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Following the book chapter:

Adiabatic response (AR)

[. Geometry, topology and physics

— Meter S
— Open-systems a < b
Reservoir C—) Gstem C—) Reservoir
I1 | |

. Adiabatic response in transport
° Adiabatic state evolution (ASE) /
} Slmple, transparent Full counting statistics (FCS)

III. Full counting statistics
— (zeneral, similar to closed systems

IV. Adiabatic state evolution
— Combine I + II + III to resolve puzzles



BIBLIOGRAPHY

I Geometry, topology and physics

Circuits with n terminals ~ n — 1 dimensional topological material Riwar et. al [17]
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= Need clear general view of underlying (differential) geometry of open systems

e Dissipation, nonequilibrium = essential ingredient

e C(ircuits ~ space of charge N + conjugate phase y [16], [13]

[Nvfd = 1
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1 Physics and geometry

Geometric open-system approaches including measurements

e (seem to) have no direct link with closed-system Berry-Simon approach

e (seem to) say physically opposite things...

AR
Nonadiabatic
Stationary

Landsberg phase

FCS
Adiabatic
Nonstationary

Berry-Simon phase

e produce same results Sinitsyn [24], Nakajima et. al [14], Pliicker et. al [30]

ANAR

— ANFCs |
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ee Comparing geometric approaches
“Vertical”
vector I g[R]
1. In which physical space are we solving a problem ? Fiber space
Fiber bundle = base x fibers (naive)
: Base
space
Fibers define “vertical” but
“Horizontal” is not defined in such a space
Horizontal lift “Horizontal”

2. Restrictions of physics expressible as geometry ?
e (Connection A = definition of “horizontal”

e Curvature B = “horizontal lifts” tend to break

Topology of fiber bundle (“twisted product”)

NOT

/dR polynomials(B) € Z DISCUSSED

vector

Sy R()

Holonomy

Geometric
phase
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2 Adiabatic state evolution of closed quantum systems

d o2
EVM = —iH|y)

A

with parametric driving H(t) = H[R(t)]
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d S
E|¢> = —1H|y)

1. Parametric stationary solutions |h,|R])

Hlhy) = hy |hy)

2. Gauge freedom (unitary, compact)

continuous
and smooth

hn) = Gn|hn), lgn| = 1, gn| K]

3. Eigenspace decoupling for nonstationary state: with h,(t) = h,|R(t)]

9(t) = > calt) [ha(t)), cn(0) = (hn(0)] ¥(0))

when projecting with (h,,| e

d d

! ) ) 2

Q

(hn ||
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ee Adiabatic pure quantum state

Q

()~ 3 P T ) o) R(T))

= 37 eJo dih) =S dRARL (o (0).| by [R(0)])

. : [Fdt(—ihn)
e Eigenvalues = nongeometric factor e’o "

[-dR A, [R]

e Eigenvectors = geometric factor e with Berry-Simon connection

AnlR] = (hp|VRr|hy)

Because we consider quantum state (not true for other objects!)

(math) Eigenspace decoupling = adiabatic approximation (physics)
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d

) = (halR-Vrlha) = R()- Ad[R()

(o |

/0 Lt RO AL R()] = /C dRA,[R]
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ee Gauge freedom connection — gauge invariance solution

Under change of gauge of each eigenvector (g,|[R| continuous, smooth)

hn) = gnlhn) = €% hy)

e Connection changes!

1 .
An — An,g — An‘I__ngn — An"'vR(ngn)

n

e Dbut geometric factor invariant

o JARA[R] _  —[.dRAn o[R]

Not artifact of coordinate choice !
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What is a “geometric effect” 7| (systematically)

10
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ee (Guiding questions

1. Fiber bundle? Total physical space vecir Ign[R]
( R,g ) _ driving eigenstate |hy) Fiber space
> JIn parameter > normalization (gauge)

2. Connection? Broken physical solution curve

gn(T) = e JodtRAn g () £ 1.g,(0)

= unavoidable phase due to cyclic driving

Base
space

e

Horizontal lift “Horizontal”
vector

Try to “gauge away” A,, from solution R(t)

. : 1 . 2 -
An,g'R = AnR+_gn = 0 Holonomy
gn -
Geometric

phase

= maintain constant phase for |h;,)

(R, §,) defines “horizontal” vector

“Horizontal lift” / “parallel transport” of vector
breaks closed base curve C
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ee Curvature

2. Curvature?
= “measure of breakage of horizontal lift curves”

@ Holonomy
: S - BnlR] Geometic

Bn = VRXAn = <VRhn|><|VRhn> 5 phase
] sl
For infinitesimal curve C around R enclosing area S —0 o S
N R :
gn(T) = e St g, (0)
Stokes

2 (1 —S-Bn[R]) - gn(0)
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What is kept constant ? (Phase (hn|%|hn> of each state in superposition)

13
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3 Adiabatic state evolution of open quantum systems

ee Open systems (1)

e Open system in contact (V)

Adiabatic state evolution (ASE)

A% = ARV

/I\
interactions
Reservoir M G—) Reservoir
with noninteracting equilibrium reservoirs
L (A" —p Ny T
— H 2 o (H —p"™NY)/

"R
p ;
r=L,R

e Schrodinger dynamics (Liouville - von Neumann)

