d levels reside between —2.5 eV and the
Fermi energy. The band gap is reduced to roughly 1eV, considerably smaller than
calculated with any nonlocal functional.

Table 6.3 collects the results for different band transitions, the lattice constant, and
the bulk modulus of the silicon in the diamond structure. The application of the hy-
brid functionals PBEO and HSE yields a significant increase in all band transitions
with respect to the local PBE functional. The lattice constant is reduced, whereas the
bulk modulus becomes larger. We attribute the small discrepancies with respect to
results from the literature?”-2*33 to the slightly smaller values of the numerical cutofts
employed here. We find that the HSE functional accurately describes the experimen-
tal band transitions, !3-14 whereas the PBEO functional yields a better agreement for
the lattice constant and the bulk modulus.

We turn now to the approximations to the PBEO functional. As for the oxides,
the first approximation reproduces the band transitions of the PBEO functional quite
well. However, there is no systematic trend. While the I' - X transition remains
almost constant, the I' — T' transition decreases by 0.15eV, and the I' — L transition
increases by 0.06 eV. Even though the band structure is close to the PBEO functional,
the structural properties are not reproduced. The lattice constant is increased almost
to the value of the PBE functional and the bulk modulus is significantly overesti-
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Comparison of the theoretical and experimental results for different
band transitions, the lattice constant a, and the bulk modulus B of silicon.

I-T(eV) TI->X(eV) TI-L(eV) a(A) B(GPa)
PBEO 4.00 1.96 2.92 5.439 99.3
Level I 3.85 1.95 2.98 5.460 115.8
Level I 3.30 1.19 2.15 5.455 80.1
Level I1I 2.49 0.37 114 > 1.02a¢,
Level IV 2.53 0.70 1.52 > 1.02acy,
PBE 2.56 0.71 1.54 5.472 89.0
HSE 3.32 1.28 2.24 5.443 98.2
PBE(® 3.96 1.93 2.87
PBEO? 3.97 1.93 2.88 5.433 99.0
HSE¢ 3.32 1.29 2.24 5.441 98.0
HSE? 3.32 1.29 2.24 5.451 97.7
Expt. 3.05,4 1.13,° 2.06,8 5.430" 99.2h
3.34-3.36,¢ 1.254 2.40
3.4/

 Reference 33. ?Reference 27. € Reference 29 (cf. Sec. 5.5).
4 Reference 139. ¢ Reference 140. / Reference 138. ¢ Reference 141.
" Experimental data taken from Ref. 136.

mated. In the second tier, the band gaps shrink to values approximately equal to the
ones obtained with the HSE functional. However, the lattice constant is larger than
the hybrid-functional prediction and the bulk modulus is even smaller than one ob-
tained with the PBE functional. The on-site approximation (level III) performs worse
than the PBE functional, the band transitions are underestimated, whereas the lat-
tice constant resides above the investigated interval. In the fourth step, we restrict
the exchange to the d states and recover the band transitions of the PBE functional.
The lattice constant is still strongly overestimated, indicating that the ansatz for the
total energy of this approach is not consistent (the nonlocal contribution of the d
states does not compensate the local one).

In Fig. 6.5 the DOS of Si obtained with the HSE, the PBEO, and the PBE functional
as well as all approximations is shown. We recognize that the valence DOS calculated
with the PBEO and the HSE functional are almost identical. The main difference
lies in the gap, which is larger in the PBEO functional. In hybrid functionals, the
band width of the valence band is increased with respect to the band width obtained
with the conventional PBE functional. Throughout the series of approximations in
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Figure 6.5: The densities of states (DOS) for bulk silicon calculated with the HSE,
PBEO, and PBE exchange correlation functional is compared to the different approx-
imations to the hybrid functionals. The purple area indicates the band gap region
within which no electronic states exists. Any existing part within is an artifact of the
Gaussian broadening used to construct the DOS.
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Comparison of the theoretical and experimental results for different
band transitions and the position of the d states of Ga A; g, with respect to the
Fermi energy in GaAs.

T>T(eV) T—->X(eV) T—L(eV) Ayg(eV)

PBEO 1.95 2.72 2.35 -18.0
Level I 2.15 2.73 2.44 -17.7
Level 11 1.24 1.84 1.62 -18.5
Level I1I 0.12 1.16 0.75 -19.1
Level IV 0.60 1.04 1.42 -22.0
PBE 0.47 1.47 0.75 -15.1
HSE 1.33 2.06 1.70 -18.0
PBE0“ 2.02 2.69 2.38
PBE(? 2.01 2.67 2.37
HSE¢ 1.43 2.06 1.78
HSE? 1.45 2.02 1.76
Expt.? 1.63 2.01,2.18 1.84, 1.85 -16.9
Expt.c 1.52 1.90 1.74

“ Reference 33. ”Reference 27. € Reference 29 (cf. Sec. 5.5).
4 Reference 138. ¢ Reference 137.

particular the band gap and the band width decrease. The behavior is not monotonic,
e.g., the band gap of the third tier is smaller than the one of the fourth approximation.
We note that although the band transitions of the HSE functional are well reproduced
by the second level, the band width is smaller.

We present the results for different band transitions of GaAs and the position of the
d states of Ga in Table 6.4. The band gaps obtained with the PBEO functional are
approximately 1.5eV larger than with the ones calculated with the PBE functional
and are close to results from the literature obtained with the same functional.?”-*?
The d orbitals of Ga are more strongly bound at —18.0 eV compared to the PBE func-
tional (—15.1eV). In the HSE functional, we find the d states at the same position
as in the PBEO functional. The band gap is considerably (~ 0.6eV) smaller than the
band gap obtained with PBE0O. Nevertheless, it is still significantly larger than the
PBE counterpart. The HSE results for these band transitions from the literature?”
and our results from Sec. 5.5 are somewhat larger, hence indicating the error associ-
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ated to the reduced values of the numerical parameters. Comparing to experimental
results, 137138 we find that the HSE functional gives the best agreement of all the con-
sidered functionals.

We consider next the effect of the approximations. The first level yields band
transitions in good agreement with the results of the PBEO functional with a small
increase in the absolute numbers. The d states of Ga are found at a somewhat higher
energy. The second tier reduces the band gaps significantly to values approximately
close to the ones obtained with the HSE functional. The binding energy of the d
states increases to 18.5eV. Within the third approximation, the band transitions are
smaller than their PBE counterpart, while the d states of Ga are bound more strongly.
Within the fourth level the order of the band transitions changes so that the I' — X
is smaller than I' — L, and the d states are even stronger bound.

In Fig. 6.6, we visualize the impact of the different approximations on the DOS of
GaAs in contrast with the local PBE and the nonlocal HSE and PBEO functional. We
identify three major contributions to the valence band of GaAs in the selected energy
range. The As s peak is situated at a binding energy of around 12eV. Above, at an
energy of ~ -7 eV, we see the corresponding s peak of Ga. The rest of the states below
as well as above the Fermi energy have mainly p character from either of the atoms.
With the HSE and PBEO functional, the s peaks of both atoms are shifted downwards
by ~ 1eV and the band width of the p states below the Fermi energy is increased
with respect to the PBE functional. In the PBEO functional, the band gap obtains
a large value of 1.95eV, the HSE functional predicts a smaller band gap of 1.33 ¢V,
and the PBE functional reduces it to merely 0.47 eV. Turning to the approximations,
we recognize that the first level reproduces most properties of the PBEO functional,
albeit the Ga s peak is found at a higher energy and the band gap is increased by
0.2eV. In the second tier, the band gap is reduced to 1.24eV close to that of the
HSE functional. Both s peaks are more loosely bound and the band width is slightly
reduced compared to the hybrid functionals. Employing the third approximation
(on-site HF only), the valence spectra is reproduced for the low lying As s states. The
position of the Ga s and the band width of the p states is similar to the second tier.
However, the band gap to the conduction band is significantly underestimated. In
the fourth level, we almost recover the results of the PBE functional, although the
details reveal a changed order in the band transitions (see Table 6.4).

An alternative approach to reduce the computational cost of hybrid functionals is
related to the downsampling of the exchange potential. This was introduced by Paier
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The densities of states (DOS) for bulk GaAs calculated with the HSE,
PBEO, and PBE exchange correlation functional is compared to the different ap-
proximations to the hybrid functionals. The blue part shows the density located at
Ga atoms, the cyan area represents the As atoms. The remainder to the total DOS
(black) is situated within the interstitial region. The purple area indicates the band
gap region within which no electronic states exists. The blue tails are related to the
Gaussian broadening.
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et al. % for the inner g-point mesh of the nonlocal exchange, and we will examine the
more rigorous downsampling of both k- and g-point mesh. The total contribution
of the hybrid functional to the Hamiltonian is given as (cf. Eq. (4.15))

occ. BZ

thj/(l;b'(k) = ; Zq: (Xk+c¢mq ‘VNL| ¢quk+G’> - <Xk+G |VL| Xk+G’> ) (6.20)

where y,, . are FLAPW basis functions and VNt and V' correspond to the nonlocal
and local potential, respectively. If we restrict the evaluation of this term to a reduced
mesh of k points and evaluate the inner g summation on the same smaller mesh,
we will gain a tremendous speed up. For example, reducing the k-point mesh from
8x8x8 to 4x4x4 in SrTiO; reduces the computation time by a factor of 34. The
physical motivation to restrict the evaluation of the exchange to a less precise mesh
is that the exchange energy is a small quantity compared to the contribution of the
kinetic energy and the electrostatic potential of the charge density. Nevertheless, we
need an interpolation technique to evaluate the exchange potential at intermediate
k points. We recall that two different types of basis functions exist (see Chap. 3):
LAPW functions and local orbitals. For the former, we choose a linear interpolation
technique. Let

K™ = a1k, + axk,, (6.21)

where k; are k-points, for which the nonlocal exchange is evaluated directly, k™ is
the interpolated k-point, and with the requirement that a; + a, = 1 and 0 < g; < 1.
Then the interpolated potential is given by

2
Voo (") = YV, (k). (622)
Due to the criterion |k + G| < Gpay, the set of G vectors is different at different k
points. Therefore, we restrict ourselves to those G points that are present at ki, k,, and
the interpolated point k'"t. Furthermore, we include a shift by an reciprocal lattice
vector AG; to the G vectors if the path from k; to k™ crosses the boundary of the BZ.
This corresponds to the requirement, that the length

AG; - (K™ - k;)| (6.23)

is minimized. This yields the following expression for the interpolated potential

x,GG’' x,(G+AG)),(G'+AG;)

b ( kint) _ i: athyb' (k). (6.24)
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For the local orbitals, we use a different scheme, in which the k dependence of the
local orbitals is removed. In general, a local orbital can be written as

1
Xk+Gl(,(r) = ZZMGIO,m(k)]dn(;(T)7 (6.25)

with a k-point independent radial function f%9(r), the angular momentum [ of the
local orbital and its magnetic quantum number m, and a matrix, which contains the
k-point dependence,

Mg, m(k) = KGRy (k1G,), (6.26)

with the position of the atom R,. Mg, (k) is a square matrix, because exactly (2/+1)
different G vectors are selected. These G'° vectors correspond to “virtual” plane
waves that are only employed in the construction of the local orbitals (see Sec. 3.4).
We identify two cases:

We interpolate VE?"GJ'GIO (kK™), i.e., one basis function is an LAPW function associ-
ated with a plane wave of reciprocal lattice vector G and the other is a local orbital
matched to a virtual plane wave characterized by Gy,. Then the interpolated ma-
trix is calculated as

2 I
‘rh b. in ‘;h b. — int.
x,YGGlo(k t) = Zai Z xj/(G+AG,»),Gk,(ki)MG}o,m(k")MGlmm(k t)' (6.27)
i=1

m=-1

The explicit k-point dependence of the basis functions y;, . is removed by the
multiplication with the inverse of the matrix Mg, ,,(k;). The resulting term is
then interpolated and the multiplication with the matrix Mg, (k™) produces
the correct k-point dependence for the local orbital.

For szcbi o (K™) both basis functions are local orbitals characterized by G, and
110 Mo

G,,, respectively. We remove the k-point dependence by multiplying the inverse
matrices from left (Mg , (k;)) and right (Mg, ,(k:)), interpolate the result, and
0> 10>

transform to the intermediate k point afterwards

Vhyb. ( kint) _

X7GloG|’0

2 . .
>2ai ) Maym(K™)Mg, ,(k)Vie o (K)Mg!  (k)Mgy e (K™). (6.28)

i=1  mm’
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X K r L w X r

Electronic band structure of silicon generated by k-point interpolation
(red) between the results of the HSE hybrid functional (blue). For comparison, we
depict the results of a PBE calculation as a light-gray line.

As a first test of the accuracy of the k-point interpolation, we investigate the band
structure of silicon (cf. Fig. 6.7). The interpolated band structure shows a smooth
behavior for the points between the exactly evaluated k points. A comparison with
the PBE band structure shows that the interpolated HSE band structure displays the
correct physical band dispersion. In particular, we shall discuss a few details. An
important feature is the position of the conduction band mimimum, which is situ-
ated along the I'-X direction and closer to X in the interpolated band structure and
in the band structure obtained with the PBE functional. Consider also the second
highest valence band state: Along the K-I" direction (close to K) and along the L-W
direction (close to W) the band is curved such that its minimum is below the exactely
evaluated data points. A similar behavior is found in the local PBE functional as well.
Hence, we attribute this curvature to the major energy contributions of the Hamil-
tonian (Coulomb potential, kinetic energy) and not to the interpolated one of the
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hybrid functional. This qualitative agreement with the PBE band structure indicates
that the linear interpolation of the nonlocal HSE potential is a viable ansatz.

Next, we try the same scheme for ZnO in the zincblende structure. Figure 6.8a)
shows that the oxygen p bands directly below the Fermi energy display a smooth be-
havior whereas the zinc d states situated roughly 6 eV below the Fermi energy exhibit
some unphysical irregularities. The interpolation of the LAPW basis functions fails
for the localized states, because the expansion coefficients of the Kohn-Sham wave
functions strongly differ at different k points. For more delocalized states, such as
the s and p bands, the representation by LAPW at different k points is more similar,
so that the interpolation scheme is applicable. As possible solution to this prob-
lem, we investigate a description of the localized states by local-orbital basis func-
tions. These are interpolated by an explicit accounting of the k point dependence
(see above). However, we note that this approach will cause problems in the elec-
tronic self consistency if the LAPW basis function and the local orbital one become
linearly dependent. To avoid such problems, we choose a very large energy param-
eter for the LAPW basis functions. In Fig. 6.8b, we demonstrate that this avoids the
unphysical irregularities in the d states of ZnO. The direct band gap at the I' point
is accurately reproduced, whereas the indirect L — I' gap shrinks by 0.35eV. The
reduction of the band gap is caused by the decreased flexibility of the basis by the
radical shift of the d energy parameter to high energies. Improving the flexibility by
additional local orbitals restores the size of the band gap to the original value (see
Fig. 6.8¢).

Motivated by the accurate description of intermediate k points in the band struc-
ture, we apply the same scheme to a self-consistent calculation. As reference, we
evaluate the eigenvalues of SrTiO; in a large 8 x 8 x 8 k-point mesh. Then, we em-
ploy a small 4 x4 x4 k-point mesh and interpolate the nonlocal potential for all k
points that are present in the large mesh. We iterate the calculation in small mesh
and subsequent interpolation of the nonlocal potential until a self consistent solution
is reached. We note that for a general k™ several possible combinations of k; and k,
that fulfill Eq. (6.21) exist. We restrict ourselves to one particular choice, where

kix < KM < Ky, (6.29a)
kiy <K <k, (6.29b)
ki, <kM<k,,, (6.29¢)

and the length |k, — k| is minimized. In Table 6.5, we show the differences in the
eigenvalues between the small and the large k-point mesh. For the occupied states,
we find an average deviation of 0.038 eV, which is almost constant for all k points in
the BZ. For the k points, that are already present in the smaller mesh, the eigenval-
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Figure 6.8: Electronic band structure of ZnO generated by k-point interpolation
(red) between the results of the HSE hybrid functional (blue). The three figures differ
by the basis functions employed to describe the Zn d states: (a) LAPW functions, (b)
local orbitals for 3d states, and (c) local orbitals for 3d and 4d states.
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Interpolation for cubic SrTiO; from a 4x4 x4 to an 8 x8x8 k-point
mesh - The first 10 k points are present in both meshes, whereas the latter 25
ones are only present in the 8 x8x8 mesh. We show the mean error (ME) and
the mean absolute error (MAE) of the eigenvalues of occupied and unoccupied
states (relative to the Fermi energy). We compare the results of the interpolation
with a full self-consistent result in the larger mesh. All k vectors are given in
internal coordinates of the Brillouin zone.

occupied states unoccupied states

k-point ME (eV) MAE (eV) ME (eV) MAE (eV)
0O 0 O —-0.000 0.038 -0.059 0.059
0 0 s -0.006 0.036 -0.056 0.057
0O o 15 -0.010 0.039 —-0.053 0.054
0 s s -0.009 0.036 -0.056 0.058
0 s 1f -0.012 0.039 -0.053 0.055
0 1 1h -0.013 0.041 -0.052 0.055
Us s 1y ~0.011 0.038 ~0.053 0.056
Uy s 1p -0.013 0.039 -0.052 0.054
s h 1) -0.014 0.040 -0.050 0.054
1h 1 1) ~0.014 0.040 ~0.050 0.057
0 0 s 0.009 0.041 -0.072 0.072
0 0 3 0.002 0.035 -0.069 0.069
0 s s 0.019 0.044 -0.079 0.079
0 s 1a 0.053 0.062 -0.112 0.112
0 s 3s 0.015 0.038 ~0.075 0.075
0 s 1h 0.000 0.037 -0.062 0.062
0 s 3 0.002 0.034 -0.064 0.064
0 3/ 3 0.013 0.035 -0.073 0.073
0 3 1k -0.001 0.036 -0.063 0.063
g s 1 0.027 0.047 -0.090 0.090
s 1 1/a 0.012 0.038 ~0.076 0.076
s s 3fs 0.027 0.043 ~0.083 0.083
s s 1h 0.012 0.036 ~0.071 0.071
s s s ~0.000 0.035 ~0.064 0.065
s s 3 0.013 0.036 ~0.073 0.073
s s s ~0.001 0.035 -0.062 0.063
s 3 3 0.025 0.040 ~0.081 0.081
s 3 1 0.010 0.035 ~0.071 0.071
s 1o 1f ~0.002 0.038 ~0.059 0.059
Uy Vs 3 ~0.000 0.034 -0.063 0.064
s 3z 3 0.012 0.035 -0.072 0.072
s 3 1) ~0.001 0.034 ~0.061 0.061
s 3 3fs 0.024 0.039 ~0.081 0.081
3y 3k 1) 0.011 0.035 ~0.070 0.070
3 1h 1) ~0.001 0.036 ~0.059 0.062
Bz 0.005 0.038 ~0.067 0.068
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ues are decreased on average, whereas the eigenvalues are rather overestimated for k
points that are only present in the larger mesh. For the unoccupied states, we find a
systematic decrease in the eigenvalues of averaged 0.067 meV with some larger vari-
ations across the BZ than for the occupied states. The eigenvalues at k points of the
4 x4 x4 mesh should not show differences to the reference calculation if we would
calculate in a one-shot approach. Hence, the observed deviations are a consequence
of the self-consistency cycle. They are smaller than the differences of the eigenvalues
obtained at the interpolated k points. The systematic decrease of the eigenvalues of
the unoccupied states leads to a decrease of the band gap from 3.33eV in the ref-
erence calculation to 3.23 eV in the interpolated scheme. Hence, this scheme is no
improvement over the smaller k-point mesh, where the band gap is 3.31 eV close to
the one obtained with the large k-point mesh.