% ptot = [}AftOt, Ibtot}

e Reduced density operator incorporates reservoirs

A

p = trpt°t  mixed quantum state
R
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ee Open systems (2)

e Hilbert-Schmidt / Liouville supervector

Pij —  [p) = | pij

e 'Trace = scalar product for 2 operators A and B

(Ale = trATe «— (A|B) = wA'B = Y A;B;; —  |B) = B
©J

(1|e = trle = tre

e Evolution equation: ignoring memory effects:
d .
Flp) = —iLlp) +Wlp)

o Liouvillian superoperator L p=[H, p] = Hamiltonian dynamics

o Memory kernel superoperator W = nonequilibrium, dissipation
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ee Adiabatic approximation (1)

d
1P = Wip)

with parametric driving W (t) = W[R(t)] Sarandy, Lidar [19],[20]

W =not (skew) hermitian matrix
e Nonorthogonal eigenvectors = different left / right eigenvectors 2

e Zero eigenvectors

A ( t) —1 probability

conservation

Lopt) = uWpt) = @WWlp) = 0 = ¢

di lim p(t) exists stationary
| =00 state (unique)

2. There is a nontrivial duality for general open fermion systems [22], [28] in wide-band limit:
the left eigenvectors for a repulsive system ~ right ones for dual attractive system.
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ee Adiabatic approximation (2)

d
1P = Wip)
1. Parametric solutions:
Amplitude covectors w,, # decay modes 10, + complex eigenvalue w, (Rew, <0)

(w0, |W = (Wn|wn, Wlw,) = wyp|w,)

Zero eigenvalue:

(wo] = (1] = tre <« (wo|W = 0, Wlwg) = 0 = lim |p(t)) = |wo)
t— 00

2. Gauge freedom preserving (w,|wy,’) = d,,/ (nonunitary, noncompact)

_ 1
(0n] — (Wn]- g_ (wn) = gn-|wn), gn F 0
mn
Zero eigenvectors:
go = 1 probability conservation

3. Eigenspace decoupling for nonstationary state: with w,,(t) :=w,[R(t)]

cn(0) = (@a|p(0)) = trivp(0), [p(t)) = 1-|wo(t) )+Z Cn(t) |wn(t)
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Fixed parameters R:
stationary (surviving) + nonstationary (decaying) part

t— 00

(1)) = " p(0)) = 1-JwolR])+ ) ety (0) - |walR]) I’wo%R])

Eigenvectors:

Wlw,) = wyp|w,)

Driven parameters R(t): after transients
adiabatic steady state = parametrically stationary 4+ nonstationary part

o) = .. =3 L Jwo[R()]) + Y ealt) - [walR(1)])

n>1
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Amplitude (super)covectors 1w, #* w0, Decay mode (super)vectors

e Right eigenvectors = decay modes

Wilw,) = | = Wijagr - || (wn)irjr | < not (0y):;

e Left eigenvectors = decay amplitude

(w,|W = [ (0n) ] oo Wijirjr o

[

not (wn);;

19
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ee Adiabatic mixed quantum state

(1)) ~ 1-fwolR(TY)) + 3 o L= Clid) o) (r(T)))

n>1
_ [ dtwn — [.dRAL[R]
= 1-|wo[RO)]) + > e . ¢(0) - lwn[R(0)])
n>1
parametric parametric
stationary nonstationary

T
e Eigenvalues = nongeometric factor elo dtwn decay + oscillation

dR An[R]

e Eigenvectors = geometric factor e Je with Berry-Simon type connection

AplR] = (wy|Vg|w,)
In arbitrary gauge:

A, — An’g = An—l—ingn

gn

(math) Eigenspace decoupling = adiabatic approximation (physics)
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ee End of story ?

Driving slower than rate of exchange with invironment

R < T

. (T) = 1wl RO))

No mixed steady-state Berry-Simon phase of driven open system !

= Fundamental reason: probability conservation ! Pliicker et al. [30]

Assumptions:
e No memory (Born-Markov)
e Frozen parameter approximation

e Unique stationary state
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e® Where is the Berry-Simon phase ?

p(T)) = 1-Jw[RO)]) + 3 elo 0w JedRAMRL ¢ (0). |w,[R(0)))

n>1

Berry-Simon phase located in parametrically nonstationary part of mixed state !

Berry-Simon phase will be “revived” tomorrow in Part IV — p. 61
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ee (Guiding questions

1. Fiber bundle? Total physical space erteal Ign[R]
( R ) _ driving nonstationary mode Fiber space
» In ) = parameter ’  |w,,) normalization (gauge)

Base

2. Connection? Broken physical solution curve oase

go(T) = e JodtRAn g (0) £ 1. g,(0)

= unavoidable extra decay due to cyclic driving

Horizontal lift “Horizontal”
vector

“Horizontal lift” : Try to “gauge away” A,, from solution

R-An R = Ap-B4+—.g, = 0

n

ot

Holonomy

Geometric
phase

— maintain zero extra decay

Curvature? Nonzero value of
B, = VxA, = (Van| X |van)

measures failure to eliminate extra decay
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R-A, 4R = R-Ay+—R-Vgg, = R-An+g—

24
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ee Probing an open system — charge measurements

¢ . o Adiabatic response (AR)
Charge N measured in electrode r outside system:

Meter
AN = (N)XT)—(N)(0) FCS — Part III J b
Reservoir M\L System  Ce—) Reservoir
T A
_ / dt (In)(t) AR — Part II
0

Adiabatic state evolution (ASE) /
Full counting statistics (FCS)

(similar: spin, energy / heat, etc.)