As perspective, we propose to improve the outlined k-point interpolation em-
ploying an more sophisticated scheme. A possible technique may be the employment
of Wannier functions. Our implementation of the nonlocal exchange potential uses
the wave functions in reciprocal space. A suitable alternative is the Wannier basis.
Wannier functions are localized at specific sites R

$ur(r) = %V ; e "R (), (6.30)

where N is the number of unit cells. Employing Wannier functions may be advan-
tageous, because they contain the information of all k points in the BZ, whereas the
direct interpolation considers only the k points closest to the intermediate one.

We have introduced four tiers as possible computationally less expensive alternatives
to the nonlocal hybrid functionals. However, we find that no approximation is suited
to reproduce the energies of the hybrid functionals, e.g., leading to a mismatch in the
lattice constant of silicon. The error is more severe the more drastically we approxi-
mate the hybrid functionals. The band structure of the PBEO functional could be ap-
proximated by the neglect of the pure IR contribution in nonlocal and local potential
(first level). Surprisingly close agreement was found between the band transitions of
the second tier (complete neglect of IR contribution) and the HSE functional, though
deviations in details exist such as the position of low lying states and the band width.
Although parts of the nonlocal exchange are included, the third approximation only
occasionally provides an improvement over the local PBE functional, whereas it un-
derperforms for the semiconductors. We have found no material where the fourth
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level was useful. In conclusion, we find that the neglect of the IR-IR is an efficient
approximation if one is only interested in the improvement of the band gap by hybrid
functionals. The complete neglect of IR contributions may provide a faster imple-
mentation of a screened hybrid functional, though further investigation is necessary
to reveal if the coincidence of the band transitions with the HSE functional is sys-
tematic or just a fortuitious case appearing in the selected materials. However, both
approximations need to be refined if one is interested in total energies of hybrid func-
tionals. The challenging task is the development of a consistent approximation to the
local and nonlocal potential that avoids double counting and the neglect of relevant
contributions.

We have demonstrated a technique to calculate the potential associated with the
hybrid functional on a coarser mesh than the contributions of the kinetic energy and
the electrostatic potential. This method is based on a linear interpolation of the ma-
trix elements of the hybrid functional. It is particulary suitable for the evaluation
of the electronic band structure of materials without localized states. Including ad-
ditional local orbitals allows the interpolation scheme in compounds with localized
d and f electrons. However, a significant effort of the user is required to make the
calculation numerically stable, efficient, and accurate. Furthermore, the procedure
is applicable in a self-consistent scheme, though in particular the eigenvalues of the
unoccupied states are systematically underestimated. We encourage the community
to refine the interpolation scheme, for example, by means of Wannier functions.
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7.1 Introduction

In this chapter, we present our results several rare earth compounds with a rock-salt
structure. Our interest specifically focuses on the description of the 4f states of the
rare earth atoms within these compounds. An accurate description of the position
of these states is impossible with the conventional exchange-correlation function-
als — the local density approximation (LDA) and the semilocal generalized gradient
approximation (GGA). This failure is typically attributed to the spurious self inter-
action which is present in all local functionals (cf. Sec. 2.5). Hence, one typically
employs the DFT+U scheme,®* where an on-site Hubbard-like term U is added to
the Hamiltonian to correct the eigenvalue of the localized states. Although schemes
to calculate this parameter have been established, 81 often its value is chosen to
reproduce certain experimental observations, such as the lattice constant, the band
gap, or the position of the localized states. However, Rohrbach et al. 1°° showed at the
example of the transition-metal monosulfides, that there is no unique choice of U,
which reproduces all experimental values accurately. Thus, the predictive power of
density functional theory (DFT) is limited as the quantitative and for some materials
also the qualitative picture strongly depends on the chosen value of U. In this work,
we demonstrate that hybrid functionals surmount these difficulties and provide an

73
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accurate description of structural, magnetic, and electronic properties of rare earth
materials.

We focus in particular on gadolinium nitride (GdN) and the europium chalco-
genides (EuX, X = O, S, Se, or Te). The discovery of the europium chalcogenides
dates back to the early 60s.166-1¢8 They crystallize in a rock-salt structure where the
Eu atom has a half-filled 4f shell leading to a large magnetic moment of 7 . All
europium chalcogenides are semiconducting and the band gap increases from EuO
(1.12eV) to EuTe (2.0eV).* As the 4f states are strongly localized the magnetic inter-
action between neighboring Eu atoms is of indirect kind. 16>!70 The interaction with
the nearest neighbors (nn) is ferromagnetic whereas the coupling to the next nearest
neighbors (nnn) is of antiferromagnetic nature.'”! The nn interaction J; becomes 20
times weaker from EuO to EuTe and the nnn one ], increases slightly by an factor
of two.17! As a consequence, only EuO and EusS are strictly ferromagnetic below the
Curie temperature, EuSe orders ferromagnetic or antiferromagnetic depending on
the temperature, and EuTe is antiferromagnetic up to its Néel temperature.!”! First
principles calculations based on an LSDA+U scheme!”? predict a decrease of both
coupling constants J; and J, under isotropic stress.

Of special interest is EuO which can be grown epitaxially on Si,*4* GaN, %,
yttria-stabilized zirconia (YSZ)* and GaAs.6 EuO and EuS show a large resistivity
anomaly near the Curie temperature T¢,'73-17® which is attributed to the presence of
“trap” states induced by oxygen vacancies. These trap states donate their electrons to
the exchange split conduction band below T,7>17” yielding a high spin-polarization
perfectly suitable for efficient spin-filters in semiconductor devices.**® Above the
Curie temperature the exchange splitting vanishes and the trap states become oc-
cupied. Hence, the resistivity grows by several orders of magnitude. However, the
highest Curie temperature T¢ of 69 K for EuO* is too small for practical application.
Fortunately, doping the sample with Gd increases the T¢ up to 170 K.>->* A similar
effect could be achieved by oxygen defects**>! or doping with La>> or Ce.>® Recently,
Mairoser et al. 17 suggested a close connection of the T on the carrier density and
showed that only a part of the dopants were activated.!7>1% In a theoretical analysis,
Takahashi!®! proposed a model which confirms the growth of the Curie temper-
ature upon the increase of the number of carriers in the conduction band. It was
demonstrated !#2 that the T¢ of EuS can be increased by Gd doping, too. Theoret-
ical calculations based on model calculations reproduced !33-18¢ the metal-insulator
transition at the Curie temperature.

GdN crystallizes in the same structure as the europium chalcogenides. The elec-
tron configuration is isovalent to EuO, though in contrast to EuO the highest oc-
cupied states are of 2p character. The band gap is significantly smaller and whether
there is one at all is still debated in the literature. There is experimental evidence for
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semi-metallic single crystals®® and insulating thin films.!%” Recent measurements
find thin film samples of GAN which are degenerately doped semiconducting®*-38
or metallic3® at low temperatures. In ab initio calculations employing an LSDA+U
scheme, depending on the particular choice of the value U, semiconducting3+3>188189
as well as half-metallic***! ground states were found.

The high saturation magnetic moment per Gd atom of 6.88 y, ' makes GAN
a promising material for future technological applications. The material is ferro-
magnetic with a Curie temperature of 58 K.'°! Recent measurements in thin films
indicate!®? a slightly lower critical temperature of 37K. GdN exhibits an anomaly
in the resistivity close the phase transition!*! although it is less pronounced than in
EuO.

In this chapter, we present our results for these rare earth compounds using the
hybrid functionals HSE and PBEO. First, we describe the computational setup used
for GAN as well as the EuX series in Sec. 7.2. In Sec. 7.3, the structural, electronic
and magnetic ground state of GAN is examined. These results are part of our paper.?
In the following sections, we compare the experimentally determined properties of
EuO (Sec. 7.4), EuS (Sec. 7.5), EuSe (Sec. 7.6), and EuTe (Sec. 7.7) with the results
of our DFT calculations. We analyze the systematical trends in the series in Sec. 7.8.
Finally, we conclude our investigation of the rare earth compounds in Sec. 7.9.

We calculate the rare earth compounds in the rock-salt structure, with the room-
temperature lattice constants of agay = 4.988 A,'% ag,o = 5.141 A, ag,s = 5.968 A,
Aguse = 6.195 A, and ag,. = 6.598 A.17! At low temperatures the magnetic moments
align, resulting in a ferromagnetic (FM) ground state (see Fig. 7.1) in all materi-
als with the only exception of EuTe, which has an antiferromagnetic (AFM) ground
state. In these materials, the following states are important: i) the 4f states of the
rare earth ion, which are occupied only in the majority spin channel, and give rise
to the large magnetic moment of 7 y;,. ii) the s and p states for the nitrogen or the
chalcogenide atom, which form the valence band. iii) the conduction band, which
consist of the 5d and the 6s states of the rare earth ion. In addition to these states,
we describe the 5s and the 5p states as local orbitals to avoid problems with semicore
states.!!® To reduce the linearization error of the FLAPW method, 19419 we increase
the flexibility of the basis within the muffin-tin (MT) spheres by adding unoccupied
local orbitals. 12

We determined the numerical cutoft parameters by converging the energy dif-
ference between the experimental lattice constant and a 1% larger unit cell up to
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Figure 7.1: At low temperatures, GAN, EuO, EuS, and EuSe realize a ferromagnetic
ground state in the rock-salt structure.

Table 7.1: Numerical parameters employed in the calculation of gadolinium
nitride and the europium chalcogenides.

GdN EuO EuS EuSe EuTe

k-point mesh 8x8x8
mufhin-tin radii
rare-earth cation (Gd, Eu) 2.33a, 260a, 3.08a, 2.85a, 2.80a,

anion (N, O, S, Se, Te) 195a, 2.16ay, 24la, 285a, 2.80a
plane-wave cutoffs
FLAPW basis 49a;'  43ay' 4.5a;) 47a;' 43a;!

mixed product basis (MPB) 3.6a;,' 3.l1a;,' 3.6a,' 3.0a,' 3.4a;’
angular-momentum cutofts

cation, FLAPW basis 12 14 12 14 14
anion, FLAPW basis 10 8 10 14 14
cation, MPB 6 6 6 6 6
anion, MPB 4 4 4 4 4
local orbitals, cation ——5s,5p,7s,7p,6d,5f ————
local orbitals, anion 3s,3p, 3s,3p, 4s,4p, 5s,5p,  6s,6p,

4d,5f  4d,5f 4d,5f 5d,5f  6d,5f
number of bands 200 240 270 260 240
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Schematic picture of the paramagnetic approximation:!%® Below the
Curie temperature T¢ (left), the magnetic moments are aligned which yields a small
magnetic polarization of the p and t,, levels for the different spin channels. Increas-
ing the temperature above T, the moments rotate randomly, so that in average the
polarization of the p and t,, states disappears.

1 meV. In particular, we optimized the FLAPW basis set as well as the mixed prod-
uct basis (MPB) with respect to the size of the k-point mesh, the plane-wave and
angular-momentum cutofls, the included unoccupied local orbitals and the number
of bands (cf. Chap. 4). We list the converged parameters for the primitive unit cell
consisting of two atoms in Table 7.1. For the larger unit cells involved in the anti-
ferromagnetic calculations, we adjusted the k-point mesh so that the k-point density
remains the same. In addition, we increased the number of bands according to the
increase in the number of electrons.

We fit total energies obtained for different lattice constants to a Murnaghan equa-
tion of state!*> to determine the theoretically optimized lattice constant and the bulk
modulus. We approximate the real eigenvalues by their Kohn-Sham counterpart
(see Sec. 4.1). Hence, we calculate the direct and indirect band transitions as energy
difference of Kohn-Sham eigenvalues at the same, and at two different k points, re-
spectively. The paramagnetic configuration is more difficult to assess from first prin-
ciples, as the thermal fluctuations driving the ferromagnetic to paramagnetic transi-
tion are not included in the calculation. To compare to experimental results which
are obtained at room temperature, Larson et al. '8 developed a practical approxi-
mation to extract the paramagnetic state from DFT results. We illustrate the idea in
Fig. 7.2. Below the phase transition temperature T the moments of the rare-earth
4f states are aligned. Each moment induces a small polarization on the d-t,, levels
and the p states. At temperatures above T, the moments of the rare-earth atoms
fluctuate randomly which yields an overall vanishing magnetization. The magnetic
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Figure 7.3: Antiferromagnetic unit cells: On the left the AFM-I structure is shown,
where the magnetic moment alternates along the crystallographic [001] direction.
In the AFM-II structure (right), the magnetic moment flips in neighboring planes
orthogonal to the crystallographic [111] direction.

polarization induced on the other states disappears. Thus, the approximate eigen-
value of a particular state above the Curie temperature is given by the average of the
corresponding spin-up and spin-down energies in the ferromagnetic phase. 2188

From first principles, we determine the critical temperature by mapping total
energies onto a classical Heisenberg spin Hamiltonian

7‘[=_%ZS,‘(]1 ZS]'-F]Z Z S]) (71)

j=nn j=nnn

with normalized spin vectors §; and §; including nn and nnn interaction. The corre-
sponding coupling constants J; (nn) and /, (nnn) favor ferromagnetism, if they are
positive and antiferromagnetism otherwise.?® Following the work of Duan et al., !
we evaluate the coupling constants by calculating the unit cells depicted in Fig. 7.3.
The energy difference between FM and AFM configuration is directly related to the
coupling constants. In the first structure (AFM-I), the magnetic moments are or-
dered ferromagnetically in planes orthogonal to the [001] direction, whereas neigh-
boring planes are coupled antiferromagnetically. The second structure (AFM-II) is
defined analogously by planes orthogonal to the [111] direction. We evaluate both
structures in their primitive unit cell, which has a twice as large volume as that of
the primitive unit cell of the FM structure. The energy of the FM state is addition-
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ally evaluated for the structure of the AFM configurations, to ensure a reliable total
energy difference.

Employing the classical Heisenberg spin Hamiltonian (Eq. (7.1)) to these struc-
tures, we obtain the following expressions for the energy differences between FM
and AFM structure

AE; = Expmy — Epmg = 8J1 and (7.2a)
AEn = Expmar — Ervnn = 6/1 + 6. (7.2b)

From these equations obtaining the coupling constants J; and ], is straightforward.
With these coupling constants, we have access to the determination of the critical
temperature T by three different methods:

Mean field approximation (MFA) assumes that the effect on a single spin can be
condensed into an average field.!>* The probability of obtaining a certain spin
state § is proportional to the Boltzmann factor exp[—E/kp T|]. Without external
field, the energy is given as

1 _
E= E(]ann + ]ZNnnn)S : S, (73)

with the mean spin S, the number of nn N,,, and the number of nnn N,,,,. For
a classical spin this leads to an implicit equation for the average spin S

_ 1 _
S=L|——(Nun + JsNamn)S| , 7.4
| 5o 0ion + 1N (7.4
with the Langevin function L. We expand the right-hand side to determine the
smallest temperature for which a non-zero solution for S exists and find

MFA

TE™ = 3623 : (7.5)

with an effective coupling constant M = Ny, J; + NonoJ  12], + 6],, which
subsumes the interaction of all other spins.

Random phase approximation Taking into account magnetic excitations, Bogoli-
ubov and Tyablikov 7 developed the random phase approximation (RPA) that
yields'®® a Curie temperature of

]RPA

TRPA = "<t 7.6
T (7.6)
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This equation is formally similar to the MFA (Eq. (7.5)) and the details of the
approximation are combined into a modified effective coupling constant

RPA _ 3 1 B
Lf dqf(«»)—f(q)] | 7

where the integral is evaluated on a discrete mesh of q points within the Bril-
louin zone (BZ),?2! and J(q) is the Fourier transform of the exchange cou-
pling constants

J(q) =Y Jy R 4 3, it Rom, (7.8)

nnn

with the positions of nn R, and of nnn R,,,,,,.

Monte Carlo simulation The third employed method is a Monte-Carlo (MC) sim-
ulation, 1’ which we apply to a 20x20x20 supercell (N, = 8000 spins) initial-
ized with random magnetic moments. A sampling step consists of the succes-
sive random selection of Ny, spins (a spin may be selected more than once).
The selected spin will be changed to a different state, with a probability of
p = e 2F/kT where AE is the energy difference between the current and the
new state. Hence, if the new state is energetically favorable (AE < 0), the spin
will be modified certainly. After 5000 of these sampling steps, we determine
the total magnetization M of the simulation box and the specific heat C. We
repeat this procedure for different temperatures and determine the Curie tem-
perature by the disappearance of the magnetization and a peak in the specific
heat in the M — T and C - T plots, respectively.

We turn to the results for bulk GAN. In Table 7.2, we show some of the available
experimental data189-191.193:202.203 an( theoretical results obtained with the LSDA+U
method 188189200 and the B3LYP functional** in comparison to our HSE hybrid func-
tional calculations.?® The experimental lattice constant of 4.988 A is accurately pre-
dicted by the parameter-free HSE functional (4.967 A). The small discrepancy might
arise from thermal expansion, as the theoretical result corresponds to a temperature
of 0K. To our knowledge the linear expansion coefficient a of GAN is unknown. If
we employ the thermal expansion coefficient of related EuO (« = 13 - 10-2K™),
we obtain an estimate of 4.969 A at 0K in almost perfect agreement with our result
of 4.967 A. This highlights the advantage of the hybrid functional approach over
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Results for GAN obtained with the HSE functional at the experimental
lattice constant. The orbital- and spin-resolved density of states (DOS) shows the
Gd 4f and 5d states as purple and green lines, respectively. The cyan lines represent
the N 2p states. In the electronic band structure in the center features the majority
(black, solid) and the minority (gray, dotted) bands.

the LSDA+U method, in which a change of the parameter U strongly impacts the
predicted lattice constant. Depending on the choice of U an underestimation of the
lattice constant (4.92 A)4! or an overestimation (5.08 A) 188 is observed. Within the
B3LYP hybrid functional, which does not improve the lattice constant of solids over
the PBE functional,?** three different states are observed.*> Two of the states are
semi-metallic in either majority or minority spin channel and close in energy. In
both cases the 4f states of Gd hybridize with the 2p states of N and the lattice con-
stant is significantly larger than in experiment. Only the third, insulating solution
is similar to our theoretical results. Thus, we compare only to this state in Table 7.2,
though it is considerably higher in energy (~ 2.4eV) in B3LYP.4?

We focus now on the electronic properties of GAN. In Fig. 7.4, we present® the
band structure of GdN calculated at the experimental lattice constant of 4.988 A.
The flat features at —6eV and +6 eV illustrate the strong localization of the 4f states
in the majority and minority spin channel, respectively. The position of the 4f states
agrees well with available experimental data for the occupied states 7.8 eV ! and
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for the typical position of the unoccupied ones 5.5 — 6.1 eV in the Gd pnictides.?%
This presents a significant improvement over the local PBE functional,* where the
majority 4f state is found at —3.1eV. In the B3LYP hybrid functional*? the positions
of the 4f states (6.3 eV and 5.5 V) are similar as in our calculations. A better agree-
ment can be obtained in LSDA+U schemes, 138189 where the position of this state is
directly controlled by the optimized choice of U (cf. Table 7.2).

An extensive discussion in the literature focuses on the electronic structure at low
temperatures. Figure 7.4 reveals an intriguing feature in the vicinity of the Fermi
level. The N occupied 2p states at the I' point have almost the same energy as the
unoccupied Gd 5d states at the X point. Hence, tiny changes in the structure in-
duced by dopants or defects may turn the material either semiconducting or semi-
metallic, which explains the experimental evidence for both configurations.36-3%187
Our results indicate a tiny indirect band gap of 0.01eV in the majority spin chan-
nel at the experimental lattice constant. Employing the quasiparticle self-consistent
GW method, Chantis et al.?% predict a similar band gap of 0.05eV. We find that a
small decrease of the lattice constant, which is probably within the range of thermal
expansion, is sufficient to close this gap, so that the material becomes semi-metallic.
Formally defining the “band gap” as difference of the eigenvalue of the 5d states at
X and the 2p at I, we obtain a negative value. The gap in the minority spin chan-
nel amounts to 1.5eV, so that we expect no qualitative change upon doping. Ex-
perimentally accessible by optical excitations are only the direct band transitions,
of which the smallest one appears at the X point. We predict a direct band gap of
0.90eV and 0.85¢eV in the majority channel at the experimental lattice constant and
the theoretically optimized one, respectively. Considering the systematic difficul-
ties of predicting band gaps with DFT, 122123 both values are in very good agreement
with the experimental observation!'® of 0.90 eV. Comparing to previous theoretical
results in Table 7.2, we find a good agreement with the results where the U param-
eter was chosen to reproduce the experimental band gap.!3%18° The indirect band
gap obtained with these schemes is, however, larger than the one we obtain. Duan
et al.*! find a half-metallic solution, which undergoes subsequent phase transitions
to semi-metallic and semiconducting under isotropic expansion. In contrast to our
results, where a small change of the lattice constant by 0.5% induced a transition,
Duan et al. 4! determine the boundary of the semi-metallic to semiconducting phase
transition at a 14% enlarged lattice constant. The hybrid B3LYP functional yields*?
a non-ground-state solution with a related band structure, although all band transi-
tions are significantly larger than in our calculations.

At room temperature, the coupling between the 4f magnetic moments is over-
come by thermal fluctuations. We compare our results to the experiments conducted
at the room temperature using the paramagnetic approximation (see above). All
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Energy differences AE (meV) between FM and AFM configuration
according to Eq. (7.2), magnetic coupling constants J; and J, (meV), and Curie
temperature T (K) for bulk GAN. The Curie temperature is determined with
the mean-field approximation (MFA), the random-phase approximation (RPA),
and a Monte-Carlo (MC) simulation.

AE; AEy Ji J, T TRPA T™MC
This work 8.8 7.6 1.09 0.17 55 42 45
Duan et al.@ 6.7 4.2 0.84 -0.14 36 26 28
Mitra et al.b 34 0.4 042 -0.36 11 5 6

 Reference 196. ! Reference 206.

band transitions in the paramagnetic phase shift towards larger values. The magni-
tude of the shift for the direct band gap ~ 0.27 eV is comparable to the experimentally
observed one 0of 0.41 eV. The deviation is overestimated, as we do not account for the
effect of thermal expansion of the lattice in DFT. Comparing the band transitions
at the theoretically optimized lattice constant with the ones obtained in the experi-
mental structure, we can estimate the magnitude of the thermal effects to enlarge the
shift by ~ 0.06eV. We stress that this accurate description of the experimental val-
ues is achieved without a tunable parameter. In contrast, the LSDA+U calculations
either show a significantly larger deviation*!2% or choose the parameter U such that
the experimental band gap is reproduced. 1818

Next, we consider the magnetic properties of GAN. In particular, we focus on
the Curie temperature, which is experimentally found at T = 58 K.1**> Below this
temperature the magnetic moments of the Gd atoms align ferromagnetically. The
magnetic moment per Gd atom amounts to 6.88 y; determined from the saturation
magnetic moment.!'*® We obtain a total magnetic moment of 7 y, which originates
mainly in the Gd fstates. Comparing the HSE to the PBE functional,?’ we observe an
increase of the Gd 4f moment by 90 my, from 6.78 i, to 6.87 i, a decrease of the Gd
5d moment by 20 my, from 90 my, to 70 my,, and an increase of the N 2p moment,
which is aligned antiparallel to the Gd 4f moment, by 20 my,, from -100 my, to
—-120 myu,. We conclude that the magnetic moment of Gd is in good agreement with
the experimental observation (see Table 7.2).

In Table 7.3, we compare our results for the energy differences, the coupling
constants, and the Curie temperature with results from the literature. 9429 We find
that the HSE hybrid functional increases the energy differences between FM and
AFM configuration by roughly 2 meV compared to the LSDA+U calculation of Duan
et al..1% The differences are even larger comparing our results to the ones obtained
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by Mitra and Lambrecht.?% These larger values give a stronger calculated nn cou-
pling and a qualitative difference in the nnn coupling. While we find a coupling
favoring an FM alignment, the nnn interaction favors an AFM configuration in the
LSDA+U results. The larger coupling constants in hybrid functionals lead to a higher
Curie temperature in closer agreement to experimental observations. We obtain a
Curie temperature of 55K in the MFA, which is reduced to 42K or 45K employ-
ing the RPA or a MC simulation, respectively. There are several possible sources
os errors:? (i) The convergence of the total energy up to 1 meV translates to a dif-
ference in the Curie temperature of 3K. (ii) The neglect of third nearest neighbor
interactions amounts to a change in the Curie temperature of below 1 K. We base
this estimation employing the coupling constants of Duan et al..!*® The comparison
of the MC result incorporating or neglecting third nearest neighbor exchange gives
rise to the same Curie temperature of 28 K. (iii) The systematic error due to the se-
lection of a specific exchange-correlation functional is difficult to assess, because the
exact solution is computationally too expensive for systems containing more than a
few electrons. Experimental observations of the Curie temperature report values of
37K, 19258 K, 1193 68 K, 3¢ and 69 K, 297 where the absolute value varies depending on
film thickness, strain, grain size, stoichiometry, and N vacancies.2%2%° Considering
the range of experimental observations and the small error bars associated with the
theoretical results, we conclude that our results® are in very good agreement with
the experimental situation.

In this section, we present our results for bulk EuO. In Table 7.4, we compare the
results of our hybrid-functional calculations with theoretical7>2!% and experimen-
tal 171211212 gnes from the literature. We obtain a lattice constant of 5.120 A, which
matches accurately the experimental one of 5.127 A2! obtained at 4.2 K. Within the
LSDA+U approach the lattice constants (5.14 A210 and 5.1578 A 172) are closer to the
room-temperature lattice constant of 5.141 A.17! Our prediction for the bulk modu-
lus matches the experimental values (considering their variations).

Next, we turn to the electronic structure. In Fig. 7.5, we depict the electronic
band structure of EuO obtained with Wannier interpolation?!>-21> of the screened
HSE functional at the theoretically optimized lattice constant of 5.120 A. In the ma-
jority spin channel the smallest band gap is of indirect nature between the I' and
the X point. The transition occurs between the occupied 4f and the unoccupied 5d
states. In the minority spin channel the 4f levels are unoccupied, so that the band
gap is a direct one between the filled oxygen 2p and empty europium 5d band. The
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Comparison of our results with the PBE0 and HSE hybrid functional
for EuO with those from LSDA+U calculations and experiment. The theoreti-
cal results are evaluated at the room temperature lattice constant, except for the
optimized lattice constant and the bulk modulus.

this work Expt.
PBEO HSE LSDA+U
lattice constant (A) 5120 5.120 5.14,%5.1578b 5.141,54 5.127¢
bulk modulus (GPa) 95.8  93.0 91 to 110¢
f— CB(eV) 0.76f 1.12¢f
-T 213 142 0.64°
r-Xx 091 0.23 0.984
X->X 1.17  0.36 1.17¢
p— CB(eV) 471 4.02 3.8, 3.5 3.9 to 4.1°
bandwidth p (eV) 226 223 2.0, 1.9 3.0°
magnetic moment (y;)  6.90  6.90 6.80
J1 (meV) 237 252 1.95,% 1.79° 1.44 to 2.04¢
J> (meV) 0.80 0.89 0.60,% 0.52° —-0.30 to +0.70¢
Tc (K) 107 115 85, 78" 64.29,69.1 to 70.3¢

@ Reference 210. ® Reference 172. ©Reference 171. ¢ At room temperature. ¢ Reference 211
and references therein. / Position in reciprocal space not specified. ¢ Reference 212. " Monte-
Carlo simulation based on coupling constants of Ref. 210. ’ Monte-Carlo simulation based on
coupling constants of Ref. 172.

exchange splitting, which averages to 0.9 eV for the 54 and 0.1eV for the 2p states,
is induced by the magnetic moment of the 4f electrons. The band structure obtained
with the PBEO functional shares the features of the HSE-functional one, except that
the conduction band in PBEO is shifted upwards by 0.7 eV. The smallest direct band
transition, which is comparable to optical experiments, is found at the X points and
amounts to 1.02eV and 0.36 eV for PBEO and HSE, respectively. Hence, the experi-
mental band gap of 1.12 eV17! is underestimated. If we account for the disappearance
of the magnetic polarization above the Curie temperature (see Fig. 7.2), the param-
agnetic direct band gaps amount to 1.56 eV (PBEO) and 0.88 eV (HSE). Within the
LSDA+U scheme incorporating a Hubbard U for fand d states, a qualitatively differ-
ent behavior is found: Larson and Lambrecht 2! find that the smallest band gap is of
direct nature and resides at the I point. Both calculations agree that the main contri-
bution of the conduction band edge near the I'-point is of 6s character, whereas the 5d
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Figure 7.5: Electronic band structure of EuO at the theoretically optimized lattice
constant for the HSE hybrid functional. The red lines show the spectrum of the ma-
jority states, whereas the minority states are shown in blue.

character is dominant at the X point. Experimental observations!”! suggest, that the
transition occurs between 4f and 5d states, and hence, support our calculations. The
energy of the 2p-to-conduction-band transition is significantly larger with hybrid
functionals than with the LSDA+U method. Although the larger value, in particular
with the HSE functional of 4.02 eV is in agreement with experimental observations
of 3.9 to 4.1eV,! the removal of the magnetic polarization at room temperature
would increase our values further, overestimating the experimental situation. In-
vestigating the bandwidth of the 2p states, which is experimentally 3.0V, we find
that all DFT results provide underestimating results. Within the hybrid functional
calculations, we obtain slightly larger values of 2.26 eV (PBEO) and 2.23eV (HSE)
than in the LSDA+U method.

Finally, we consider the magnetic properties of EuO. The total magnetic moment
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inside the MT sphere of Eu is 6.9 y; close to experimental saturation magnetization
of 6.8 u per Eu atom. As discussed in Sec. 7.2, the coupling constants J; and J, are
determined from energy differences of FM and two AFM configurations. The ob-
tained values of J; = 2.37meV (PBEO) and J; = 2.52meV (HSE) are larger than in
the LSDA+U method and in experiment (1.44 meV to 2.04 meV).!%3 We observe an
analogous overestimation of the second coupling constant J,, where the experimental
range (—0.30 meV to +0.70 meV) 13 is exceeded by the hybrid functional calculations
(0.80meV and 0.89 meV for PBEO and HSE, respectively). The LSDA+U method
predicts a coupling constant at the upper end of the experimental range. The larger
coupling constants give rise to an overestimation of the Curie temperature. Within
the MC simulation, we find a transition at 107 K (PBEO) and 115K (HSE), whereas
the experimental value is close to 70 K.1%* If we employ the coupling constants ob-
tained in the LSDA+U scheme, 7210 we find a Curie temperature of 74K to 85K
depending on the specific value of U.

We conclude that the hybrid functionals provide an accurate description of the
electronic, structural and magnetic properties of EuO. In contrast to the LSDA+U
method no tunable parameter is optimized to achieve this agreement.

The next compound in the europium chalcogenide series is EuS. In Table 7.5, we list
the experimental 171211212 and numerical?!® results from the literature and compare
to the values we obtain with the hybrid functionals PBEO and HSE. Our DFT cal-
culations as well as the ones of Larson and Lambrecht?!? obtain very similar lattice
constants of 5.97 A close to the room-temperature lattice constant of 5.968 A.17! The
bulk modulus of 52.6 GPa and 52.3 GPa for PBEO and HSE, respectively, is situated
within the interval of experimental observations between 50 GPa and 61 GPa.?!!
Turning to the electronic structure, we find a fundamental indirect I' - X band
gap of 1.43eV (PBEO) and 0.74eV (HSE), in contrast to the LSDA+U results,?!? in
which the fundamental gap is of direct nature. In experiment,!”! an optical gap of
1.65eV is observed, which is a transition between 4f and 5d states. In the numer-
ical results, the direct transition between states of this orbital character is found at
the X point. In the ferromagnetic phase, it amounts to 1.68eV (0.99 eV) with the
PBEO (HSE) functional. The LSDA+U result?'? for the direct X — X transition of
2.89¢V is significantly larger than the experimental gap. In the paramagnetic phase,
the magnetic polarization of the d states is removed, so that the band gap is increased
to 1.99eV and 1.29 eV in the PBEO and HSE functional, respectively. All in all, the
hybrid functionals improve the agreement with the experimental gap of 1.65eV in



7.5. EUROPIUM SULFIDE 89

Comparison of our results with the PBE0 and HSE hybrid functional
for EuS with those from LSDA+U calculations and experiment. The theoreti-
cal results are evaluated at the room temperature lattice constant, except for the
optimized lattice constant and the bulk modulus.

this work Expt.
PBE0 HSE LSDA+U*
lattice constant (A) 5.969 5.970 597  5.968,%¢ 5.9514
bulk modulus (GPa) 52.6  52.3 50 to 614
f— CB(eV) 1.65b¢
r-ro 322 252 1.75
Ir-X 1.43  0.74 2.49
X->X 1.68  0.99 2.89
p - 5d/6s(eV) 417 347 3.3 2.34
bandwidth p (eV) 230 225 1.7 2.3
magnetic moment (y;)  6.97  6.97 6.87
Ji (meV) 0.86 091 0.62 0.54 to 0.64¢
J> (meV) -0.16 -0.11 -0.68 -0.16 to —0.344
Tc (K) 28 31 88 16.3 to 16.64

@ Reference 210. ©Reference 171. ¢ At room temperature. ¢ Reference 211 and references
therein. ¢ Position in reciprocal space not specified. f Reference 212. € Néel temperature
based on Monte-Carlo simulation employing the coupling constants of Ref. 210.

the paramagnetic phase. The transition from the lower lying 3p states to the conduc-
tion band is significantly overestimated by all theoretical methods. An inclusion of
the paramagnetic approximation would increase this mismatch further. The exper-
imental bandwidth of 2.3 eV is quite accurately described by the hybrid functional
approach. The LSDA+U method estimates?!? a smaller bandwidth of 1.7 eV.