Gauge freedom emerges in periodically driven transport

A A

(N)(t) — (N)(#)+g[R(t)] FCS

A A

(Fy) = <1N>+% R(t)] AR

Transported charge = geometric phase

h iler):
(Rough spoiler) Transport current = geometric connection
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II Adiabatic-response in transport

AN = /OTdt (iN>(R(t),R(t),...) ~ /OTdtIN[R(t)]Jr/OTdtR(t)-A[R(t)]
_ /O dtIN[R(t)]jL/CdRA[TR]

Pumping: even there if I5[R]=0!

adiabatic response =
nonadiabatic current

[N[R] - <IN> adiabatic current: A[R] — 5<[N>

R=0,... ‘frozen parameters” ' SR

R=0,...

Pumping current = geometric because it is nonadiabatic
4
0(In)(t) = R(t)- A[R(?)]

It is a correction relative to parametric stationary state
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4 Adiabatic-response approach to pumping

%n)) — W|p), (Iy) = (V) = @Wilp) |= tr(Wiyp)

1. Expand around adiabatic stationary state = parametric zero-mode

WIR] - |wo[R]) = 0

2. Solve nonadiabatic correction o« R < I'~ W (relaxation rate)

1 d 1
lp) =~ |’w0)+W‘E|’wo) = |w0)+W'RvR|w0)

Problem solved:

AN = / TdtIN[R(t)]+ / dRA[R]
0 C

INR] = (UWidw)  A[R] = (1WiyyVr|w)

Landsberg [10],[11], Berry, Robbins [5], Splettstoesser et. al [27], Avron et. al [3],[2],[1]
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1. Expand around adiabatic = parametric stationary state

[p(t)) = |wolR(1)]) + Ip”T(t))

x R

= linearize in driving velocity R

S1p) = Sl RO + Sl L Wik R + W)

=0 stationary!

2. Solve for nonadiabatic correction

w1 d
l’O)NWEWO)

28

Wip(t))
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ee Pumping curvature (1)

“Flux of B”

T
AN = /duNjR(t)j+ /dRA
0 C

T
Stokes / dt Tn[R()] + / dSB,
0 S

Driving
parameters R

e Pumping curvature
B = VR x A

— pumped charge per unit area as § —0

e (Geometric protection: )
Small driving amplitude = small cycle C around working point R

AN =~ T-IN[R]+S~B(R)

= Pumped charge depends only on geometric area S of driving curve (not it’s shape)
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ee Pumping curvature (2)

Pumping connection / curvature:

A = (CI)N|VR|’w0), B = (VRCI)N| X |VRw0)

e |VRrwpy)=sensitivity to parameter change of parametric stationary state

o (Vi ®yN|= sensitivity of response (super) covector for charge Calvo et. al [7]

(On| = (]1|W1N-Mi/ ~ current X relaxation time

~ charge transported during relaxation

How can observable pick up geometric phase?
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5 Landsberg’s geometric phase

Adiabatic response (AR)

Charge N measured

in reservoir 7 outside system
Reservoir C—) C—) Reservoir

Gauge freedom

= physical recalibration of charge meter in parametrically time-dependent way:
N — N, = N+g[R]1
e Pumping current is altered at all times

: 6(In,)

5<INQ> = 5R R = AQ'R, Ag = A+ng

R=0

e but periodically pumped charge is gauge invariant

AN L / L AtINR()] + / dRA[R] = AN,
0 C
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ee Physical origin of geometric pumping phase

“You can time-dependently mess around all you like with the scale of a charge meter,
as long as you periodically return it to measure the correct pumped charge.”



LANDSBERG’S GEOMETRIC PHASE 33

ee (Gauge-covariant transport theory

Covariant transport equation: [30]

N — Ng:N+gﬂ (reservoir) Wiy = Wiy, = Wiy+—9L (system)

Two requirements:

1. Keep explicit time-dependence

Iy = il A K]+ O

2. Normal order current with respect to environment

A A

In = <IN>reS + :IAN:
o (In)" = “average’ = time-local terms — gauge freedom: exact

o :/n: = “fluctuation” = time-nonlocal terms — memory: approximations
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ee (Guiding questions
1. Fiber bundle? Total physical space verteal Ig[R]
_ driving N-meter Fiber space
(R, 9) = ( parameter ’ calibration) (gauge)
/I\
literal gauge !!!
Base
2. Connection? Broken physical solution curve >pace
T T R
o(T) — g(0) = —/ dt RA[R] = —/ dts (Ty)
0 0
Horizontal Ii;‘t “Horizontal”

= Unavoidable pumped charge in cyclic dynamics

“Horizontal lift” = Try to gauge away A from solution:

7

RA, = AR+¢ =|d(In,) = 0

— recalibrate meter to show zero pumping current

Curvature = pumped charge / driving area

S—0
AN "~ T-IN]R]+S-B(R)

vector

ot

Holonomy
Geometric
phase
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Different physics, but related gauge groups:

e Addition of charge contributions

T .
g(T) = —/ dt RA+ ¢g(0) Landsberg
0

RA, = AR+
e Multiplication of phase factors
oo
gn(T) = e Jo dtRA“-gn(O) Berry-Simon

RoAn, = Ap-R+ 24,

n

= Part III+IV — p. 64: Berry-Simon phase of FCS generating operator (£ state!)

Landsberg

. T .
: ' — dt RA 4
Berry-Simon — €’ x9(T) = ¢ xJo . etx9(0)

35
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ee Pumped charge = Landsberg phase

Pumped charge = Landsberg geometric phase of observable

#+ Berry-Simon phase of the state




(QUESTIONS 37

Advantages:

1. Calculations simple

1
B = (JllvR(WIN'W)XVR'wO)

2. Physics clear

S—0
AN =~ ..+8-B
3. Geometry clear:
meter % \T N gauge
calibration N — Ng = N+ g transformation
pumping 7 _ T . geometric
current 0 <IN 9> = A R + g connection

.... but “alien” to closed system formulations ...

Berry-Simon approach analogous to closed-systems ?




(QUESTIONS

AR
Nonadiabatic p(t)

Stationary p(oo) =1y

Landsberg phase N

FCS
“Adiabatic” pX(t)
Nonstationary pX(t)

“Berry-Simon” phase pX(t)

38
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7 Example: pumping curvature generated by interaction

electrode dot electrode
Weak coupling I L U e
W[R ~T < T K

9 TN TN
; _ L R
Bias voltage V =u™ — u
— R
Gate voltage ¢ o< —V e ——
ex—V,

e (Gauge away time-dependent capacitive screening charges !

e Tunnel rate of electrons / holes oc f*(z)= (e*® +1)~! through junction r =L, R

(Wi = T fr(e—p)/T), Wi = 207 fH(e+U —@']/T)  (tunnel in)

WE = 2T (e )T, W

" f_([E +U — ,ur] /T) (tunnel out)

e Strong Coulomb interaction on system
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ee Explicit pumping curvature (1)

o <vvvvff vvvt?ﬁ'(wwm) <Vt —— 1
+ 2|Vpg (Wmfffi_ﬂmf??)?’] : {W10(VRW12) — (VRW10)W12} 4;1.(0b)—0:5 00 05> 10 IL,‘UL’MJﬁ
with Wy =3 W), 2| §
e (Geometric spectroscopy 'g | - -
B # 0 i R oS

. L ] 1 L 1 L
Probe new detalils 10 0 10 20 30

aV, [T]
: rt > re couplin
sign B |y—y +— PUIS Reckermann et. al [15]
't « 18 asymmetry j
Pliicker et. al [30]

e Interaction generates curvature for fixed couplings {I'"}

B[RHU:O = 0 any R=(e,V)
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ee Adiabatic-response equations

e State |p) ~ p,=occupation n=0,1,2 charge state + rates W, ,,»= WnL’n/ — Wﬁn/

d 4| Po —Wio Wo1 0 Do

ELO) = Wilp)| — T P = Wio —Wor—Wa1 Wia || p1

D2 0 Wa1 —Wia D2

e Charge current (Iy) into electrode r = — current out of system via junction r
—Wio Wo1 0 Po
Un) = (UWiglp) = =(N|W"|p)|= [0 1 2]-| Wiy, —-Wa—-W31 Wiy || m
0 W31 —Wis D2

Relevant memory-kernel eigenvalue = charge decay rate

T 1 T T T 1
wy = —§(W10+W12) wp = ZUM = —§(W10+W12)
1 T
A = —(NIW"—Vglwg) = w13[Wm(vRWu)—(vRWw)Wu}
1
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ee Explicit pumping curvature (2)

With real external magnetic field: Calvo, Classen et. al [7]

B | i [ I W
95 Bma_:-: 13‘ E.;Tﬂél)( [; 81118,)(.
-1 05 0 05 1 ’r‘-’j Iy 1 B85 @O 05 1 I;_/’ I 1 05 0 05 1 I;_/ I
I I ) T I T T [ER T T T
10 L (3) . w0 b 1 w0 F .
@) . ' v
20 - . 20 L - 2 L 4
(1) .
Charge = 0 SR o S
. o L] - a L3 = @ ™
pumping 20 b - 20 b . 20 L .
; . '
0 - . -40 | - T 4
1= I | L ! [} I, | L [} I |
0 0 10 20 30 40 -0 0 10 20 30 40 10 0 10 20 80 40
Fa 1 o 7
aVy[T] aVy[T] aVy[T]
W max
O B, /Bmax | N B /B
3 B; /BT -1 05 0 05 1
1 05 0 05 1 JL/ Ji -1 05 0 05 1 1/ Js = — i
I T i T T T T T
0 | e . 10 b @ . = « i
L
. ﬁ o ﬁ 20 | g =
20 : 20 |- e h
: P - L
Spin — a w s “ ® =8
=g b . o D 1 = - 7
3 = o —_—
20 | - -20 L - i i o ]
-
0 = a2 6 " "
0 | & . 40 | & 2 I : . ]
| I. L I ! ] | |
-0 0 10 20 30 40
-0 0 10 20 30 40 a0 0 10 20 30 40

AVLITI AV I aVy[T]
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ee Explicit pumping curvature (3)

With real external magnetic field: Riwar et. al [18]

Charge pumping Charge pumping noise

40 —(a,0) ] (a,0) . o

N S
N \ ’
D ’
3 Y
\ ’
\ i 7
% ’ . ’ 4
% Sl \ y S N .
5 P
\ e \ p
\ ’ %
~ , e y
% s ¥ Y p s
N s 4 ’ N 4 N
= ’ A ’ N 4 T
N i \ ’ \ - N
N 5 i \ ¢ 7 % N N
\ % LY o - < W \
\ N v 7 N S ’ N,
\ N \
< 3 . \ N ’ p
s < Sl - 7
g % 7 /
y. N
v, 2 7 ;
’ 7 V. N
’
7
. -