Next, we focus on the magnetic structure of EuS. The theoretical magnetic mo-
ment of EuS is 7 y;. Almost all of this originates in the spin polarization of 6.97 u,
within the Eu-MT sphere. The experimental magnetic moment?!? of 6.87 y; is close
to the theoretical estimate. The experimental coupling constant between nn J;, which
lies in the range of 0.54 meV to 0.64 meV, is overestimated by approximately 0.3 meV
in hybrid functionals. The LSDA+U result?!? of 0.62 meV is within the experimental
range. The nnn interaction J, favors antiferromagnetism and amounts to —0.16 meV
(PBEO) and —0.11 meV (HSE), which is close to the experimental observations of
-0.16 meV to —0.34 meV.2!! The by-far larger value of , = —0.68 meV obtained with
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Comparison of our results with the PBE0 and HSE hybrid functional
for EuSe with those from LSDA+U calculations and experiment. The theoreti-
cal results are evaluated at the room temperature lattice constant, except for the
optimized lattice constant and the bulk modulus.

this work Expt.
PBEO HSE LSDA+U?
lattice constant (A) 6.194 6.195 6.20 6.195,b¢6.1764
bulk modulus (GPa) 471  46.7 48 to 534
f— CB(eV) 1.804¢
r-r 292 225 1.50
r-Xx 1.58 091 2.71
X=X 1.90 1.22 3.14
p - CB(eV) 398 330 2.4 2.10
bandwidth p (eV) 233 228 2.3 2.2
magnetic moment (y;) 695  6.95 6.70f
J1 (meV) 0.57  0.50 0.30 0.35%, 0.30¢
J> (meV) -0.35 -0.50 -0.92 -0.30,> -0.24¢
Te (K) 12 4 2.8
Tx (K) 48 15" 4.6

@ Reference 210. ©Reference 171. €At room temperature. ¢ Reference 211 and references
therein. ¢ Position in reciprocal space not specified. / Reference 212. ¢ Starting point will
determine, if system relaxes to FM or AFM configuration. " Monte-Carlo simulation based on
coupling constants of Ref. 210.

the LSDA+U approach?!? leads to the incorrect prediction of an AFM ground state
with a Néel temperature of 8 K. In hybrid functionals, the FM ground state is real-
ized. However, the large estimated nn coupling gives rise to an overestimation of the
experimental Curie temperature of 16.3 K to 16.6 K.2!! In a MC simulation, we find
a transition at 28 K and 31 K with the PBEO and the HSE functional, respectively.

Now, we consider the results for EuSe. In Table 7.6, we compare our hybrid func-
tional calculations with the LSDA+U ones by Larson and Lambrecht?!® and exper-
imental results from the literature.171211212 We find a small overestimation of the
experimental liquid-helium lattice constant of 6.176 A by all numerical works. All
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theoretical values are in a very close range to each other and reproduce the room-
temperature lattice constant. The obtained bulk modulus of 47.1 GPa (PBEO) and
46.7 GPa is slightly below the range of 48 GPa to 53 GPa observed in experiment.2!!
Next, we focus on the electronic structure of EuSe, in particular the magnitude
and nature of the band gap. In optical emission experiments only direct transitions
are observable. Wachter ! suggest that the onset of the absorption corresponds to
a transition from the occupied 4f states to the unoccupied 5d ones. In the LSDA+U
method employing a U for fand d states, the smallest band gap occurs at the I' point,
between 4f and 6s niveaus. In hybrid functional calculations the fundamental band
gap is an indirect transition between I' and X. The lowest-energy optical transition
is found at the X point and the character of the states matches the experimental ob-
servations. The size of the optical band gap in the PBEO and the HSE functional
amounts to 1.90eV and 1.22 eV, respectively. To compare to the room-temperature
experiments, we include the paramagnetic approximation (see Sec. 7.2). The random
alignment of the magnetic moments removes the magnetic polarization of the states
increasing the optical band gap to 2.18 eV (1.49 eV) for PBE0O (HSE). The experimen-
tal band gap of 1.80eV 7! is reproduced approximately by both hybrid functionals.
The lower lying 4p states are separated by 3.98 eV (PBEO) and 3.30 eV. Thus, they are
bound much stronger than in the LSDA+U scheme?!° (2.4 eV) and in experiment!”!
(2.1eV). This overestimation increases further if we incorporate the paramagnetic
approximation to simulate the room-temperature experiments. The band width of
the p states is close to the experimental value of 2.2 eV in all numerical calculations.
The magnetic properties of EuSe are listed in Table 7.6. The experimental mag-
netic moment of 6.7 y, *12 is close to the theoretical moment of 7 1, of which 6.95 y,,
resides inside the Eu-MT sphere. Experimentally the coupling between nn (J;) and
nnn (J,) is approximately of the same size but of opposite sign, i.e., the nn favor a
FM environment whereas the nnn prefer an AFM alignment. This balance is only
predicted by the screened HSE hybrid functional, although the coupling strength
of 0.50 meV is larger than the experimental one of roughly 0.3 meV. Within the
PBEO functional the absolute value of J, = —0.35meV is smaller than the one of
Ji = 0.57meV. In the LSDA+U method the AFM coupling is strongly preferred,
because the size of J, = —0.92meV is approximately three times larger than the nn
coupling J; = 0.30meV. In a MC simulation, this leads to a FM arrangement in
PBEO with an ordering temperature of T¢ = 12 K and an AFM structure in LSDA+U
ordering at Ty = 15K. In experiment as well as in the HSE calculations two stable
solutions are found. In HSE the ordering appears at 4K and the random starting
point of the MC simulation determines if the system becomes FM or AFM. Experi-
mentally, two successive orderings take place: At the Néel temperature of 4.6 K EuSe
adopts an AFM structure that is supplanted by a FM ordering below T = 2.8 K.



92 7. RARE EARTH COMPOUNDS

Comparison of our results with the PBE0 and HSE hybrid functional
for EuTe with those from LSDA+U calculations and experiment. The theoreti-
cal results are evaluated at the room temperature lattice constant, except for the
optimized lattice constant and the bulk modulus.

this work Expt.
PBE0 HSE LSDA+U*
lattice constant (A) 6.592  6.600 6.60 6.598,b¢ 6.5764
bulk modulus (GPa) 78.5  78.6 36 to 404
f- CB(eV) 2,000
r-r 3.40 2.70 1.96
r—-X 1.67 1.01 2.92
X->X 2.19 1.49 3.58
p - CB(eV) 3.64 296 2.4 2.3b
bandwidth p (eV) 230 230 2.1 2.3
magnetic moment (y;) 695  6.97
J1 (meV) 0.32 0.34 -0.008 0.08 to 0.27¢
J> (meV) -0.57 -0.56 -1.06  -0.41 to 0.58
Ty (K) 8 8 17/ 9.6¢

@ Reference 210. ©Reference 171. €At room temperature. ¢ Reference 211 and references
therein. ¢ Position in reciprocal space not specified. / Monte-Carlo simulation based on cou-
pling constants of Ref. 210.

Concluding, we emphasize the improvement of the results obtained with hybrid
functionals over previous LSDA+U results. The band transitions adopt a qualitative
different nature in agreement with experimental results and the obtained magnetic
interactions explain the experimental competition of FM and AFM configuration.
The lattice constants are accurately reproduced with overall slightly smaller devia-
tions than the ones obtained in the LSDA+U approach.

The EuX compound with the largest chalcogenide atom is EuTe. We present its struc-
tural, electronic, and magnetic properties obtained with the hybrid functional calcu-
lations in Table 7.7. We compare to LSDA+U?!? and experimental 172!! results from
the literature. The lattice constant of EuTe is experimentally 6.576 A at 4.2K and
6.598 A at room temperature and the numerical results are close to the latter one.
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The PBEO lattice constant of 6.592 A is slightly smaller than the value of 6.600 A ob-
tained with the LSDA+U method?!? and the HSE functional. The bulk modulus is
strongly overestimated by hybrid functionals. It amounts to 78.5 GPa (78.6 GPa) in
PBEO (HSE), whereas experimentally values between 36 GPa and 40 GPa have been
reported.?!!

We turn now to the electronic structure of EuTe. In hybrid functionals, the fun-
damental band gap is an indirect transition between I' and X, which amounts to
1.67eV and 1.01 eV with the PBEO and HSE functional, respectively. EuTe exhibits
the smallest direct band gap of 2.19eV (PBEO) and 1.49 eV (HSE) at the X point. In
contrast to these results, in an LSDA+U approach?!? the fundamental band gap is
a direct one of 1.96eV at the I' point. In experiments the optical transition occurs
between the 4f and the 5d states of Eu. Investigating the orbital character of the dif-
ferent bands, we find that the lowest lying band at the I point is formed by 6s orbitals,
whereas the 5d contribution dominates at the X point. Thus, we conclude that the
hybrid-functional description surpasses the LSDA+U one. To compare to the abso-
lute value of the experimental band gap, we employ the paramagnetic approximation
(see Sec. 7.2). The exchange splitting, which amounts to roughly 0.4 eV, is removed
by the randomly oriented magnetic moments of the Eu atoms, thus, increasing the
direct band gap to 2.42eV (PBEO) and 1.71eV (HSE). The experimental observa-
tion!”! of 2.0eV is close to the HSE result. The transition from the 5d niveaus to the
conduction band is overestimated by hybrid-functional calculations. Experiments
report a value of 2.3 eV, whereas a PBE0 (HSE) calculation results in a transition of
3.64eV (2.96eV). This overestimation would increase further, if we incorporate the
paramagnetic approximation. The experimental bandwidth of the Telluride 5p levels
of 2.3 eV is reproduced by our calculations.

Experimentally, EuTe realizes an AFM-II ground state with a Néel temperature
of 9.6 K.7! This order is driven by a nnn coupling constant, which favors an an-
tiparallel alignment and stronger than the nn coupling. The nn coupling constant
of 0.32meV (PBEO) and 0.34 meV (HSE) is larger than the experimentally observed
one of 0.08 meV to 0.27meV. The nnn interaction is at the upper end of the ex-
perimental range of —0.41 meV to —0.58 meV. A different picture emerges from the
LSDA+U approach:?!° The nn coupling vanishes almost completely and favors an
AFM configuration and the nnn coupling is almost twice as large as the one obtained
with hybrid functionals. As a consequence, the Néel temperature is overestimated
in an MC simulation. In contrast, if we employ the results of the hybrid-functional
calculations, we find a Néel temperature of 8 K. The precision of 1 meV in the energy
differences corresponds to a possible error of 3 K. Hence, the mismatch between our
first principles calculation and experiment is below the numerical and experimental
errors.
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Of technological interest are systematic changes in material properties upon substi-
tuting one chalcogenide atom for another. Understanding these trends facilitates the
design of desired functionalities by selective choice of the anion. Employing a mix-
ture of different chalcogenides increases the possible phase space. In this section, we
will illustrate the experimental trends that are captured by hybrid-functional DFT.
This provides a comprehensive review of where these novel functionals supplant con-
ventional DFT+U approaches and where these approaches are complementing each
other.

In Table 7.8, we collect the results we obtained with the hybrid functionals for
the europium chalcogenides and compare to available experimental data.!7:2!! In-
creasing the size of the anion gives rise to larger lattice constants. This trend in sign
and magnitude is accurately captured by DFT. Except for EuO the numerical re-
sults overestimate the experimental lattice constant slightly by an amount similar to
the thermal expansion from 4.2 K to room-temperature. Throughout the series the
experimental bulk modulus decreases from (101 + 10) GPa in EuO to (38 + 2) GPa
in EuTe. For the first three compounds, the bulk modulus obtained with PBEO and
HSE is in good agreement with the experiment data, though systematically towards
the bottom of the experimental range. However, hybrid functionals exhibit a strong
overestimation of the bulk modulus for EuTe.

Next, we focus on the electronic structure and realize two experimental trends.
The first one is illustrated in Fig. 7.6: The optical gap to the conduction band increases
from 1.12eV in EuO to 2.00 eV in EuTe. The FM gap predicted by PBEO functional is
close to the experimental results. Incorporating the paramagnetic approximation in-
creases the gap to overestimating values. The HSE functional provides smaller band
gaps, which approach the experimental value in the paramagnetic approximation.
For all materials, hybrid functionals predict a transition from fto d levels, in agree-
ment with experimental observations and in contrast to LSDA+U calculations.?!?
The second trend (cf. Table 7.8) is the reduction of the gap between the valence p
electrons and the conduction band from the value of 4.0 eV in EuO to 2.3 eV in EuS
and to 2.1eV in EuSe. For EuTe, a the band gap enlarges to 2.3eV. In Fig. 7.6, we
depict the position of the p state relative to the 4fband. In both hybrid functional, the
position of the p is almost identical. Compared to the experiment, both function-
als underestimate the loosening of the binding of these states across the series. We
note, that DFT yields an almost constant bandwidth of the p states, which amounts
to roughly 2.3 eV. In contrast, EuO exhibits a larger bandwidth of 3.0V in experi-
ments. 7!

Throughout the series, the magnetic coupling between the nn Eu 4f moments
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7.8. TRENDS IN THE SERIES

Collection of our hybrid functional results for the europium chalcogenide series and comparison to
available experimental data.” All results other than the lattice constant a and the bulk modulus B are given for
the experimental room temperature lattice constant. The bandwidth (BW) of the 2p states and the direct band
transitions are calculated as differences of Kohn-Sham eigenvalues.

EuO EuS EuSe EuTe

PBE0O HSE Expt. PBE0O HSE Expt. PBE0 HSE Expt. PBEO0 HSE Expt.
a(A) 5120 5.120 5127 5969 5970 5951 6.194 6.195 6.176 6.592 6.600 6.576
B(GPa) 958 930 101 526 523 56 47.1 467 51 785 786 38
f—CB(eV) 1.02 036 112 168 099 1.65 190 122 1.80 219 149 2.0
p—CB(eV) 471 402 40 417 347 23 398 330 21 364 296 23
BW, (eV) 226 223 30 230 225 23 233 228 22 230 230 23
Ji (meV) 237 252 174 086 091 059 057 050 033 032 034 0.18
J> (meV) 0.80 0.89 020 -0.16 -0.11 -025 -035 -0.50 -027 -0.57 -0.56 -0.50
TMFA (K) 128 138 36 40 18 12 2 3
T™C (K) 107 115 28 31 12 4
To? (K) 69.7 16.5 2.8
TNFA (K) -19 21 4 3 8 12 13 13
TNC (K) 4 8 8
Tt (K) 4.6 9.6

@ Experimental data taken from Ref. 171, Ref. 211, and references therein. If more than one value is available the average value is
depicted.
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Comparison of the Kohn-Sham eigenvalues of the top of the p states
(below 0), the top of the valence band (black line), and the bottom of the 5d states
(above 0) at the X point with experimental results (gray line). The eigenvalues ob-
tained with PBEO (blue) and HSE (red) are shown on the left side. Including the
paramagnetic approximation yields the picture on the right side. The experiments
are performed at room temperature (right side). On the left side, we show the same
data as dashed line, because the experimental paramagnetic configuration does not
directly correspond to the ferromagnetic configuration in the DFT calculations.

weakens. The nnn coupling changes from favoring FM in EuO to favoring AFM in
EuS and increases in strength for EuSe and EuTe. Though the absolute value of the
coupling is overestimated except for the nnn coupling in EuS, this qualitative trend
is well captured by hybrid functionals. Hence, we reproduce the experimental tran-
sition from a FM ground state for EuO and EuS, to an ambiguous one in EuSe, and
to an AFM one in EuTe. In contrast, LSDA+U calculations predict?!® an AFM state
for EuS and overestimate the Néel temperature for EuSe and EuTe. Comparing the
different techniques, we find that the MFA to the critical temperature overestimates
the more precise value of the MC simulation. However for EuSe, several MC simula-
tions are necessary to reveal whether FM or AFM are stable, as the obtained magnetic
state is dependent on the seeding of the random number generator.

In this chapter, we applied our implementation of the nonlocal hybrid functionals in
the full-potential linearized augmented-plane-wave (FLAPW) method to GAN and
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the EuX (X = O, S, Se, and Te) series. For GAN, we find?® a ground state close to a
phase transition: Depending on small changes in the lattice constant, a semi-metallic
or semiconducting state is observed. Taking into account the effect of thermal ex-
pansion, the theoretically optimized lattice constant fits exactly to the experimen-
tal value. We obtained an electronic structure that reproduces the experimentally
known band transitions. The magnetic interactions were accurately described as in-
dicated by the good agreement of the theoretical Curie temperature of 45K (MC
simulation) and the experimental value of 58 K.

The investigation of the europium chalcogenides revealed that hybrid function-
als successfully predict lattice constants, band transitions and magnetic interactions
of these compounds, at least to the accuracy of the LSDA+U method, however with-
out the adjustable U-parameter. For several properties, in particular the nature of
the direct band gap and the magnetic interactions, the hybrid functionals provide a
better agreement with experimental results.

We emphasize that the employment of hybrid functionals removes an important
obstacle in the calculation of the properties of rare-earth materials — the determi-
nation of the optimal value for U in a DFT+U scheme. Hence, hybrid functionals
facilitate genuine ab initio calculations of compounds with strongly localized states.
We anticipate their application to the investigation of the subtle dependence of the
physical properties of rare-earth compounds on strain, on dopants, on defect con-
centration, and on the composition of heterostructures.?’
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8.1 Introduction

For several years, perovskites are investigated as exemplary oxides in which the sub-
tle differences in the composition and lattice parameters can strongly impact the
material properties. Historically, the mineral CaTiO; was named perovskite after the
Russian mineralogist Perovski. As many materials exhibit the same chemical com-

Figure 8.1: Ideal simple ABO; cubic perovskite structure. The A-site atoms are
shown in blue, the B-site ones in green, and the oxygen atoms in red. The oxygen
atom are connected to emphasize the oxygen octahedron.
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position ABX; as CaTiO;, the name was generalized to all of these materials. Two
classes of perovskites can be identified: i) The A and B site are occupied by anion
and the X site is occupied by large cations. ii) The A and the B site are occupied by
a large cation and the X site by small anions (O, Fl, CI). Here, we will restrict us to
those materials, where the X site is occupied by oxygen atoms. The ideal perovskite
structure, which is depicted in Fig. 8.1, exhibits a simple cubic unit cell, where the
corners are occupied by A atoms, the center by a B atom, and the face centers by
oxygen atoms. Most perovskites show deviations from the perfect cubic unit cell at
low temperatures.? Frequently these distortions influence the shape or position of
the oxygen octahedra.