6_17/kBT
-

b N = .
7 ~ -
- N2
~
-
v
%

v
,
< N s
’ ®, ’ 7/
’ » 7 7
v % ’ s
o % 7 \\ 7/ ,
’ 3 y % g " % J 7
’ . 7 “ ’ , ’
s \\ # N ’ %, 4
— L ’ N o N L 7 R ’
v K N # %, 7
/ 4 X / 4
. N s ’
. 8 ’
’ , < ,
' 7/ »
7 ~ b < N L Vi N // AN
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L b3 Il N {

7
-
~ -
~ ’
%o
N s
N 2 7
~ - ~ e
-
2
S
~
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111 Full counting statistics

S Meter P
y:

y | N
Charge N measured | | P \
in reservoir r outside system o N o
\ - //’
FCS in a nutshell: L .
Bagrets, Nazarov [4], Esposito, Harbola, Mukamel [8] adiabatic state evolution (ASE)

Full counting statistics (FCS)

1. Charge moment <= generating function ZX

X=
2. Generating funCt;iOIl ZX ¢ t}I‘a(Ze Of genera(}ing Opel"at;OI‘pX

Zx(t) = (1|px(t)) = trpX(t)

3. Generating operator pX <= “F(CS master-equation”

d t tat
G = WA 10D = 10

quantum state

|pX(t))’X:0 — |p(t)) included in x =0
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ee Example: cooking up FCS

Quantum state master equation (see — p. 41)

d
alp) = Wp)

o4
P2

—Wio Wo1 0 Do
Wio —Wor—War Wia D1
0 Wa1 —Wia D2

Insert “counting factor” e™X if dot charge increases / decreases due to coupling to R

+x ._
Wn’n, = <

FCS “master equation”

d
1P = Wx[pY)

d pO

HE

( .
Wit o+ e XWE

. »
| Wiin e XWE

X

pY

py

n>n’ : enter from reservoir R
/ . 0y .
n<n' : exit to reservoir R
—X X
_W10 W01 O po

Wi —Wor—War W3R || Pt
0 W3 —Whs 23
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8 Sinitsyn’s geometric approach to FCS

%mx) = WX|pX), 1pX(0)) = |p(0))

Pumping: parametric WX(t) = WX[R(t)] Sinitsyn, Nemenmann [26], [25], [23], [24]

pX(T)) = 7
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oo ‘‘Adiabatic” approximation

%Ipx) = WX|p¥), [pX(0)) = |p(0))

1. Parametric solutions
(wp|Wx = (wylwy, <= WXuwy) = wyl|wy)
Slowest decaying mode n =0
0 < —Rew] < —Rew) forn>1

includes normalization + steady state

X _ __ X _ X _ stationary
(wg] e =0 (1]e = tre, [wg) =0 0, |wg) =0 |wo) state

2. Gauge freedom

(@] = (@Y. gl e wt) o gk wd), X # 0

3. Eigenspace decoupling for initially nonstationary state

cn(0) = (w;]p(0)) [pX(t)) = c5(1) )+Z cn(t (1))
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ee ‘“‘Adiabatic” generating operator — Not the end of story !

Slow driving:

R < T

Nonzero Berry-Simon phase for x %0

|pX(T)) ~ ef(;fdt(wg—(@ﬂ%lwc))‘)) X0 - |wX[R(0)]) . slowest decay mode

(nonstationary)

fgdt(wif—(wfﬂ%mff ) X X[ R neglect in
™ Z € .C”(O) . |’LU [ (O)] ) A steady state !

Since we are not considering a quantum state:

(math) Eigenspace decoupling = nondiabatic approximation (physics)
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oo ‘“‘Adiabatic” steady-state generating function

After short transient?®

changed initial condition ! Nakajima et. al [14]

[pX(0)) = cq - lwg[R(0)]) # [p(0))

Steady state generating function:

7% . oJo AR - [(dRAX[R]

e Eigenvalues = nongeometric = time-averaged FCS

e Eigenvectors = geometric = pumping part with Berry-Simon type connection

AX = (wy|Vrlwy) — AXx = AX—I—%VRQX

3. (1|pX(T)) = ZX(T)-(1]pX(0)) in contrast to (L|pX(T"))=2X(T)-1
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ee Pumped charge = Berry-Simon phase ?

Not really...

AN = 9, 2X| _,

T
_ az-x{/ dtwgf—/dmgx}
0 C

e Continuum of contributions ?

T
Do aix{/ dtwé‘—/dSBX}
x=0 0 S

x=0

e Phase gradient 0;, at x=07

Pumped charge # single Berry-Simon phase
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ee Nonadiabatic current — included but “fragmented”

adiabatic!
1
wy = 0+ixIn
Y |wy)
_ . d X X X X ’l:XANr 1
(W] = (U =ix(On|+.. =||pY) = WX|pY), |«= [p¥) = e*3¥[Juwo) +O0(X)]
T T
nonadiabatic drops out

Eigenspace decoupling + collect powers of O(1)+ O(x):

iAN = IN+(<I>N|i|wO) = In+ R(®n|Vr|w) | = AR current !

nonadiabatic current !

1

— p. 30 (Pn| = (]1|WIN-W ~ current X finite relaxation time

“Adiabatic” FCS = in fact nonadiabatic !
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ee Current memory kernel in FCS

FCS memory kernel “knows about” current of AR approach:
Wx = W +ixWr,+...