Perovskites provide a wide variety of material properties, which is driven by the
huge number of possible combinations of A- and B-site ions. The potential of inter-
mixture of different perovskites, doping of the A and B site, and the combination to
heterostructures increases the variation possibilities further. This rich phase-space
provides an intriguing area of research motivated by fundamental as well as techno-
logical interests. For example, thin films of La,Ca;_,MnO; show a colossal magneto
resistance,?!® which holds out the prospect of more accurate magnetic sensors. The
phase diagram of this material shows a metal-to-insulator transition at half mix-
ing,?'7 from which fundamental insight in the physics of this transition is obtained.
At the same mixture the compound changes from an antiferromagnetic (AFM) to a
ferromagnetic (FM) arrangement indicating the delicate competition of super and
double exchange in doped perovskites. The rare-earth nickelates (RNiO;) exhibit a
metal-insulator transition, which is determined by the strength of the coupling of
neighboring Ni atoms.2!821% The bond angle of the Ni-O-Ni bond increases with the
size of the rare-earth ion. As a consequence, the coupling between neighboring Ni
atoms strengthens, which gives rise to a higher critical temperature for the metal-
insulator transition. At low temperatures neighboring Ni ions become nonequiva-
lent, which is driven by charge or orbital order.2!® If both order patterns are present,
this may give rise to multiferroicity. 2

In multiferroic materials, a permanent magnetic moment and a permanent elec-
tric polarization coexist.! A magneto-electric coupling of these orders would enable
the electric control of the magnetic ground-state and vice versa the magnetic control
of the electric polarization.? Even if both orders are present, the coupling between
them may be vanishing by symmetry.??! One distinguishes proper and improper mul-
tiferroicity.??® In proper multiferroics, both ferroelectric and ferromagnetic order
are stable independent of each other so that the coupling between both orders is

*Naturally, low temperature is only a relative expression. For some systems low might be as large
as several hundreds of K.
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usually weak. In improper multiferroics, the presence of order allows the establish-
ment of the other one so that both critical temperatures coincide. These materials
are characterized by the strong coupling between both orders, however, their criti-
cal temperature is usually very low. Perovskite materials play an important role in
this area of research, because several of the model ferroelectrics such as BaTiO; and
KNbO; have a perovskite structure. However, in these materials, the emptiness of
all d orbitals at the B-site atom, the so-called d°-ness, is important for the ferroelec-
tric distortion.??? Hence, either the magnetic moment has to originate from the A
site or a different mechanism has to drive ferroelectricity. The latter is present in the
famous BiFeO; compound, in which the lone-pair electrons of Bi yield the ferroelec-
tric polarization and the magnetic moment originates from the Fe atoms.>” Lezai¢
and Spaldin?® predicted that the combination of the lone-pair-driven ferroelectric-
ity with a mixture of 3d and 5d materials on the B site gives rise to higher critical
temperatures. An example for a material, in which the magnetism originates from
the A site, is EuTiO;. Fennie and Rabe* suggested that a AFM to FM transition is
induced by switching the polarization in strained samples. An important concept
for tuning the material properties of perovskites is the so called strain engineering.
By growing SrTiO; on DyScOs, Haeni et al. *® induced a strain in the sample turning
the material ferroelectric.

The influence of external strain is one of the fields, in which density functional
theory (DFT) may direct experiments to the right combination of materials. “Grow-
ing” the sample with a different lattice constant is trivial in the numerical meth-
ods, whereas it requires cumbersome fine tuning in experiment. However, common
exchange-correlation functionals underestimate (LDA) or overestimate (GGA) the
lattice constant. Thus, the various theoretically-predicted strain-dependent transi-
tions may appear at a different strain value in experiments. This is a significant lim-
itation of the predictive power of DFT, because the range of possible misfit strains
in experiment is limited to roughly three per cent. Furthermore, if one is interested
in the optical properties of perovskites, local exchange-correlation functionals do
not include a derivative discontinuity!?>12* and underestimate the band transitions
drastically. The source of these discrepancies includes the spurious self interaction
(see Sec. 2.5) present in local exchange correlation functionals. As hybrid function-
als2>2426 partly correct for the self interaction via the inclusion of Hartree-Fock (HF)
exchange, we expect an improved description of perovskites.

In fact, Heifets et al.?>* found an improved description of the termination of
the SrTiO; surface employing the hybrid functionals B3LYP and B3PW. Piskunov
et al. 22> successfully employed the same hybrid functionals to determine the bulk
properties of cubic unit cells of the prototypical titanates Sr'TiOs, BaTiO3, and PbTiO;.
In particular, the lattice constant, elastic constants, and the optical band gap could be
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accurately reproduced. The surface termination of these compounds was explored
later,?%¢ providing a good agreement with experimentally determined lattice and op-
tical properties. The B3PW hybrid functional yields an accurate characterization of
the antiferrodistortive phase of bulk SrTiO; in particular the ¢/a ratio and the ro-
tation of the oxygen octahedra.??” Investigating LaMnO3, Mufioz et al.?*® found a
strong dependence of band gap on amount of HF exchange, where the B3LYP func-
tional and the 35% Fock exchange provided a quantitative good agreement to the
experimental values. Bilc et al. 2?° sound a word of caution as in their investigation
of BaTiO; and PbTiOj; the hybrid functionals B3LYP and B1 underperform the local
Wu-Cohen (WC) functional,?*® which is optimized for perovskites. Furthermore,
the tetragonality is overestimated with nonlocal functionals, which is directly re-
lated to the ferroelectric polarization. They suggest the construction of the B1-WC
functional,??® which provides accurate lattice constants for several perovskite mate-
rials. Wahl et al.?*! found a very accurate description of SrTiO; and BaTiO; by the
HSE and this B1-WC hybrid functional. In particular the latter yields “exception-
ally good ferroelectric displacements and polarizations”2*! Recently, the HSE hy-
brid functional has been applied to BiFeO; and HoMnOj3.2*2 The obtained structural
properties agree well with the experimental results and the band transition could re-
produce the precise results of the GW method. Evarestov?*® examined the BaBO;
series (B = Ti, Zr, Hf) with the parameter-free PBEO functional and was able to re-
produce the experimental lattice constant, cohesive energy, and band gap accurately.

In this chapter, we systematically investigate the performance of the HSE hybrid
functional for a series of cubic perovskites and compare to the results of the local
PBE functional. Specifically, we have calculated the theoretically optimized lattice
constant and the fundamental and optical band gap for KNbO;, KTaO;, NaNbQO;,
BaHfO;, BaSnO;, BaTiO;, BaZrO;, CaSnO;, CaTiO;, CaZrO;, CdTiO;, SrHfO;,
SrSn0O;, SrTiO3, SrZrO;5, PbSnO;, PbTiO;5, PbZrO;, and LaAlO;. We describe the
general procedure to set up these structures in Sec. 8.2. Overall, we find that the
HSE functional improves the lattice constant with respect to results of local exchange
correlation functionals. We illustrate this in Sec. 8.3. We discuss the compensation
of the underestimation of the band gap in PBE functional by the inclusion of HF
exchange in Sec. 8.4. Finally, we conclude this chapter in Sec. 8.5.

In this section, we describe the computational setup common to all investigated per-
ovskites. We calculate the ground state of all perovskite by means of DFT. We employ
the precise all-electron full-potential linearized augmented-plane-wave (FLAPW)
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basis set3132117 as realized in the Fleur code.!?® We describe the Kohn-Sham wave
functions by a I'-point-centered 6 x 6 x 6 k-point mesh and add one additional un-
occupied local orbital 12 for each I channel from s to f to improve the description
of the conduction band by reducing the linearization error of the FLAPW basis. !
For some materials, further local orbitals are included to describe semicore states. In
these cases, we increase the number of bands employed in the calculation of the hy-
brid functionals, so that 10 bands per electron are considered. The material-specific
numerical parameters, such as the muffin-tin (MT) radius, are listed in the appendix
(see Sec. B).

With these parameters, we evaluate the total energy of unit cells at different lattice
constants close to the theoretically optimized lattice constant. For each investigated
lattice constant, we converge a calculation with the local generalized gradient ap-
proximation (GGA) functional PBE.!* Then, we start the convergence of the nonlo-
cal screened Heyd-Scuseria-Ernzerhof (HSE) hybrid functional?® from the resulting
density and wave functions. The energies E obtained with both functionals are fitted
to a Murnaghan equation of state!4°

B,V (VO/V)B&+1 B,V
B, \ B)-1 B, -1

E(V) = Ey+ (8.1)
where E is the ground state energy, V is the volume of the unit cell, Vj is the vol-
ume of the ground-state unit cell, B is the bulk modulus, and By is the derivative of
the bulk modulus with respect to the external pressure. The four quantities E,, Vj,
By, and By are fitted to the obtained energies, and in the cubic symmetry of these
perovskites the determination of the theoretically optimized lattice constant a, is

straightforward
ag = \3/ VO- (82)

For the calculation of the band gap, we consider the differences of Kohn-Sham eigen-
values. We note that in principle only the fundamental band gap is well defined
quantity in the realm of DFT (see Sec. 4.1). Nevertheless, to compare to experimen-
tal results obtained with optical excitations, we determine the direct band gap by the
differences at specific k-points as well. This corresponds to the neglect of excitonic
effects.

In Table 8.1, we present our results for the lattice constants of the investigated cubic
perovskites in comparison to theoretical and experimental works from the litera-
ture. We visualize our data in Fig. 8.2. First, we focus on our GGA calculations
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Lattice constant (A) obtained with the local PBE and the nonlocal
HSE functional in comparison to experimental and theoretical results from the
literature.

This work Literature
PBE HSE LDA GGA Expt.
I-V compounds
KNbO; 4.013 3.992 3.956% 4.0284 4.016%
KTaO; 4.032 4.007 3.938¢ 4.033¢ 3.983¢
NaNbO; 3.975 3.940 3.914¢ 3.952b 3.937¢
II-IV compounds
BaHfO, 4.201 4.168 4.12¢ 4.20¢ 4,172¢
BaSnO; 4.176 4.127 4.059¢ 4.192¢ 4.124f
BaTiO, 4.011 3.979 3.947¢ 4.028¢ 4.0004
BaZrO; 4.221 4.193 4.152¢ 4.207° 4.1934
CaSnO; 4.038 4.005 3.965¢ 3.947m1
CaTiO; 3.874 3.848 3.809¢ 3.88 3.836%
CaZrO; 4.139 4.111 4.138 4,012k
CdTiO; 3.873 3.840 3.809! 3.888! 3.8004
SrHfO; 4.139 4.109 4.069¢ 4.157™ 4.087m1
SrSn0O; 4.106 4.051 4.111° 4.025¢
SrTi0O; 3.931 3.900 3.862¢4 3.941¢ 3.905¢
SrZrO; 4.169 4.151 4.101 4.181 4.1014
PbSnO; 4.123 4.070 4.070"
PbTiO; 3.968 3.930 3.888¢ 3.965¢ 3.969¢
PbZrO; 4.187 4.155 4.115% 418 4.1334
III-1IT compounds

LaAlO; 3.811 3.782 3.739¢ 3.810¢ 3.791%
ME 0.049 0.015 -0.033 0.049
MAE" 0.049 0.025 0.037 0.050
rms* 0.058 0.036 0.050 0.059

" Experimentally noncubic structure.

@ Reference 60 and references therein. ’ Reference 234. € Reference 235. ¢ Reference 236.
¢ Reference 237. / Reference 238. & Reference 239. " Reference 240. ' Reference 241.

J Reference 242. K Reference 243. !Reference 244. ™ Reference 245. " Reference 246.

° Reference 247. P Reference 248. 9 Reference 249. " Reference 250. ° Reference 251.

! Reference 252. “ Reference 253.

¥ Mean error. " Mean absolute error. * Root mean square.
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employing the PBE!* functional. Overall, the obtained lattice constants are in good
agreement with the experimental ones with the largest overestimation of roughly 3%
for CaZrO;. We find similar lattice constants as in other numerical works from the
literature, which employ a GGA functional as well. As a trend, PBE overestimates
the lattice constant of perovskites by 0.05 A on average, which results in the mean
error (ME) being almost identical to the mean absolute error (MAE). In contrast
to this the local density approximation (LDA) with the exceptions of CaSnO; and
CdTiO; underestimates the lattice constant of the selected materials. The MAE is
smaller than the one associated with the GGA functionals.

Next, we turn to the results of our hybrid functional calculations. For most
materials the lattice constants are most accurately predicted with the HSE func-
tional. Considering only our data, the PBE functional yields a lattice constant in bet-
ter agreement with experimental observations only for three (KNbO;, BaTiO3, and
PbTiO;) out of 19 materials. If we include the LDA and GGA results from the litera-
ture, the HSE functional predicts the most accurate lattice constant for the majority
of the materials. We find a reduction of the MAE and the root-mean-square (rms)
from 0.049 A (0.037 A) and 0.058 A (0.050 A) in the PBE (LDA) functional to 0.025 A
and 0.036 A, respectively. The positive sign of the ME indicates, that in average the
HSE functional overestimates the lattice constant, though this trend is not as sys-
tematic as for the LDA and GGA functionals. Comparing the results for the II-IV
compounds, we find that the lattice constant difference between PBE and HSE is al-
ways the smallest for the Zr cation and the largest for Sn one. The change associated
with the Ti and Hf cation is comparable. We extract a similar order from the lattice
constants considering different A site ions. In the majority of the cases the difference
of the lattice constant between the PBE and the HSE functional exhibits the largest
value for a Pb cation. For Ca and Sr ions, we find a significantly smaller impact of
the hybrid functional. The Ba cation is in between these extrem cases. The notable
exception to this rule is SrSnOs;, for which the reduction of the lattice constant in
hybrid functionals is the largest of all investigated materials.

From the differences in the lattice constants, we extract the relative size of the
ions for the A site ry

e >y and 1y > Tpp > Tsr > Tea > Ted (8.3)
and for the B site rg
ra >ty and  rze > rge> ren > I, (8.4)

which matches the experimental descending order of these ionic radii.?** Assuming
a hard-sphere model, the ionic radius of the B-site ion r and the radius of the oxygen
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ion rg determine the lattice constant
al = 2rg + 2ro. (8.5)
Replacing one B-site ion with another one, the lattice constant changes by
al' —ab = 2(rg —1P). (8.6)

Hence, we can evaluate the ion size relative to one specific B-site cation (Zr) and
compare to experimental results. In principle, this value should be independent of
the A-site ion. With the HSE functional, we find that the Hf, Sn, and Ti ion are (1.7 +
0.6) pm, (4.5 +0.9) pm, and (12.5 + 2.1) pm smaller than the Zr ion, respectively.
The respective experimental differences?** of 1 pm, 3 pm, and 11.5 pm compare well
to our data.

The determination of the lattice constants of the perovskites is subject to sev-
eral approximations. A fundamental one is related to the selection of a specific
exchange-correlation functional. As the true functional is unknown, the deviation to
the precise result associated to the exchange-correlation functional is not assessable.
Furthermore, many of these perovskites realize distortions from the cubic structure
which is the ground state at high temperatures. In general, if we include distortions
from the perfect cubic symmetry, the crystal will reduce its volume. The most com-
mon displacements in the perovskite structure are Jahn-Teller (JT) deformations or
rotations of the oxygen octahedra. Additionally, temperature effects and in particu-
lar the movement of the ions is neglected in DFT. Employing the thermal expansion
coeflicient of SrTiO3, which is between 2.16 - 10> K1 and 2.82 - 10> K~1,2>> we find
that neglect of thermal expansion leads to the underestimation of the experimental
room-temperature lattice constant by less than 0.01 A. Even in low-temperature ex-
periments, zero-point fluctuations will take place, which are removed via the Born-
Oppenheimer approximation’® in DFT. These fluctuations tend to increase the lat-
tice constant due to the inharmonicity of the potential.

The electronic band structures of the investigated perovskite materials share many
common features. In Fig. 8.3, we illustrate prototypically the band structure for
SrTiO; and PbTiO;. All materials in this study have either a completely empty or
a completely filled d shell, so that the valence states consist of the oxygen p levels.
The top of the valence band is extremely flat in particular between the M and the R
point with an energy difference of only 0.09eV in SrTiOs. In most compounds, the
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Figure 8.3: Electronic band structure obtained with the HSE hybrid functional for
the two prototypical perovskites SrTiO; (a) and PbTiO; (b).
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Direct and indirect band gap obtained with the local PBE and the non-
local HSE functional in comparison to optical absorption experiments.