= Perturbation theory in the phase y 4

(wy] = (1] —ix(Pn|+..., wy = OHXI]TV’ lwg) = |wo) +O(x)
T T
nonadiabatic adiabatic ! drops out

4. Adiabatic current In = (1|W7, |wg) = matrix element perturbation in unperturbed basis
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ee Example WX=W 4 1x Wy, + ...

FCS “master equation’ Wv’:_L,n’ =Wy nr £ ixWﬁn/ + ...

d q| Po —Wio Wy X 0 Do
3P = WXIp) | — | | = | WX —Wo - Wa WX ||
P2 I 0 Wo X —ng_ D2

e O(1): state-evolution memory kernel

—Wio Wo1 0
W = Wio —Wor—Wa1 Wio
0 Wy —Wia

e O(x): current memory kernel up to a irrelevant term Pliicker et al. [30]
with (1|©|p) =0 for any p)

o Wi o .
WIN -+ @ — _‘_Wﬁ) O _leg {—exit to lead R
0 WS 0
/]\

enter from lead R
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ee (Guiding questions

i ? “Vertical”

1. Fiber bundle? Total space verica IgX[R}
( R X ) _ driving slowest-mode Fiber space
» 9 parameter > |w{) normalization (gauge)

Base
space

2. Connection? Broken physical solution curve

(1) = e Jo WROAEROL x(0) o | 2X(T)

= Unavoidable effects on the entire transport

Horizontal lift “Horizontal”
process due to cyclic driving

vector

Y R()

Holonomy

“Horizontal lift” = Try to “gauge away” AX:

1 d ?
s = | — X —
T (In ZX+...)

= “recalibrate all meters” of entire transport process
to register zero pumping: average AN, noise AN?, ...

Geometric
phase

RA?X

|
Ay
AN
>
_|_

S
=

|

0
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ee F'CS curvature

: Hol
2. Curvature? @ o olonomy
“ : IR P ) n[R] Geometric
— breakage of “horizontal lift” curves L phase
i 1S
BX = Vgpx AX = (VR’LTJ6<| X |VR’LU8<) CC?

For infinitesimal curve C around R enclosing area S — 0

okes

T X % S _ _
7X — efO dtwy — [(dRA t% ZX[R]-(I—S-BX(R))

I

generating function for average parameter R



(QUESTIONS 56

Advantages:

1. Entire transport process described
~ ~ k
(T(N®H-N(©0)") = (@8 2%

2. Formal analogy to closed systems

pX(T)) ~ elo dw0=JedRAY | px(0))

.... but physical questions remain ...

Adiabatic mixed-state evolution of a physical system 7
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IV Adiabatic state evolution

Part IV = Part I + meter

Part IT (AR)

= Part III (FCS)

Two steps:

1. Ideal charge meter y Meter B

Levitov [12], Schaller, Kiesslich, Brandes [21] y \ N
Reservoir —) w System \M Reservoir

4

A

N := charge indicated by meter
(not on reservoir as before)

A 4 < Yy

Adiabatic state evolution (ASE) /
Full counting statistics (FCS)

2. Adiabatic state evolution
Sarandy, Lidar [19], [20]
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ee Step 1: Coupling system + meter — Hamiltonian

Model (AR, FCS) —
N
ﬁtOt _ ﬁ+ﬁR+Z V—n Reservoir M\ System  Ce——) Reservoir
mn
An

V= part of coupling V' transferring n charges
. . Adiabatic state evolution (ASE) /
to SpeCIﬁC reservoilr Full counting statistics (FCS)

Extended model: ideal meter with meter states {|n)} and no dynamics

I—:ftOt, _ ﬁ—'—ﬁR"—O"—Z V@—n®€_i§<n
n

e Charge translation on meter <= phase operator y

e~X"m) = |[m+n)

e Initial meter state = pure state |0)
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ee Step 1: Coupling system + meter — memory kernel

System + meter mixed state p’

d
1P = Wp)

—n —1Lgn "d
W= S woree it — [T e

— 7T

n

e C(Charge-translation < phase superoperator Ly:= xe —eY

e” M m)(m| = e m)(mleX" = |m+n)(m+nl

e = Fourier transform to phase eigenmode

oo

= e X" n){(n], Ly|x)= : ,
X) n;w ) (n| 1) = xIx) |k>0</dxem|x>

“plane waves in charge space”

e = Fourier transform to FCS memory kernel !

WX = Y elnxpyn
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ee Step 1: Coupling system + meter — mixed state

System + meter mixed state p’

P = 3 lemeel = [ X eh

n=—0o0 - T

LFCS  [pY) = ) emx|pn)

“wave function of the meter”

) [dev@)fe) = [ dbun k)
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ee Step 2: Adiabatic state evolution system + meter

Adiabatic system + meter mixed state p’ Sarandy, Lidar [19], [20]

! “Adiabatic” FCS |[pX(T)) = ZX-|pX(0))
I

T
gx — o dtwg— [(dRAX

Reminder from Part I — p. 22:

Berry-Simon phase in parametrically nonstationary part system + meter state !
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ee Step 2: Adiabatic state evolution system + meter

Adiabatic system + meter mixed state p’ Sarandy, Lidar [19], [20]

! “Adiabatic” FCS: [pX(T)) = ZX-|pX(0))
I

gx — ofo dtwd— [(dRAX

e Y #0: Charge meter keeps running
FCS |pX(T)) ~ mnonstationary = Berry-Simon phase (— p. 22)

e Yy =0: Stop the charge meter

AR |p><(T))‘X:O = |p(T)) = 1-|wp|R(0)]) stationary = no phase (— p. 21)

I

probability conservation
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ee FFCS: Pumped charge = Berry-Simon phase ?