Fundamental gap Optical gap
PBE HSE  transition’ PBE HSE kpoint” Expt.
[-V compounds
NaNbO; 1.69 2.95 R-T 2.48 3.83 r 3.4¢
KNbO; 1.51 272 R—-T 2.17 344 r 3.3¢
KTaO; 223 357 R-T 2.84 4.22 r 3.79%
II-IV compounds
BaHfO; 3.66 5.17 R->T 3.78 5.35 r 4.8°
BaSnO; 0.99 2.67 R-T 1.47 3.11 r 3.4¢
BaTiO; 1.78 3.14 R—-T 1.93 3.27 r 3.2¢
BaZrO; 3.22 4.67 R-T 346 4.99 r 5.34
CaSnO; 2.61 4.37 R-T 3.68 5.46 r 4.4¢
CaTiO; 1.99 3.46 R-T 243 397 r 3.57
CaZrO; 3.46 5.00 R-T 3.64 5.36 r 5.28
CdTiO; 0.16 1.61 M-T 0.81 2.36 r 2.7h
SrHfO; 3.87 542 R-T 4.01 5.67 r 6.07
SrSn0O; 1.79 3.53 R—-T 2.65 4.38 r 4.1
SrTi0; 1.87 3.29 R—-T 2.24  3.69 r 3.43¢
SrZrOs; 3.44 4.93 R-T 3.68 529 r 5.6
PbSnO; 151 317 M-I,X->T 2.61 4.14 I,X 2.8
PbTiO; 1.64 272 X—=>T 1.65 2.73 X 3.44
PbZrO; 245 347 M-X,X-X 245 347 X 3.74
[II-IIT compounds

LaAlO; 351 4.84 R->T 3.66 5.03 r 5.6™
ME" -1.38 0.10
MAE?° 1.38 0.43
rms? 1.46 0.53

" If more than one transition or k-point are present, the first item corresponds to the PBE result and
the second on the HSE functional.

@ Reference 256. ? Reference 257. € Reference 258. ¢ Reference 259. fReference 260.
/ Reference 261. & Reference 262. " Reference 263. ' Reference 264. / Reference 265.

k Reference 266. ! Reference 267. ™ Reference 268.

" Mean error. ° Mean absolute error. ? Root mean square.



110 8. CuBIC PEROVSKITES

eigenvalue close to R point constitutes the absolute maximum of the valence band. In
the compounds that contain Pb, the p states exhibit a higher value near the X point.
The bottom of the conduction band consists of the t,, states of the transition metal
ion, if the d states are empty. The edge of the conduction band is found as flat feature
between the I' and the X point. For all materials except for PbZrO;, the absolute
minimum resides at the I' point. For materials, where the d shell of the B-site ion is
filled, the lowest unoccupied state has s character and exhibits an almost parabolic
behavior near the I' point.

In Table 8.2, we list the obtained direct and indirect band gaps for the 19 in-
vestigated perovskites. In average, the direct (indirect) band gap obtained with the
nonlocal HSE functional is [1.48 £ 0.21]eV ([1.44 + 0.21] eV) larger than the PBE
one. Particularly interesting are the Pb based compounds, where the application of
the hybrid functionals changes the position of the fundamental band gap. Neglecting
excitonic effects, the direct band gap can be related to optical absorption measure-
ments. Overall, we find a drastic improvement of the predicted band transition en-
ergies. In the PBE functional, the MAE and the rms amount to 1.38eV and 1.46 eV,
respectively. The ME has the same absolute value as the MAE and a negative sign
indicating that the PBE functional underestimates the band gap for all compounds.
In the HSE functional the MAE (rms) is 0.43 eV (0.53 eV), which represents an im-
provement by roughly a factor of three compared to the PBE results. For the HSE
functional the ME is much smaller than the MAE. This indicates that the sign of the
error between predicted and experimental value is not the same for all materials.

The prediction of band transitions in DFT is limited by the following approxima-
tions: i) Although the fundamental band gap is in principle an observable quantity
(see Sec. 4.1), local functionals suffer from the lack of a derivative discontinuity. 12%123
This leads to the systematic underestimation of the band gap by local functionals. ii)
DFT is an effective one-particle theory, so that the many-body effects associated with
the optical excitation, in particular, the binding of the electron and hole to an exci-
ton, are not captured. Hence, the experimentally measured transition is lowered by
the binding energy, so that DFT will overestimate the optical transition. iii) We did
not account for the optical matrix element between valence and conduction band.
Some transitions will be strongly suppressed, if the dipole operator between initial
and final state vanishes. Thus, the experimentally observed lowest transition may
be not between the band edges. iv) Finally, the noncubic ground-state structure at
low temperatures, the neglect of thermal expansion, and the omission of zero-point
fluctuations has an indirect effect on the band transitions caused by the relaxation of
the lattice.
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We demonstrated that the application of the HSE hybrid functional improves the
structural as well as the electronic properties of a benchmark set of 19 cubic per-
ovskites. The lattice constants are improved by roughly a factor of two compared to
the local exchange correlation functional. While the PBE (LDA) functional provide
systematically too large (small) lattice constants, the HSE functional predicts lattice
constants smaller than the PBE functional and larger than the LDA one. There is no
systematic trend in the HSE lattice constant, though, in average, a small overestima-
tion is found, which may be associated to thermal expansion or other relaxations.
Employing hybrid functionals for the calculation of the band transitions, we find a
systematic opening of the optical band gaps by (1.48 +0.21) eV, which compensates
for the systematic underestimation of 1.38 eV in PBE. As a consequence, the MAE
is more than three times smaller in the HSE functional as compared to the PBE one.
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9.1 Introduction

PbCrO; (PCO) was synthesized for the first time by DeVries and Roth®2. They re-
ported a cubic perovskite structure with a lattice constant of 4.0 A and a G-type
antiferromagnetic (AFM) order of the Cr ions.®! Later, Chamberland and Moeller 6
examined the conductivity of PCO and found a semiconducting state with an activa-
tion energy of 0.27 eV. From an anomaly in the conductivity at 100 K, they suggest
a possible phase transition at that temperature. The Néel temperature is difficult to
determine as the magnetism cannot be easily fitted to a Brillouin function.®® De-
pending on the method used the Néel temperature is found to be either 160 K® or
240K.®! The magnetic moment of the Cr ions is estimated to be either 1.9 4, ¢! or
2.5 ug.% These measurements suggested a Pb?*Cr** O3 valence.

Only in the last years, PCO gained a renewed interest and several interesting
properties were found. Arévalo-Lopez and Alario-Franco® found that in off-stoi-
chiometric Pb; CrO; the lead ions move by approximately 0.29 A from their high
symmetry position. By using electron energy loss spectroscopy (EELS) in this com-
pound, the valence of the Cr ion was first determined 2% to be 4+ and later refined®’
to 3.5+. A recent study of the magnetic structure® found the Néel temperature at
245K. They proposed a non-collinear state superposed to the G-type AFM state
leading to weak ferromagnetism. Between 185K and 62K a spin-reorientation ap-
pears. Xiao et al.%” investigated the effect of pressure on PCO and found a phase

113
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transition at a compressive pressure of 1.2 — 1.6 GPa. The high-pressure phase is
cubic, too, and has a roughly 10% smaller volume than the low pressure phase. Ko-
marek ef al. 7% point out that PCO is very different to the CaCrO; and SrCrO; com-
pounds despite their similar chemical composition. PCO is insulating and exhibits
a G-type AFM order, whereas CaCrO; and SrCrO; are metallic and order in a C-
type AFM order. Furthermore, they investigated the thermal expansion of PCO and
found an almost linear behavior down to 0 K, where the extrapolated lattice constant
amounts to 3.995 A. Arévalo-Lépez and Alario-Franco?’! found a strong preference
for a cubic arrangement in mixed compounds of PbB;_,Cr,O3 (B = Ti or V). At an
amount of x = 30— -40% Cr ions, the space group P4mm of bulk PbTiO; and PbVO;
is replaced with the cubic Pm3m one.

PCO was considered in several density functional theory (DFT) studies. How-
ever, none of them were able to get the semiconducting ground state. The earliest
work by Jaya et al. ®® was based on a linearized muffin-tin orbital (LMTO) basis set.
They found a good agreement with the experimental magnetic moment and a strong
hybridization of the Cr-3d and O-2p states. Recently, Wang et al. ® considered the
effect of intermixing of Pb and Cr ions using a projector augmented wave (PAW)
method. They used a DFT+U approach with values for U between 0 and 6eV. Inde-
pendent of the used exchange-correlation functional and the value of U, the obtained
lattice constant is much smaller than in experiment. The ground-state is metallic for
reasonable values of U. Ganesh and Cohen”? investigated a displacement of the Pb
ions using a PAW method and a DFT+U approach, too. They found a favorable
polar shift along the crystallographic (001)-direction which disappears upon reduc-
tion of the volume by 20%. They associate these two phases with the high pressure
and low pressure phase predicted by Xiao et al..®” Both phases are metallic inde-
pendent of the value of U. The low pressure phase is tetragonal with a gigantic dis-
tortion of ¢/a ~ 0.88. Yildirim et al.?’? investigated surfaces of PCO employing a
GGA+U scheme. They found a strong dependence of the equilibrium properties on
the Hubbard-parameter U and could not reproduce the insulating ground state.

A simple consideration of the energy diagram in Fig. 9.1 reveals, that the exper-
imentally suggested perfect cubic perovskite structure in combination with the 4+
oxidation state of Cr cannot yield an insulating ground state. In a perfect cubic per-
ovskite structure, the three t,, levels are degenerate. Hence, the two electrons of the
Cr** jon would only result in a two-third filling of this band. The symmetry of the
crystal must allow for a splitting of the t,, levels, so that the resulting state can be
semiconducting. Roth and DeVries noted small discrepancies in the observed scat-
tering amplitude compared to the expected value for a perfectly cubic perovskite,
“which may be due to small deformations of the oxygen octahedron sufficient to lift
the orbital degeneracy”” 6!
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Energy diagram of PbCrOs: The five 3d states split under the influence
of the octahedral crystal field into two e, states and three t,;. For the Cr** ion the
latter ones are occupied by two electrons. As experimentally a semiconducting state
is observed, the symmetry has to be lowered (e.g. by a Jahn-Teller distortion) so that
the three t,, levels split.

In this chapter, we will investigate the effect of deformations of the oxygen oc-
tahedra. A combination of Jahn-Teller (JT) distortions and tilting of the oxygen
octahedra allows by symmetry for 44 different space groups.?’* We evaluate the total
energy for PCO in every one of these space groups and determine the ground-state
structure. In the isovalent BiFeOs3, the lone-pair electrons of Bi drive a ferroelectric
distortion.>” To account for this possibility, we include a polar displacement in all
of the examined structures. Depending on the size of the Hubbard parameter U,
we find two different deformations, which minimize the energy of the system. At
small values of U, JT distortions are the dominating mechanism whereas a rotation
of the octahedra leads to lower energies for large values of U. Both structures exhibit
a small band gap reproducing thereby the experimentally observed semiconducting
nature of this material for the first time in DFT calculations. We examine both types
of distortions closely to determine the origin of the gap. The JT distortions split the
Cr t,, states as depicted in Fig. 9.1 giving rise to an orbitally ordered state. The in-
clusion of oxygen octahedra rotation leads to a charge order on the Pb site and a +3
oxidation state on Cr with completely filled t,, states. The results of these DFT+U
calculations depends strongly on the choice of the Hubbard-parameter U. Hence,
we perform hybrid-functional calculations on the obtained ground-state structures
to motivate an optimized choice for the value of U.

This chapter is structured as follows: In Sec. 9.2, we introduce the considered lat-
tice distortions. We describe the setup of the unit cell and the computational details
in Sec. 9.3. The results of these calculations are presented in Sec. 9.4. We focus on the
two insulating states in the next two sections. In Sec. 9.5, we describe the state driven
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Figure 9.2: Common distortions of the oxygen octahedra in perovskite materials.
Each distortion mode is labeled by the irreducible representation it belongs to. Jahn-
Teller deformations and oxygen cage rotations are shown in the first and second row,
respectively. In plane, neighboring octahedra have opposite deformations. Out of
plane, the octahedra ordering pattern is either “in-phase” (M; and MJ mode) or
“out-of-phase” (R} and R} mode).

by JT distortions. In Sec. 9.6, we focus on the effect of oxygen rotations. We illustrate
the U dependence of these two structures in Sec. 9.7 and discuss the consequences
of hybrid-functional calculations. Finally, we draw our conclusions in Sec. 9.8.
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A distortion of the oxygen cage in PCO was already suggested by Roth and DeVries, !
yet neither experimentally nor theoretically investigated so far. The Cr** ionis JT ac-
tive, so we expect an elongation of some of the Cr-O bonds and a subsequent shrink-
ing of several of the other ones. All these distortions can be decomposed into three
modes which belong to the irreducible representations I';, M3, and R}. The I'; mode
is two dimensional where these degrees of freedom correspond to the ¢/a and b/a
ratio different from 1. Hence, in a cubic crystal the amplitude of the I'; mode is zero,
so that we do not include it in our study.

The other two modes can exist in a cubic crystal with nonzero amplitude. We vi-
sualize a one dimensional representative of these modes in the upper part of Fig. 9.2.
In plane, a selected oxygen octahedron is elongated along one axis defining conse-
quently the shrinking of its neighbors along this axis. This leads to a checkerboard-
like arrangement of the octahedra. Out of plane, the stacking in the Mj mode is
in-phase (neighboring cages have the same distortion), whereas the R} mode shows
an out-of-phase pattern (neighboring cages have the opposite distortion). A single
oxygen octahedron can be elongated along three axes, so that these JT modes are
three dimensional. Hence, any possible MJ mode can be represented in a combina-
tion of elongations along the three coordinate axes. However, in the case of the R}
mode this representation is reducible to a two dimensional one, because the elonga-
tion along one particular axis can be expressed by elongations along the other two
axes.

In addition to these JT modes, we consider rotations of the oxygen octahedra,
because they are the most common distortion in perovskite materials and possibly
influence the JT distortion.?’# All possible rotations can be realized as a combination
of two modes which correspond to the irreducible representations M3 and R}. We
show two simple representatives of these modes in the lower part of Fig. 9.2. The
ordering is analogous to the JT distortions. In plane, we see a checkerboard-like
setup, as the rotation of one oxygen octahedron is directly linked to its neighbors.
Out of plane, the M7 mode describes an in-phase ordering, while an out-of-phase
arrangement is found in the R} mode.

In the following, we will consider all possible combinations of JT modes and oxy-
gen cage tilting. This was investigated in much detail by Carpenter and Howard.?”?
They found that a combination of these modes leads to 44 space groups. In our study,
we considered the 42 space groups depicted in Table 9.1. We will describe in the next
section, how we generated the primitive unit cell and which numerical parameters
were chosen for the calculation.
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Carpenter and Howard 2”® found 44 space groups accessible by a per-

ovskite system in which a tilting of the oxygen octahedra (M and R} mode) is
combined with a JT distortion (T';, M; and R} mode). We do not depict the two
space groups, which differ from the simple cubic one only by a c¢/a or a b/a ratio

different from 1.

Mode no JT M; R}
no tilt 221 Pm3m 127 P4/mbm 140 I4/mcm
139 I4/mmm 139 I4/mmm
204 Im3 69 Fmmm
71 Immm
M} 127 P4/mbm 55 Pbam 135 P4, /mbc
139 I4/mmm 74 Imma 126 P4/nnc
204 Im3 8714/m 48 Pnnn
71 Immm 12C2/m
R} 140 I4/mcm 135 P4, /mbc 72 Ibam
74 Imma 63 Cmcm
167 R3¢ 15C2/c
12C2/m 14 P2, /c
2P1 2P1
Mi, Ry 63 Cmcm 52 Pnna 15C2/c
62 Pnma 62 Pnma 14P2,/c
11P2,/m 86 P4, /n 2P1
137 P4, /nmc 68 Ccca

We generate the unit cells according to the spacegroups in Table 9.1. In several cases
the symmetry of the space group allows for additional shifts of the other atoms. To
investigate all possible modes at these sites, we make use of the program IsoTropy.?”*
Figure 9.3 shows the input and output of this investigation. In this case we will as-
sume that in the simple perovskite unit cell, Pb occupies the Wyckoft position b, Cr
the Wyckoft position a, and O the Wyckoff position d. With this assignment, we find
six modes for Pb (I';, R%, X{, X%, M3, and M3) as well as six modes for Cr (I';, R},
X3, X5, M3, and M;). In addition, we find the displacements of the atoms when the
mode is present in the crystal.
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9.3. COMPUTATIONAL SETUP
*value wyckoff a b

*value kdegree 0

*show microscopic vector
*display distortions

*value parent 221
*show irrep

*show subgroup

Irrep
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Excerpt of input and output of IsoTROPY. %7
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*value parent 221

*value wyckoff d

*value irrep m2+

*show irrep

*show subgroup

*show microscopic vector

*display distortions

Irrep (ML) Point Projected Vectors

M2+ (1/2,0,0 1,0,0), (0,0,0), (-1,0,
1,0

) ~ )
(3/2,0,0) (-1,0,0), (0,0,0), (1,0,0)
(1/2,1,0) (-1,0,0), (0,0,0), (-1,0,0)
(1/2,0,1) (1,0,0), (0,0,0), (1,0,0)
(0,0,1/2) (0,0,0), (0,0,-1), (0,0,1)
(1,0,1/2) (o0,0,0), (0,0,-1), (0,0,-1)
(0,1,1/2) (0,0,0), (0,0,1), (0,0,1)
(0,0,3/2) (0,0,0), (0,0,1), (0,0,-1)
(0,1/2,0) (0,-1,0), (0,1,0), (0,0,0)
(1,1/2,0) (0,1,0), (0,1,0), (0,0,0)
(0,3/2,0) (0,1,0), (0,-1,0), (0,0,0)
(0,1/2,1) (0,-1,0), (0,-1,0), (0,0,0)

Excerpt of input and output of [SOTROPY.?”

In a similar fashion, we determine the displacements of the oxygen atoms in the
crystal. In Fig. 9.4, we show for example the determination of the shifts of the oxygen
atoms in the Mj mode. Analogously, we find the distortions in the RJ, in the MJ,
and in the R} mode. It is noteworthy, that we limited ourselves to modes which can
be represented within a unit cell of 2x2x2 primitive cubic unit cells.