T
v A FCS
AN = ‘15\/11"‘51‘.7\{ (P’(T)_P/(O)> = ai%{/o dtwg—/cdRA;(x} result !

N = Z n|n)(n| meter charge

e Continuum = unavoidable: one Berry-Simon phase for each meter “momentum” () !

p1) = | ST @

e Phase gradient 0;, = unavoidable: meter charge operator in phase representation !
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ee AR: Landsberg’s phase = accumulated by observable ?

e (Gauge transformations include

e Phase eigenmode ~ generated by conjugate observable = charge !

) : N “s] .
) = D exMn)(n] = xR e
n

Gauge meter-part of state = recalibration charge observable cf. — p. 31

(FCS / ASE) |gX|x) = e!NF9x| (AR)
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AR
Nonadiabatic p(t)

Stationary p(oo) = 1wy

Landsberg phase N

FCS
“Adiabatic” pX(t)
Nonstationary pX(t)

“Berry-Simon” phase pX(t)

ASE 4+ meter
Adiabatic state p’(t)

Nonstationary p’(t)

Berry-Simon phases in p’(t)

65
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Geometric pumping in open systems

1. Not “a” Berry-Simon phase:

o La,ndSb erg phase Adiabatic- response (AR)  [Sec. 2]

|p(t))

T Meter B

e Phase-gradient of a continuum

of Berry-Simon phases y N 4 N
r /X
Reservoir M\ System \M Reservoir
N 4
2. Nonadiabatic / “lag™ L 4 < 4
. . _
Time-window for charge response pabatcswe | ) _ d_X‘ ) ® 1)
evolution (ASE) pP)= 2t p X
[Sec. 4] - T
Full i
3. Steady state: statstios (FC8) (53

- System nearly stationary
- Meter nonstationary

Measurement essential
4. Gauge freedom = meter recalibration to physically understand
- Meter outside: N — N + g geometric effects

- Meter inside: |x) — e"9%|x)
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“You can time-dependently mess around all you like with the scale of an X—meter,

as long as you periodically return it to measure the correct pumped value of X.”

X = charge, spin, energy / heat, ...

Geometry / physics = independent of coordinates

67
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e Geometric / topological pumping
= (Connections derived from driven open-system dynamics + measurements

o Adiabatic-response:
Landsberg connection

o Full counting statistics / Adiabatic state evolution + meter
Berry-Simon connection of Sinitsyn / Sarandy-Lidar

e Topological classification mixed states
= Uhlmann connection = derived from mixed-state distance measure (QI)
Martin-Delgado et. al [29], Arovas et. al [9], Budich, Diehl, [6]

68



BIBLIOGRAPHY 69

Bibliography

[1] J. E. Avron, M. Fraas, G. M. Graf, and P. Grech. Adiabatic theorems for generators of contracting
evolutions. Communications in Mathematical Physics, 314(1):163—191, 2012.

[2] J.E. Avron, M. Fraas, and G.M. Graf. Adiabatic response for lindblad dynamics. Jsp, 148(5):800-823, 2012.

[3] J.E. Avron, M. Fraas, G.M. Graf, and O. Kenneth. Quantum response of dephasing open systems. Njp,
13:53042, 2011.

[4] D. A. Bagrets and Yu. V. Nazarov. Full counting statistics of charge transfer in coulomb blockade systems.
Phys. Rev. B, 67:85316, 2003.

[5] M. V. Berry and J. M. Robbins. Chaotic classical and half-classical adiabatic reactions: geometric mag-
netism and deterministic friction. Proc. Roy. Soc., 442:659, 1993.

[6] J. C. Budich and S. Diehl. Topology of density matrices. Phys. Rev. B, 91:165140, 2015.

[7] H. L. Calvo, L. Classen, J. Splettstoesser, and M. R. Wegewijs. Interaction-induced charge and spin
pumping through a quantum dot at finite bias. PRB, 86:245308, 2012.

[8] Massimiliano Esposito, Upendra Harbola, and Shaul Mukamel. Nonequilibrium fluctuations, fluctuation
theorems, and counting statistics in quantum systems. Rev. Mod. Phys., 81:1665, 2009.

[9] Zhoushen Huang and Daniel P. Arovas. Topological indices for open and thermal systems via uhlmann’s
phase. Phys. Rev. Lett., 113:76407, 2014.

[10] A. S. Landsberg. Geometrical phases and symmetries in dissipative systems. Phys. Rev. Lett., 69:865,
1992.

[11] A. S. Landsberg. Spatial symmetries and geometrical phases in classical dissipative systems. Modern
Physics Letters B, 07(02):71-82, 1993.

[12] L. S. Levitov and G. B Lesovik. Charge distribution in quantum shot noise. JETP Lett., 58:230, 1993.

[13] F. Li, J. Ren, and N. A. Sinitsyn. Quantum zeno effect as a topological phase transition in full counting
statistics and spin noise spectroscopy. FPL, 105:27001, 2014.

[14] Satoshi Nakajima, Masahiko Taguchi, Toshihiro Kubo, and Yasuhiro Tokura. Interaction effect on adia-



BIBLIOGRAPHY 70

batic pump of charge and spin in quantum dot. Phys. Rev. B, 92:195420.