To analyze which modes are allowed in a specific subgroup, we use another tool
of the IsoTrOPY?”® software. Figure 9.5 illustrates, using the example of the space
group 68 Ccca, how we determine the allowed deformations. For this, we need only
the basis and the origin of the subgroup relative to the parent space group. These are
given in the work of Carpenter and Howard.?”? Of all these possible deformations,
we consider those that yield a microscopic displacement of the Pb or the Cr atoms.
Hence, in the specific example depicted in Fig. 9.5, we consider only the X mode
with an order parameter (a,4a,0,0,-a,a). Examining all the spacegroups listed in
Table 9.1, we find that the only modes which may be present for the Pb ions are R},
X7, and X, though not all of these modes are allowed for all spacegroups. Further-
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*value parent 221

*value subgroup 68

*value basis 2,2,0 -2,2,0 0,0,2
*value origin 0,0,0

*display directions

Irrep (ML) Dir Subgroup Size
GM1+ (a) 221 Pm-3m 1
GM3 + (a,0) 123 P4 /mmm 1
GM5 + (a,0,0) 65 Cmmm 1
R2+ (a) 226 Fm-3cC 2
R3+ (0,a) 140 I4/mcm 2
R4+ (a,0,0) 140 I4/mcm 2
X2+ (0,a,0) 131 P4 2/mmc 2
X3+ (a,b,a) 126 P4/nnc 8
X4+ (a,0,a) 125 P4/nbm 4
X5+ (a,a,0,0,-a,a) 129 P4/nmm 4
M1+ (a,0,0) 123 P4 /mmm 2
M3+ (0,a,a) 139 I4/mmm 4
M4 + (a,b, -b) 139 I4/mmm 4
M5+ (0,0,0,a,0,0) 140 I4/mcm 4

Excerpt of input and output of IsoTROPY. %7

more, in none of these structures a movement of the Cr atom is allowed by symmetry.
To ensure that the latter constraint is not too restrictive, we repeated the above pro-
cedure taking into account an explicit symmetry breaking by a polar I'; distortion at
the Cr site. This distortion may be induced by the lone-pair electrons of the Pb ion.

The unit cells given by Carpenter and Howard 27> which correspond to the space-
groups in Table 9.1 are generally not the primitive unit cell of the respective structure.
In addition, PCO is a G-type antiferromagnet,®! hence the magnetic unit cell might
be larger than the crystallographic one. To find the primitive unit cell, we use this
algorithm:

We select a trial lattice vector a, that is a linear combination of the lattice vec-
tors of the simple cubic perovskite unit cell. We start using the smallest possible
vectors and proceed to larger ones. If one or more lattice vectors were already
found, we require that the new one is linearly independent.

We calculate the displacement caused by all modes allowed in the crystal for the
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five reference atoms in the simple perovskite unit cell. In order to achieve this,
we multiply the specific order parameter of the mode with the displacements as
found in Fig. 9.3 and Fig. 9.4.

We repeat the calculation of the displacement for test unit cell that is translated
by a, with respect to the reference unit cell. If the magnetic moment and the dis-
placement are identical for the corrsponding atoms in the test and the reference
unit cell, then a, is a valid lattice vector of the primitive unit cell.

If we have found three lattice vectors, we are done with the determination of the
primitive cell, otherwise we proceed with step 1.

As a final step, we analyze which atoms are present within the primitive unit cell.
We invert the matrix built by the three lattice vectors and calculate the internal
coordinates for all 40 atoms of the 2x2x2 unit cell. Removing the duplicates, we
have the positions of the atoms for the space group.

Once the primitive unit cell is initialized with some small distortions, we perform
first-principles DFT calculations to establish the ground state of all these different
structures employing a multi-code approach. The most time-consuming part of the
calculation is the relaxation of the shape of the unit cell and the atoms within. For
this step, we apply the PAW method, 1?76 which is faster than all-electron meth-
ods at the cost of being less precise. During the relaxation, we employ a plane-wave
cutoff of 600eV. The Pb 5d as well as the Cr 3p states are treated as valence states.
For the exchange-correlation functional, we chose the local PBE functional and add
an on-site Hubbard-like term®* to describe the localized nature of the Cr d states.
We vary the U value between 2eV and 4eV and selected a value of ] = 1eV. We
analyze all relaxed structures with the tools provided by the Bilbao Crystallographic
Server, 2’7278 in particular Amplimodes,?’® to investigate which modes remain after
relaxation. The specific value of U changes which structure has the lowest energy of
all investigated structures. We examine the U dependence of these two structures in
more detail.

The relaxed structures are further processed in the precise all-electron full-poten-
tial linearized augmented-plane-wave (FLAPW) method?"32117 as realized in the
Fleur code.!?6 We cross-check the energy differences obtained with the PAW meth-
od, investigate the origin of the insulating state, and determine the ferroelectric po-
larization if present. For this study, we make use of the Wannier90 interface,?!>-280
which allows us to construct Wannier functions from the obtained Kohn-Sham wave-
functions. Furthermore, we investigate the resulting structures in more detail using
the HSEO6 functional,?%!3! from which we extract a trend for the value of the Hub-
bard U.
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In this section, we analyze the results of the relaxation. We calculated the 42 different
structures depicted in Table 9.1 and determine the total energy and the relaxed struc-
ture. In Fig. 9.6, we illustrate the stable (black) and unstable (gray) spacegroups. A
space group can not be stable, if a stable subgroup exists, so that a symmetry breaking
would lower the total energy. Furthermore, we investigate the symmetry of the re-
laxed structure with IsoTrROPY?”> and Amplimodes.?’® If the symmetry has increased
during the relaxation, we indicate this by a green arrow pointing to the appropriate
supergroup. In this case the structure with the higher symmetry yields the same total
energy at a reduced computational time, so that we limit ourselves to this more sym-
metric space groups in the remainder of this chapter. A lot of subgroups with JT dis-
tortions (illustrated by the red and blue area in Fig. 9.6) relax to supergroups without
JT distortion, so that in general the J T distortions are suppressed by the presence of a
tilting of the oxygen octahedra. The three notable exceptions are the Imma (a®b°c*),
the [4/m (a*a*c®), and the C2/c (a*b~c?) structure. The rest of the stable spacegroups
includes either only JT distortions (I4/mmm, Im3, [4/mcm, and 14/mmm) or only
tilting of the oxygen octahedra (P4,/nmc, C2/c, and P2,/m). The energetic order of
these structures depends on the value of the Hubbard U. The pure JT distortion is
favored for small values of U, whereas the rotation of the oxygen octahedra is more
stable at larger values of U. Common to all these structures is the significant energy
decrease of > 100 meV compared to the simple cubic arrangement. Furthermore,
we determine a stabilization of a polar I'; mode at the Cr site, if we allow for the
corresponding symmetry breaking. Next, we focus on the electronic properties of
the stable structures and find that the inclusion of a JT mode as well as the rotation
of the oxygen octahedra gives rise to the opening of a band gap at a certain value of
U. To emphasize this in more detail, we concentrate on two prototypical structures
for these relaxations. In Sec. 9.5, we illustrate the structure P4/mbm in which the JT
distortions are responsible for the transition to the insulating state. This structure
exhibits the lowest total energy at small values of the Hubbard U. In the P4,/nmc
structure, which has the lowest energy at large values of U, the oxygen octahedra ro-
tate about all three axes and a charge order of the Pb ions drives the transition. We
will discuss this in Sec. 9.6.

Keeping the volume of the unit cell fixed to the experimental value during the relax-
ation, we find the energetic minimum of the P4/mbm structure (space group 127,
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Figure 9.6: Relaxation of PbCrO; with a Hubbard U = 4 eV: The structures are la-
beled in Glazer notation?®! and the Hermann-Mauguin notation of the space group.
All possible group-subgroup connections are visualized by gray lines or green ar-
rows. A purple frame (a gray color of the label) indicates the structure is (not) stable.
A structure is not stable, if either a stable subgroup exists or the structure relaxes
along the green arrows to a supergroup. The red and blue area illustrate the presence
of the respective Jahn-Teller mode. In the area in between only tilts of the oxygen
octahedra are present.
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Figure 9.7: Relaxed P4bm structure with experimental unit-cell volume.

Glazer notation?®! a%q°c). Allowing for a polar displacement breaks the symmetry
of the crystal further so that the relaxed compound exhibits a P4bm (space group
100) structure as depicted in Fig. 9.7. This structure differs from the simple cubic
unit cell by three distortions: The I'; mode shifts the positive ions Pb and Cr with
respect to the negative oxygen ions in z direction and gives rise to an electric po-
larization. In planes orthogonal to the z axis, the R] JT mode elongates the oxygen
octahedra in a checkerboard pattern. Both modes break the symmetry as the z axis
is distinguishable from the other axes. As a consequence the structure exhibits a c¢/a
ratio, which amounts to a value larger than 110%. The absolute amount depends
on the size of the Hubbard-U parameter (see Sec. 9.7). If we relax the volume of
the unit cell, the experimental volume of 64 A? is overestimated by 7%. Although
an overestimation of the volume is a typical feature of the generalized gradient ap-
proximation (GGA) functionals (see Sec. 8.3), we would expect a better description
by the PBE functional. More important is the large c/a ratio which does not agree
at all with the cubic structure observed in experiment. We point out that Ganesh
and Cohen”? found a strong length difference of the three crystal axes, too, however
with a ¢/a ratio of 88%. The coherent movement of the cations, which is associated
to the polar I'; mode, is experimentally not observed. While the displacement of the
Pb ion appears to be oriented randomly in experiment, 4% the Cr ion resides in the
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Electronic DOS of one spin channel in the P4bm structure. The valence
band consists of Pb s (gray) and a hybridization of O p (red) and Cr t,, states (blue).
The unoccupied band is built by a single #,,, the e, (cyan) and the minority d states.

center of the oxygen octahedron. 162

We turn to the analysis of the electronic properties of this structure. The orbital-
decomposed electronic density of states (DOS) for one spin channel® is depicted in
Fig. 9.8. The Pb s orbitals are situated approximately 7.7 eV below the Fermi energy.
The band between —6 eV and the Fermi energy is built by a hybridization of Cr d and
O p states. Above the Fermi energy the lowest unoccupied state has t,, character. At
even higher energies reside the e, states and the unoccupied d states of the spin-down
Cr ion. Investigating the unoccupied state more closely, we find an orbital order of
the the hole state. We evaluate the Wannier functions?*° for the lowest unoccupied
state, which provide a prominent illustration of this orbital order. In Fig. 9.9, we rec-
ognize that the empty orbital alternates in plane between d, and d,.. Out of plane the
stacking is in phase. The origin of this particular orbital order is the following: The
large off-centering of the Cr ion in combination with the large c/a ratio favors the
occupation of the d,, orbital over the other two t,, ones similar as in PbVO;. 282283
The - in comparison — smaller JT distortion in plane, splits the energy of the re-
maining d orbitals. Hence, the occupation of the orbitals follows the checkerboard

“Due to the AFM arrangement both spin channels are equivalent.
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Figure 9.9: Wannier functions for the unoccupied levels directly above the Fermi
energy reveal a checkerboard orbital order in the structure.

pattern established by the R} JT mode. A construction of the Wannier functions for
all occupied states allows the calculation of the electric polarization of this structure.
The sum of electronic (11.2 yC/cm?) and ionic (42.8 uC/cm?) polarization yields a
total polarization of 54.0 uC/cm?.

Finally, we considered the effect of oxygen defects, which are commonly present
in perovskites. Removing a single oxygen out of the 40 atoms unit cell corresponds
to a defect concentration of 4.2%. This defect causes a symmetry break, so that all
axes are nonequivalent. The corresponding c/a and ¢/b ratio amount to 1.09 and
1.06, respectively, in better agreement with experiments. The volume of the struc-
ture shrinks by roughly 7%, which corresponds roughly to the overestimation of the
defect-free structure. Furthermore, we obtain a mixed valency of Cr** and Cr** ions,
which was also observed in recent experiments.® However, the inclusion of a single
defect introduces a magnetic moment on the Cr ions, because the AFM order does
not follow the local charge order induced by the defect. From the investigation of a
2x2x2 unit cell, we can not conclude whether this problem would persist in a real
crystal, where the defects are randomly distributed or if it is an artifact originating
in the small size of the calculational unit cell.

9.6 Chargeorderinoxygen-octahedra tiltstructure

The P4, /nmc structure (space group 137) incorporating only oxygen tilts relaxes into
the P4,mc (space group 105) structure (see Fig. 9.10), if we allow for polar displace-
ments. The Glazer notation?8! a*a*c~ of this structure reveals the distortions asso-
ciated to tilting of the oxygen octahedra. The octahedra rotate by an equal amount
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Figure 9.10: Relaxed P4,mc structure with experimental unit-cell volume.

about x and y axis with an in-phase ordering perpendicular to these axes. The ro-
tation about the z axis is slightly smaller and the neighboring layers have an out-
of-phase stacking. In addition to these rotations and the polar displacement, the
reduced symmetry allows for further modes (M3, M3, M;, X%, Xj, and X3) to be
established. The amplitude of these distortions is a factor 5 to 20 smaller than the
amplitude of the tilting modes R} and Mj. The amplitude of the polar displacement
is larger than any of those additional modes but of the same order of magnitude. This
structure exhibits a c/a ratio of 0.998, which is almost identical to the value of the
cubic structure. This value decreases with the increase of the value of the Hubbard
U, what will be discussed in more detail in Sec. 9.7. The volume of the unit cell is sig-
nificantly smaller (6%) than the experimentally observed one, which is astonishing
as GGA functionals tend to overestimate the lattice constant. The same behavior was
found in other numerical calculations for the simple cubic unit cell.*7° A detailed
investigation of the distortion with Amplimodes?”® reveals that the polar I'; mode
mainly shifts the Pb atoms with respect to the oxygens, whereas the Cr atoms hardly
shift at all. As several of the modes with smaller amplitude act on the Pb ions as well
(X#, M3, and M;), this may explain why experimentally a random displacement of
the Pb ions is seen,% in particular taking into account that phase boundaries and
defects destroy the long-range order.
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Figure 9.11: Electronic DOS of one spin channel in the P4,mc structure. The oxygen
p states (red) hybridize with the Cr t,, states (blue). The Cr e, states are shown in cyan
and the Pb s states in gray.

Figure 9.12: Wannier functions for the unoccupied levels directly above the Fermi
energy localized at particular Pb** sites. The dashed arrows indictate that the func-
tions are centered at the rear Pb ions, whereas solid lines are associated with the front
Pb ions.
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The electronic properties of this structure are illustrated by the DOS in Fig. 9.11.
We recognize that the symmetry of the crystal makes two types of Pb atoms distin-
guishable, which gives rise to two separate 6s peaks at 8eV and 7.2¢eV below the
Fermi energy. The valence band consists mainly of a hybridization of O 2p and Cr
t)g states, however the edge of the valence band has a notable contribution of Pb s
character. A hybridized band of Pb s and O p states, which includes contribution of
one particular Pb type, forms a band approximately 0.5 eV above the Fermi energy.
At ahigher energy of roughly 2 eV the unoccupied e, and the minority d states reside.
We realize that this electronic arrangement is incompatible with the simple energy
diagram as proposed in Fig. 9.1. Instead it corresponds to a charge order of the Pb
atoms, where a hybridized 6s2p state donates the electrons to completely fill the Cr
tye levels of the majority spin. A nice visualization of this gap state is provided by
the calculation of the Wannier functions for the first unoccupied bands depicted in
Fig. 9.12. The Pb ions form columns of Pb** and Pb?*, so that the Wannier functions
are localized in these columns. Even the Pb** ions differ from each other, which is
revealed by the hybridization of the Wannier functions. Two of the Pb ions shift up-
wards strongly from their high symmetry position and as a consequence the s state
only hybridizes with the in-plane oxygens and two of the ones above. For the second
type of Pb** ions, the rotation of the oxygen octahedra moves the in-plane oxygens
away from the Pb ions, so that its s state hybridizes with all of the out-of-plane oxy-
gens. This electronic arrangement is incompatible with the experimental observa-
tions. The measurement of the magnetic moment®-% and the EELS spectrum 4%
suggest a formal charge of the Cr ion of 4+ or 3.5+. Hence, the Pb ion should exhibit
a formal charge of 2+ or 2.5+ to compensate the formal charge of 2— of the three
oxygen ions. We emphasize the difficulty to determine the charge attributed to a
specific atom in a real material. As illustrated by the DOS, the s state of “Pb**” is
mostly filled, which would not be the case if the real charge on the Pb** ion would
correspond to the formal one. The Wannier functions and the DOS indicate that the
lowest conduction band state is rather a combination of Pb s and O p states, which
is not modeled by the simple ionic picture of formal charges. Finally, we employ
a Wannier construction to all occupied states to evaluate the contributions of elec-
tronic (3.1 uC/cm?) and ionic (17.7 uC/cm?) polarization, which amount to a total
polarization of 20.8 uC/cm?.

The inclusion of an oxygen defect per 40 atoms unit-cell yields an increase of vol-
ume by roughly 1%, so that it agrees better with the experimental volume. The three
lattice vectors remain at almost cubic (a: b: ¢ = 1.001 : 0.995 : 1.003) although the
deviations are slightly larger than in the defect-free structure. The excess electrons
induced by the defect move to one of the Pb** ions resulting in a formal 2+ charge,
the formal charge of the Cr ions remains unchanged.
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Energy difference AE of distorted structure with respect to simple cubic
one as function of the Hubbard U applied in the DFT+U scheme. The P4bm structure
exhibits a phase transition to a different structural arrangement at U = 5.2¢eV. The
P4,mc structure shows a metal-insulator transition (MIT) at U = 3.3 eV. Above the
plot, the ¢/a ratio of the structures at different values of U is shown.