[15] F. Reckermann, J. Splettstoesser, and M. R. Wegewijs. Interaction-induced adiabatic nonlinear transport.
Phys. Rev. Lett., 104:226803, 2010.

[16] Jie Ren and N. A. Sinitsyn. Braid group and topological phase transitions in nonequilibrium stochastic
dynamics. Phys. Rev. E, 87:50101, 2013.

[17] R-P. Riwar, M. Houzet, J. S. Meyer, and Yu. V. Nazarov. Multi-terminal josephson junctions as topo-
logical matter. Nature Comm., 7:11167, 2016.

[18] Roman-Pascal Riwar, Janine Splettstoesser, and Jiirgen Konig. Zero-frequency noise in adiabatically
driven interacting quantum systems. Phys. Rev. B, 87:195407, 2013.

[19] M. S. Sarandy and D. A. Lidar. Adiabatic approximation in open quantum systems. Phys. Rev. A,
71:12331, 2005.

[20] M. S. Sarandy and D. A. Lidar. Abelian and non-abelian geometric phases in adiabatic open quantum
systems. Phys. Rev. A, 73:62101, 2006.

[21] Gernot Schaller, Gerold Kiefslich, and Tobias Brandes. Transport statistics of interacting double dot
systems: coherent and non-markovian effects. Phys. Rev. B, 80:245107, 2009.

[22] J. Schulenborg, R. B. Saptsov, F. Haupt, J. Splettstoesser, and M. R. Wegewijs. Fermion-parity duality
and energy relaxation in interacting open systems. Phys. Rev. B, 93:81411, 2016.

[23] N. A. Sinitsyn. Reversible stochastic pump currents in interacting nanoscale conductors. Phys. Rev. B,
76:153314, 2007.

[24] N. A. Sinitsyn. The stochastic pump effect and geometric phases in dissipative and stochastic systems.
Jpa, 42(19):193001, 2009.

[25] N. A. Sinitsyn and Ilya Nemenman. Universal geometric theory of mesoscopic stochastic pumps and
reversible ratchets. Phys. Rev. Lett., 99:220408, 2007.

[26] NA Sinitsyn and Ilya Nemenman. The berry phase and the pump flux in stochastic chemical kinetics.
Epl, 77:58001, 2007.

[27] J. Splettstoesser, M. Governale, J. Konig, and R. Fazio. Adiabatic pumping through a quantum dot with



BIBLIOGRAPHY 71

coulomb interactions: a perturbation expansion in the tunnel coupling. Prb, 74:85305, 2006.

[28] Joren Vanherck, Jens Schulenborg, Roman B. Saptsov, Janine Splettstoesser, and Maarten R. Wegewijs.
Relaxation of quantum dots in a magnetic field at finite bias — charge, spin, and heat currents. Physica
Status Solidi (b), 254:1600614, 2017.

[29] O Viyuela, A Rivas, and M A Martin-Delgado. Symmetry-protected topological phases at finite temper-
ature. 2D Mater., 2(3):34006, 2015.

[30] M. R. Wegewijs, T. Pluecker, and J. Splettstoesser. Gauge freedom in observables and landsberg’s nona-
diabatic geometric phase: pumping spectroscopy of interacting open quantum systems. Phys. Rev. B (in
print).



	I Geometry, topology and physics
	1 Physics and geometry
	Comparing geometric approaches

	2 Adiabatic state evolution of closed quantum systems
	Adiabatic approximation
	Adiabatic pure quantum state
	Gauge freedom connection – gauge invariance solution
	Guiding questions
	Curvature

	3 Adiabatic state evolution of open quantum systems
	Open systems (1)
	Open systems (2)
	Adiabatic approximation (1)
	Adiabatic approximation (2)
	Adiabatic mixed quantum state
	End of story ?
	Where is the Berry-Simon phase ?
	Guiding questions
	Probing an open system – charge measurements


	II Adiabatic-response in transport
	4 Adiabatic-response approach to pumping
	Pumping curvature (1)
	Pumping curvature (2)

	5 Landsberg's geometric phase
	Physical origin of geometric pumping phase
	Gauge-covariant transport theory (Skip)
	Guiding questions
	Pumped charge = Landsberg phase

	6 Questions
	7 Example: pumping curvature generated by interaction
	Explicit pumping curvature (1)
	Adiabatic-response equations (Skip)
	Explicit pumping curvature (2)
	Explicit pumping curvature (3)


	III Full counting statistics
	Example: cooking up FCS  (Skip)
	8 Sinitsyn's geometric approach to FCS
	“Adiabatic” approximation
	“Adiabatic” generating operator – Not the end of story !
	“Adiabatic” steady-state generating function
	Pumped charge = Berry-Simon phase ?
	Nonadiabatic current – included but “fragmented”
	Current memory kernel in FCS (Skip)
	Example W^χ=W+i χ W_(I_N)+… (Skip)
	Guiding questions
	FCS curvature (Skip)

	9 Questions

	IV Adiabatic state evolution
	Step 1: Coupling system + meter – Hamiltonian
	Step 1: Coupling system + meter – memory kernel
	Step 1: Coupling system + meter – mixed state
	Step 2: Adiabatic state evolution system + meter
	Step 2: Adiabatic state evolution system + meter
	FCS: Pumped charge = Berry-Simon phase ?
	AR: Landsberg's phase = accumulated by observable ?

	V Summary
	Bibliography