The properties of the relaxed solutions vary strongly with the chosen value of the
Hubbard U. In this section, we analyze trends for the two prototypical structures
discussed in the last two sections. In Fig. 9.13, we depict the energetic competition
between the two structures in comparison to the simple cubic structure. At small
values of U the strongly tetragonal P4bm structure is roughly 260 meV per formula
unit (f.u.) more favorable than an undistorted arrangement. Increasing the value of
U lead to a decrease of the c/a ratio and the energy difference to the cubic structure.
Ata value of U = 5eV a metastable metallic structure exist, which has a significantly
smaller c/a ratio. For even larger values of U the metallic structure becomes more
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Comparison of the U dependence of the volume in the simple cubic
(—*—), in the P4,mc (—*—), and in the P4bm structure. The latter has two solutions,
an insulating one (—e—) at small values of U and a metallic one (——) at large values
of U. As reference the experimental unit-cell volume is depicted as black line.

stable than the insulating one. This new structure is characterized by a single I';
mode, i.e., the JT distortion disappears during the relaxation. We recall that the polar
displacement in addition to the large c/a ratio were responsible for the opening of the
band gap, so that it is straightforward that the disappearance of these features yields
a metallic solution. At a U of 2eV, the P4,mc structure is only slightly favorable
compared to the simple cubic state. Increasing the value of U yields a stabilization of
this structure which results in a transition from the P4mb structure to the P4,mc one
at U > 3 eV. In parallel to the lowering in energy the structure becomes continuously
closer to an insulating state until a metal-insulator transition occurs. For all values
of U > 3.5eV a band gap is found.

Next, we focus on the change of the volume with the chosen value of U (see
Fig. 9.14). The volume of the P4bm structure is almost independent of U and sig-
nificantly larger than the experimental volume. At large values of U the transition to
the metallic solution occurs with a smaller volume than the experimental one. The
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unit cell of the P4,mc structure increases monotonically with the applied value of
U. At small values of U the obtained volume is roughly 8% smaller than the exper-
imental volume, whereas the difference is only 5% at the largest investigated value
of U. We note that the large volume underestimation is also observed in the sim-
ple cubic arrangement (see Fig. 9.14 and Ref. 69). Ganesh and Cohen” proposed
that a similar transition between the large tetragonal unit cell and the cubic unit cell
corresponds to the experimental observation of a volume collapse under pressure.®’
However, in their calculation both solutions are metallic, whereas our distortions
reproduce the experimental observation of a semiconducting ground state.

Figure 9.15 illustrates the impact of the Hubbard U on the electronic DOS. In
the P4,mc structure, increasing the value of U the t,, states move downwards. As a
consequence, they are closer in energy to the oxygen p levels leading to a stronger
hybridization. Furthermore, the unoccupied d states shift towards higher energy.
The 6s2p-hybrid peak has a small hybridization with the t,, states that weakens as
these states are pushed downwards by a larger value of U, which leads to the opening
of a small band gap. We realize a second 6s2p-hybrid peak directly below the Fermi
energy, which is separated more clearly at a larger value of U. The effect of the Hub-
bard U on the d electrons is similar in the P4bm structure. At small values of U the
average of the t,, states is above the average of the p states. Increasing the U shifts
the occupied t,, states downwards. The hybridization is maximized, when the aver-
age position of #,; and p band coincide. The empty t,, state directly above the Fermi
energy does not shift significantly with the applied U, yet, its width decreases. The
unoccupied d states are moved to higher energies by the increase of the value of U.
Common to both structures is that the position of the remaining peaks, in particular
the Pb s one, are hardly influenced by the change of U. This is a direct consequence of
the construction of the DFT+U method.%* As the Hubbard U is only applied to states
of a particular orbital character, the rest of the spectrum is altered only via indirect
effects.

The strong dependence of the relative stability and the volume of the structures
on the specific value of the Hubbard U limits the predictive power of DFT. Hence, we
investigated both structures with the Heyd-Scuseria-Ernzerhof (HSE) hybrid func-
tional,?® which yields parameter-free results. However, the computational expense
of hybrid functionals effectively limits such an investigation to an electronic self con-
sistency, so that we have to start from the relaxed structures of a DFT+U calculation.
In Fig. 9.15, we compare the electronic DOS obtained with the hybrid functional to
the results of the DFT+U scheme. We find the occupied p — d hybridized states in
the P4,mc structure between 6.5e¢V and 1eV below the Fermi energy. Hence, the
position of the bands is best described by a large value of U. However, if we consider
the position of the centers of the peaks, a smaller U agrees better, because the max-
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Figure 9.15: Illustration of changes in the orbital resolved electronic DOS associated
to the Hubbard U parameter for 40 atoms unit cell of PbCrOj; in the prototypical
P4, mc (left) and P4bm (right) structure. For comparison, we depict the result of a
HSE hybrid functional calculation. We show the contribution of the Pb s (gray), the
Cr e, (blue), the Cr e, (cyan), and the O p (red) states. The latter is scaled by /2 to
make the scale of all states more similar.
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imum of the d states is above the maximum of the p states. The states closest to the
Fermi energy are of hybrid O p and Pb s nature, where the band gap is significantly
increased compared to all DFT+U results. The unoccupied d states are shifted to
roughly 1eV higher energies and their localization is drastically reduced, which is
illustrated by the decrease of the peak height. Next, we turn to the P4bm structure.
The part of the valence band built from Cr d and O p states is situated at energies be-
tween —7 eV and the Fermi energy. The position of the peaks is best described by an
intermediate U of roughly 4eV. The unoccupied t,, states are shifted to an approx-
imately 1 eV higher energy increasing the band gap above all of the DFT+U results.
The unoccupied e, states are affected more than the minority t,, states. Similar to
the P4,mc structure, the binding of the Pb s state increases by 0.5eV.

No unique value of U is sufficient to describe the results of the hybrid function-
als. To reproduce the hybridization of Cr d and O p electrons a value of U between
3 and 4 eV would be optimal, whereas the reproduction of the band gap requires a
significantly larger value of U. We encourage the development of more efficient im-
plementations of the hybrid functionals that allow for a consistent investigation of
PCO.

In this chapter, we have analyzed the properties of the perovskite PbCrO; within
a DFT+U approach and have compared the results for the relaxed structures with
the ones obtained with the HSE hybrid functional. We have investigated 42 possible
combinations of tilts and JT distortions of the oxygen octahedra. Of all considered
structures only a few turn out to be stable. We have chosen two prototypical rep-
resentatives that exhibit the lowest total energy at small and large values of U, re-
spectively, and have determined their properties in detail. Most importantly, both
structures allow for the insulating ground state that is experimentally observed, but
could not be reproduced by previous DFT calculations from the literature.%-7 The
opening of the band gap is driven by different mechanisms in the two structures.
In the P4bm structure, which consist of a polar displacement of the Pb and Cr ions
and JT distortions, the symmetry is broken such that the t,, levels split in three dif-
ferent states. This results in an orbitally-ordered structure. The P4,mc structure is
characterized by rotations of the oxygen octahedra around all three axes and an off-
centering of the Pb atoms. The charge in this structure is redistributed such that
the t,, states are completely filled and an empty 6s2p hybridized state is unoccu-
pied. Both structures show some discrepancies to the experimental results, most
notably the large c/a ratio and the volume overestimation in the P4bm structure and
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the magnetic moment and the volume underestimation in the P4,mc structure. We
have shown that the inclusion of oxygen defects partially overcomes this discrepan-
cies. The properties as well as the stability of both structures is subject to significant
changes under the applied value of the Hubbard U. We have outlined that although
the hybrid functional approach yields the same qualitative electronic structure, there
are prominent changes in the quantitative properties such as the position of peaks,
the charge localization, and the strength of the hybridization. No unique choice of U
is appropriate to reproduce the results of the hybrid functional calculation. Hence,
we propose improving the speed of the hybrid functionals to allow for a parameter-
free investigation of PbCrOs.

Concluding, we find an insulating ground state, if the simple cubic symmetry is
broken and DFT reveals that such a symmetry breaking can be realized by tilting
and JT distortion of the oxygen octahedra and polar displacements. We note that
the presence of polar distortions has not been experimentally observed and encour-
age the community to confirm our prediction of a microscopically noncubic polar
structure.



CHAPTER

This work is motivated by investigating and pushing the limits of the predictive power
of density functional theory (DFT) in the design of new functional materials. The
only approximation in DFT is the choice of the appropriate exchange-correlation
functional. We have discussed and have investigated some of the limitations of con-
ventional local exchange correlation functionals. The most commonly used alterna-
tive — the DFT+U method®* - relies on adjustable parameters that are often chosen to
reproduce experimental results. In this thesis, we have implemented and investigated
the Heyd-Scuseria-Ernzerhof (HSE) functional ¢ that incorporates a certain fraction
of screened nonlocal exchange. The specifications of the HSE functional are mate-
rial independent, hence, the predictive power surpasses the DFT+U approach. We
have employed the precise all-electron full-potential linearized augmented-plane-
wave (FLAPW) method as realized in the Fleur code,!?° in which the wave func-
tions are represented in a basis of numerical radial function times a spherical har-
monic in muffin-tin (MT) spheres surrounding the nuclei and plane waves in the

interstitial region (IR). The product of two wave functions, which is evaluated for
the nonlocal exchange, is evaluated via the resolution of the identity with an auxiliary
basis. 3 In this thesis, we have extended the implementation of Betzinger et al. 3* suit-
able for the Coulomb potential to any arbitrary potential, which is a pure function of
the distance, in particular the screened Coulomb potential. The screened interaction
is separated into the bare Coulomb potential and a long-range part, where the for-
mer is evaluated with a sparse-matrix technique similar to the PBEO functional? and
for the latter we have exploited the fast converging Fourier series.? The reduction
of the k-point summations to the symmetry-irreducible parts gives rise to different
computational cost for the individual k points. This is taken into account explic-
itly in our parallelization scheme of the nonlocal potential so that we can achieve
parallelization efficiencies of more than 99%.

We have investigated possible approximations to develop faster implementation
of hybrid functionals. The FLAPW naturally separates the contributions of the non-
local functional into IR-IR, IR-MT, and MT-MT part. The MT-MT part can be fur-
ther divided into on-site and off-site terms. A systematic removal of the smaller
contributions to the hybrid functionals yields four tiers between the nonlocal PBEO
functional?* and the local PBE functional.!* In the first tier, the nonlocal functional

137
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is not incorporated for the IR-IR part. This approximation yields accurate band gaps
almost identical to the PBEO functional. Removing the IR-MT contribution (second
tier) from the nonlocal functional, we find band transitions that are surprisingly close
to HSE functional. The stronger approximations, in which only on-site MT contri-
butions are considered, produce no reasonable results for the band gaps in particular
for the semiconductors Si and GaAs. Though the first two tiers yield acceptable band
transitions, the total energy of the PBEO functional is not reproduced. The construc-
tion of the PBEO hybrid functional ensures that local and nonlocal part are treated
on an equal footing. By approximating the hybrid functional, the violation of this
delicate balance gives rise to the mismatch in the total energy. Additionally, we have
considered the possibility of reducing the k-point summations in the calculation of
the nonlocal potential through an interpolation scheme. This technique is suited in
particular to evaluate the electronic band structure of materials, where the assign-
ment of the intermediate k points to the ones in the coarse mesh is straightforward.
Applying this method also to the self-consistent field cycle currently demands fine
tuning of the user. We propose the implementation of a Wannier-interpolation tech-
nique to ease these requirements.

We have employed our implementation to investigate rare earth compounds, in
particular the europium chalcogenides (EuX; X = O, S, Se, and Te) and gadolinium
nitride (GdN). The lattice constant of all these materials is accurately predicted by
hybrid functionals. For the ground state of GAN contradictory experimental evi-
dence for semiconducting?¢-3%187 as well as semi-metallic3®* properties has been
reported. Our investigation reveals a transition between these two states induced by
small changes in the lattice constant, which may explain the variety of the experi-
mental observations. The magnetic coupling between neighboring Gd atoms is of
ferromagnetic nature. Fitting our results to a classical Heisenberg model, we have
obtained a Curie temperature of 45K in a Monte-Carlo simulation in good agree-
ment to the experimental one of 58 K.1°! In the EuX series, the PBEO and the HSE
hybrid functional overestimate and underestimate the experimental band gap, re-
spectively. Nevertheless, in contrast to a DFT+U scheme, the qualitative nature of
the experimental band transition is reproduced. Hybrid functionals yield a slightly
stronger magnetic coupling between neighboring Eu atoms resulting in higher crit-
ical temperatures in particular for EuO and EuS. They capture the transition from
a ferromagnetic to an antiferromagnetic configuration across the series. In all the
investigated rare earth compounds, the particular choice of the Hubbard parameter
U strongly impacts the results of a DFT+U calculation. We have shown that hybrid
functionals present a parameter-free alternative with at least the same accuracy as
sophisticated DFT+U calculations.

As second application, we have systematically analyzed the performance of the
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HSE hybrid functional for simple perovskite oxides. The common local exchange-
correlation functionals, namely the local density approximation (LDA) and the gener-
alized gradient approximation (GGA), tend to underestimate and overestimate the
lattice constants of perovskites, respectively. Generally, the lattice constant obtained
with the HSE functional is between those values. Thus, this screened nonlocal func-
tional provides the smallest mean average error of all the investigated functionals.
Local functionals lack the derivative discontinuity associated with small changes of
the number of particles. As a consequence, all PBE results for the direct and indirect
band transitions are too small. Including the small fraction of Hartree-Fock (HF)
exchange opens the band gap so that the HSE functional yields a much better agree-
ment with the experimental observations.

Finally, we have performed a detailed investigation of PbCrO; (PCO). The ex-
periments suggest that PCO is a semiconducting perovskite crystallizing in the ideal
simple cubic structure.!-%* However, we have argued that by simple symmetry con-
sideration these two features are incompatible. In a simple cubic perovskite, the three
t)e States are degenerate, hence, the occupation of these states with two d electrons
of Cr cannot result in a semiconducting state. Many perovskites exhibit a structural
distortion by tilting or Jahn-Teller (JT) deformation of the oxygen octahedra. Car-
penter and Howard ?”? point out that a construction including combinations of these
distortions leads to 42 different space groups. In addition, we have included a polar
distortion along the z axis, which frequently occurs driven by the lone-pair 6s elec-
trons at the Pb site. Relaxing all these structures in a DFT+U scheme, we have found
several possible stable structures. For the first time, we have achieved an agreement
of the experimental semiconductivity and ab initio results. We have identified two
mechanisms that result in the opening of a band gap. PCO in the P4bm space group
is characterized by a large c/a ratio and an off-centering of the Cr ions along the z
axis similar to PbVOj;.282283 An additional JT deformation of the octahedra in the xy
plane splits the ¢, states in three distinct levels. The d,, orbital is occupied at all sites
and the d,; and d., orbitals realize a checkerboard orbital order in the xy plane. The
volume of this structure is larger than the experimentally observed one and the large
c/a ratio does not match the experimental cubic structure. The second mechanism
occurs in a structure that exhibits the P4,mc space group and is dominated by large
tilts of the oxygen octahedra. Asa consequence, the Pb atoms are nonequivalent with
respect to symmetry so that a charge order is allowed. We have found that a hybrid
state of Pb 6s and O 2p electrons is unoccupied in half of the Pb ions. The excess
electrons fill the t,, states in the majority spin channel giving rise to an overall in-
sulating structure. Although a c¢/a ratio is allowed in this structure, the actual value
of 0.998 is close to the one of a cubic structure. However, the obtained volume is
significantly smaller than the experimental one and the magnetic moment at the Cr
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site is too large. The disadvantage of the DFT+U approach is the strong dependence
of energetic order, structural and electronic properties on the specific choice of the
value of U. Unfortunately, a thorough investigation employing hybrid functionals is
computationally too demanding. Hence, we have evaluated properties of the relaxed
structures using the HSE hybrid functional and have compared them to results with
different choices for U. Common to both structures is the opening of the band gap
with respect to the DFT+U results and a stronger binding of the Pb s states. However,
the hybridization of the d-p valence band and the position of the unoccupied d states
cannot be described by a single optimal value of U. As future work, we propose to
develop a faster implementation of the hybrid functionals to examine all structures
independent of an adjustable parameter. Although the ultimate ground state is not
unambiguously identified, our investigations of PCO strongly suggest the presence
of microscopic distortion of the simple cubic arrangement. In our calculations, a
polar distortion is stable, which leads to a multiferroic ground state. Analyzing the
microscopic properties of PCO experimentally especially in single crystals, would
bring valuable insights into which of the outlined mechanisms is adapted in prac-
tice. We hope that our findings will stimulate such studies in the future.
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Appendix
A Atomic Units. ... 1
B Numerical parameters for perovskite calculation.................. 2

A Atomic Units

Atomic units were introduced by Hartree ”® and provide a convenient formulation for
the Schrodinger equation, the Coulomb potential, and many other equations in con-
densed matter physics.”” The idea of atomic units is to measure physical quantities in
terms of fundamental constants, so that these fundamental constants become equal
to unity. In particular the mass m. and charge e of an electron, Planck’s constant
h the Coulomb constant 1/47¢, and the Boltzmann constant kg define the length,

Table A.1: In this thesis, we express all quantities in atomic units unless stated
otherwise. Here, we present the conversion factors for the five fundamental
physical dimensions and the energy.

Dimension Atomic units SI units other units
4megh? .
length a = 5292-10'm 052924
Mee
4 2R3
time (4meo)°h> 2419107
mee*
mass Me 9.109 - 10-3' kg
charge e 1.602- 107 C
temperature mee! 3.158-10°K
P (47T€0h)2k]3 '
ener htr= % 436010714 27211V
2 (4meoh)? ' '
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time, mass, charge, and temperature dimension and thus all the derived units (cf.
Table A.1).

In Table A.2, we present the numerical settings employed in the calculation of the
simple cubic perovskites (Chap. 8). Common to all materials is the 6 x6 x6 k-point
mesh and the [,,,x = 4 for the mixed product basis (MPB) and all atoms. For different
ABOj; compounds, the local orbitals employed at a particular site (A or B) are usually
independent of the atom at the other site, e.g. for all B = Ti 5s, 3p, 5p, 4d, and 5flocal
orbitals are included. The only exception to this rule is CaSnO3, where the 4p states
of Sn are described as core states in contrast to the other Sn perovskites.
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B. NUMERICAL PARAMETERS FOR PEROVSKITE CALCULATION
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